MULTIPLE CORRELATIONS OF SPECTRA
FOR HIGHER RANK ANOSOV REPRESENTATIONS
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ABSTRACT. We describe multiple correlations of Jordan and Cartan
spectra for any finite number of Anosov representations of a finitely gen-
erated group. This extends our previous work on correlations of length
and displacement spectra for rank one convex cocompact representa-
tions. Examples include correlations of the Hilbert length spectra for
convex projective structures on a closed surface as well as correlations
of eigenvalue gaps and singular value gaps for Hitchin representations.
We relate the correlation problem to the counting problem for Jordan
and Cartan projections of an Anosov subgroup with respect to a family
of carefully chosen truncated hypertubes, rather than in tubes as in our
previous work. Hypertubes go to infinity in a linear subspace of direc-
tions, while tubes go to infinity in a single direction and this feature
presents a novel difficulty in this higher rank correlation problem.

1. INTRODUCTION

In this paper, we describe multiple correlations of Jordan and Cartan
spectra for any finite number of Anosov representations of a finitely generated
group into semisimple real algebraic groups.

We begin by discussing special cases of our result for different classes of
geometric structures on a closed surface. Let S be a closed orientable surface
of genus g > 2. Let p be a discrete faithful representation of the fundamental
group ¥ = m;(5) into PSLy R, which can be viewed as an element of the
Teichmiiller space 7 (S) ~ R%976 after identifying conjugate representations.
Hence p induces a hyperbolic structure S, ~ p(X)\H? and a length function
¢, which assigns to the conjugacy class [o] € [X] the hyperbolic length of
the corresponding closed geodesic in S,. The prime geodesic theorem due to
Huber [18] gives an asymptotic for the number of closed geodesics in S, of
hyperbolic length at most T":

o
#lo] € [X] 1 lp(o) ST} ~ T oS T — .

Given a d-tuple p = (p1, . .., pa) of distinct elements in 7 (.5), it is natural to
ask how the length functions ¢, , ..., £, are correlated. In [5], we proved that
for any interior vector r = (r1,...,74) in the smallest closed cone containing
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all vectors (€,,(0),...,¢,,(0)) for o € ¥, there exists 6 = §(p,r) > 0 such
that for any €1,...,e4 > 0, we have as T' — oo,

eéT

#{lol €[] :riT <L, (0) <riT +eiforalll <i<d}~c- T@z

for some ¢ > 0. This was earlier proved by Schwarz-Sharp [31]| for d = 2
and 7 = (1,1) (see [12] for d = 2 and a general 7). Indeed, we obtained an
analogous result on correlations of length spectra for any finite number of
rank one convex cocompact representations of a finitely generated group [5].

Hilbert length spectra for convex projective structures. Another
space of interesting geometric structures on a closed surface S is the space
C(S) of convex projective structures. A discrete faithful representation p :
>, — PGL3 R is called convex projective if its image acts cocompactly on some
properly convex domain Q C RP?. Such a representation p endows a convex
projective structure on S which we denote by S, ~ p(I')\Q2. The space C(5)
can be identified with the space of convex projective representations p : % —
PGL3 R modulo conjugation. Goldman showed that C(S) is homeomorphic
to R1%9716 and contains the Teichmiiller space 7 () as a (6g—6)-dimensional
subspace [13]. For p € C(S) and a conjugacy class [o] € [X], denote by ﬁg(a)
the Hilbert length of the corresponding closed geodesic (cf. (6.3)). Benoist
proved the prime geodesic theorem for §),:

8,T

(1.1) o] € [T : M0) < T}~ S as T — o0,

0,T
where 6, is the topological entropy of the Hilbert geodesic flow on S, [1].
Blayac-Zhu showed that (1.1) holds more generally for strongly convex co-
compact projective representations [3]. Let ' be a finitely generated group.
Following |8, Definition 1.1], a discrete faithful representation p : I' —
PGL3 R is strongly convex cocompact if p(I') acts on some strictly convex
domain €2, and the action is cocompact on the convex hull of its limit set.
For any d-tuple p = (p1,...,pq4) : I' = PGL3R of Zariski dense strongly
convex cocompact projective representations, let £, C R? denote the small-
est closed cone containing all vectors (£}} (7), ..., £ (7)) for y € T. If p is
independent, i.e., for all i # j, p; is not conjugate to neither p; nor the con-
tragradient p;, then £, has non-empty interior. The following is a special
case of our main theorem:

Theorem 1.1 (Multiple correlations of Hilbert length spectra). Let d > 2
and p = (p1,-..,p4) : I = PGL3(R) be an independent d-tuple of Zariski
dense strongly convex cocompact projective representations. Then for any
interior vector v = (r1,...,7q) € Ly, there exists 6 = dp(r) > 0 such that
for any e1,...,eq >0, we have as T — 00,

66T

#{[o] € ] : T < €} (o) < 7T + & foralll <i<d}~e —s
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for some ¢ > 0. Moreover, we have the upper bound:

) < min 6,7
(1) < min 5,7
which is strict when all 6,,1; are equal.

Remark 1.2. Using the thermodynamic approach of Schwartz-Sharp [31],
Dai-Martone |7] proved Theorem 1.1 for d = 2 and r = (1/0,,,1/6,,).

Eigenvalue and singular value gaps for Hitchin representations.
For n > 2, the Hitchin component #,, of Hom(X, PSL,, R) is the connected
component containing the representation 7, o pg : ¥ — PSL,, R where py :
¥ — PSLs R is a discrete and faithful representation and 7, : PSLoR —
PSL, R is the irreducible representation which is unique up to conjugation
[17]. Let p € H, be a Hitchin representation. Labourie [22] proved that for
all nontrivial o € X, p(o) has all distinct positive eigenvalues. We denote
their logarithms in the decreasing order by

(1.2) Ap(o)) = (M(p(0)), ..., Anlp(0))) € R™.
We denote the logarithms of the singular values of p(o) in the decreasing
order by

(1.3) wu(p(o)) = (11 (p(0)),-- -, pn(p(0))) € R™.
For 1 <k <mn —1, consider the linear form o : R® — R given by

ap(w1, ..., 2n) = Tp — Tyt
Sambarino [29] proved that for any Zariski dense p € H,, and 1 < k <n—1:
0T
14 #{lol € B o) STh~ S as Toroc,

where 0 = lim7_,o0 7 log #{[0] € [E] : ax(A(p(c)) < T'}. Moreover, Potrie-
Sambarino |25, Theorem B| proved that 5 = 1.

For a d-tuple p = (p1,...,pq) of Zariski dense Hitchin representations
in #, and B8 = (B1,...,8q4) € I where I = {aq,...,a4}, denote by
Lg=LypC R? the smallest closed cone containing all vectors

(Bi(M(p1(0))), ..., Ba(M(pa(a)))) for o € .

For example, all §;, 1 < i < d, can be 1. If p is independent, in the sense
that for all ¢ # j, p; is not conjugate to neither p; nor the contragradient pj,
then L£g has non-empty interior. We prove the following:

Theorem 1.3 (Multiple correlations of eigenvalue and singular value gaps).
Let d > 2 and p = (p1,-..,pq) : & — PSL,(R) be a d-tuple of independent
Zariski dense Hitchin representations. Let 3 = (B, ..., [Bq) € II%. Then for
any interior vector r = (r1,...,rq) € Lg, there exists 6 = 0, g(r) > 0 such
that for any €1,...,eq > 0, we have as T — oo,

eéT

#{[o] € [Z] : T < Bi(A(pi(0))) < riT +¢e; forall1 <i<d} ~c- T@nz
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and
, 65T
) , < 4 <i<dl~c oo —0
#{o e X :rT < Bi(u(pi(0))) <riT+e; foralll1 <i<d}~c-c T@
where ¢ = ¢(p, B,7r,€1,...,q4) > 0 and ¢ = (p,B,7) > 0. Moreover, we
have the upper bound
(1.5) dp,3(r) < min 7y

T1<i<d

and if all r; are equal, then the inequality is strict.

We note that the upper bound (1.5) is independent of p and 3; the reason
behind this is the aforementioned fact that 65 = 1 in (1.4) for all Hitchin
representations |25, Theorem B].

Remark 1.4. When d = 2, 1 = (2 and » = (1,1), the eigenvalue gap
statement was proved by Dai-Martone |7].

Multiple correlations of Jordan and Cartan spectra. The aforemen-
tioned examples are all Anosov representations ([11], [22]). The main results
of this paper are multiple correlations of Jordan and Cartan spectra for gen-
eral Zariski dense Anosov representations. Let G be a connected semisimple
real algebraic group and fix a Cartan decomposition G = K (exp a®)K where
K is a maximal compact subgroup, A is a maximal real split torus and a™
is a positive Weyl chamber of a = LieA. Let u : G — a® denote the
Cartan projection map, that is, p(g) is the unique element of a™ such that
g € K(expu(g))K for all g € G. Let M denote the centralizer of A in K.

A finitely generated subgroup I' < G is called Anosov if there exists C > 0
such that for every simple root « of (g,a) and v € I', we have

(1.6) a(u(v)) = Clh|-C™!

where | - | denotes the word length of I with respect to a fixed finite set
of generators.! This definition is due to Kapovich-Leeb-Porti [19] (see also
[22], [15], [14] for other equivalent definitions). Every nontrivial element
v € T is loxodromic [15, Lemma 3.1] and hence conjugate to an element
exp(A(y))m(y) where A(v) € int a™ is the Jordan projection of v and m(y) €
M. The conjugacy class [m(y)] € [M] is uniquely determined and called the
holonomy of v. We note that A(v) and [m(v)] depend only on the conjugacy
class of . The limit cone L1 C a™ of T is the smallest closed cone containing
A(T"); this is a convex cone with non-empty interior when I' is Zariski dense
in G [2].

For a Zariski dense Anosov subgroup I' < G, Sambarino [29] proved that
for any ¢ € a* which is positive on Lr — {0},

(1.7) #H0 el eA() <T} ~

IThere is a more general definition of an Anosov subgroup where (1.6) is required only
for a fixed subset of simple roots, which is not dealt with in this paper.



MULTIPLE CORRELATIONS OF SPECTRA 5

where &, = 01, = limy oo 7 log #{[7] € [[] : p(A(y)) < T}. See also [4,
Corollaries 1.4 and 1.10] for a different proof which also includes holonomies.

In order to state our correlation theorems, let G, ..., Gy be any connected
semisimple real algebraic groups for d > 2. Fix a finitely generated group -
and let

p=(pi: ¥ = Gi)ici<d
be a d-tuple of Anosov representations’. We assume that p(¥) is Zariski

dense in H?Zl G;. We use the same notations for G; as we did for G but
with a subscript ¢. Let

d
go:@ai—HRd
i=1

be a linear map given by ¢ = (¢; : a; = R)1<;<q where ¢; is a linear form
on a; which is positive on £, sy — {0} for each i. Let L, = L, , C R be
the smallest closed cone containing all vectors

P(Ap(0))) = (p1(A(p1(0))), - -, (wa(A(pa(0))) for o € 3.

We define the holonomy group M), of p as the smallest closed subgroup of
H‘Z-izl M; generated by all the d-tuples of holonomies

m(p(0)) = (m(p1(0)), .., m(pal(0)) for o € %,

By [16, Corollary 1.10], this is a finite index normal subgroup of H?Zl M;.
Let Voly, denote the Haar probability measure on M.
The following is the main theorem of this paper:

Theorem 1.5 (Multiple correlations of Jordan and Cartan spectra). For
any interior vector r = (r1,...,7rq) € Ly, there exists 6 = dpx(1) > 0 such
that for any e1,...,eq > 0 and for any conjugation invariant Borel subset
© < M, with Volp,(00) = 0, we have as T — oo,

d
#{lo] € [X] : o(Ap(0))) € ,H[”T’ riT + &), m(p(0)) € O}
= 85T
~C- T2 VOIMP(@)
and
d ST
#o e olulplo)) € [IInTnT +elh~ oo s

where ¢ = ¢(p,p,7r,€1,...,6q) > 0 and ¢ = (p,p,7) > 0. Moreover, we
have the upper bound

(1.8) Opp(r) < WD 5y, (z) 4.7

which is strict when all 8,,(s) ,7i are equal.

P

2I,e.7 pi(2) is an Anosov subgroup of Gj.
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Remark 1.6. The exponent 0 = d, ,(7) is given by ¥,y (v*) where ¥,5)

is the growth indicator of the subgroup p(X) < ngl G; and v* = v* (¢, T)
is the unique (¢, r)-critical vector (see Theorem 6.1 and the proof of The-
orem 1.5). The bound (1.8) is then deduced from [20] from which it also
follows that the equality in (1.8) happens for exactly d-number of directions.

FiGURE 1. Tube vs. hypertube.

Comparison with the previous work. We have previously proved Theo-
rem 1.5 in the case where every G; has rank one [5] (under a slightly stronger
assumption on ¢). There is a main conceptual difference between that case
and the current general case we are dealing with. In that setting, the rank
of the product H?Zl G; is equal to d and hence the map ¢ : @?:1 a; ~
R? — R? is an isomorphism. Therefore the set Lpfl(Hle[riT T+ g)) =
cp‘l(Hle[O, &i]) + T~ !(r) is a translation of a compact subset and sweeps
out a tube going to infinity along the direction of a vector ¢ ~!(r) as T in-
creases. Note that there is only one direction of a tube which tends to infinity
and hence only one way to truncate the tubes for studying asymptotics.
However, when some G; has rank at least 2, the linear map

d
P @ a; ~ REii renk G, Rd
i=1
is not injective and hence the preimage ¢ ~!(r) is an affine subspace of pos-
itive dimension. As a result, the union (Jp, cp_l(Hf:l[riT ;i + gi]) is
a hypertube which goes to infinity in all directions of the affine subspace
@~ 1(r) (see Fig. 1). This feature presents a novel difficulty in this higher
rank correlation problem, since unlike for tubes, there are many different
truncations of the hypertube that can be considered. Coming up with a
truncation simultaneously adapted to p and the linear map ¢ that can be
analyzed is the main challenge in the current setting.

Outline of the proof of Theorem 1.5. For simplicity, we will discuss
only correlations of Jordan spectra. We first explain the relation between
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correlations of Jordan spectra for a d-tuple p of Anosov representations and
counting the Jordan spectra of a single Anosov subgroup T.
The hypotheses in Theorem 1.5 imply that I' = p(X) is a Zariski dense

Anosov subgroup of the product G = Hle G, that the cone L, coincides
with ¢(Lr) and that the restriction |z, is a proper map. We will in fact
study a general Zariski dense Anosov subgroup I' of any semisimple real
algebraic group GG and a general surjective linear map

@ : a — R%such that |z, is proper.

In particular, 1 < d < rank(G) = dim a and ker ¢ has dimension rank(G) —d.
Fix a vector r = (71, ..., rq) in the interior of the cone ¢(Lr) and 1, ...,e4 >
0. The properness of |, implies that for each 7' > 0,

d
(1.9) # € [M]: e(AM) € [ [T, T + &} < o0

i=1
and our goal is to find an asymptotic as T" — oco. Geometrically, for any
choice of v € a™ with ¢(v) = r, the shape of the set

d
{uca:e) e [[rT rnT +el}nLr
i=1
is an infinite prism which slides in the direction of v as T increases, inter-
sected with the limit cone Lr. We consider their union:

d
(1.10) T= U {u€ Lr:pu)e H[riT, riT + &l }.
T>0 i=1

If Q C ais a compact subset such that ¢(Q) = [[%,[0,&;] and V = o~ 1(Rr)
is the preimage of the line Rr, then we have (Lemma 4.2)
T = (Q + V) N Lr;

and a set of this form will be called a hypertube as one can think of T as
obtained from translating Q in all directions of V' N Lr (see Fig. 2).

FIGURE 2. A hypertube of L.
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For each T' > 0, consider a truncation Ty :

d
Tr = {u € Ly : p(u) € [J[0,7T + =]}
i=1
We show that for some vector v* € a™,
ewF(V*)T
(1.11) #{[] € [T :)\('y)ETT}Nc-W as T — oo

where Yr is the growth indicator of I' (see (2.1)) and ¢ > 0 is a constant
(Theorem 5.10). A priori, the existence of v* € a™ satisfying (1.11) is not
clear at all. To explain where to find such a vector v* € a*, observe that for
any vector v € at N ~!(r), the truncation Tz can be expressed as

Ty =(Q+[0,T]v+kere)N Lr.

When T is a tube, such a vector v is uniquely determined, and this v is v*,
satisfying (1.11). In a general hypertube case, there is a positive dimensional
choice of such v € ¢~!(r). Using the Anosov property of I', we show that
there exists a unique vector v* € int £ N ¢~ !(r) such that

ker o =V Nker ¢y~

where 1+ € a* is the unique linear form tangent to ¢r at v* (Proposi-
tion 3.4). We call v* a (¢, r)-critical vector. Moreover v* satisfies (Lemma 3.6):

Yr(v¥) = sup r(w).

weint £, p(w)=r
Once we express the truncation Ty as
Tr = (Q+[0,TIv" 4+ (VNkerty«)) N Lr

using the critical vector v*, we can use the framework of our previous work
[5] to prove (1.11) using local mixing Theorem 5.3.
The reason why a formula like (1.11) is relevant to (1.9) is because we can

find continuous functions by, be € C(Q) such that for all 7' > 0,

d

{u€ Lr:p)e H[riT, riT + &)} = Trp, (V) — Trp, (V)
i=1

where

Trp, (V) ={q+V+tv* € TNLr:q € Q, v/ € VNkerhy«, 0 < ¢t < T+b;(q)}.

Indeed, we show (1.11) for Tz, (v*) in place of T and deduce the asymptotic
for (1.9).
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Organization.

e In Section 2, we recall some preliminaries on Lie theory and discrete
subgroups.

e In Section 3, we specialize to Zariski dense Anosov subgroups I' < G
and study linear maps ¢ : a — R¢ which are proper on Lr. We
prove the existence and uniqueness of a (¢, r)-critical direction of T
for any r € int (L) (Proposition 3.4).

e In Section 4, we define hypertubes (Definition 4.1) and their trunca-
tions. We explain the relationship between correlations of linearized
Jordan and Cartan spectra for Anosov representations and counting
Jordan and Cartan projections in hypertubes of an Anosov subgroup.

e In Section 5, we prove joint equidistribution of Jordan projections

in hypertubes and holonomies of I' (Theorem 5.2) and equidistri-
bution of I' in bisectors defined using hypertubes (Theorem 5.11),
generalizing [5]. The asymptotics for counting Jordan and Cartan
projections in hypertubes of are deduced from these equidistribution
results (Theorems 5.10 and 5.11).

e In Section 6, we use the results of the previous sections to deduce
Theorem 6.1 on asymptotics for linearly correlated Jordan and Car-
tan projections of I'. The correlation theorems in the introduction

are then deduced from Theorem 6.1.

2. PRELIMINARIES ON DISCRETE SUBGROUPS OF (&

Throughout the paper, let G be a connected semisimple real algebraic
group. Fixing a Cartan involution of the Lie algebra g of G, let g = €D p
be the eigenspace decomposition corresponding to the eigenvalues +1 and
—1 respectively. Let K < G be the maximal compact subgroup whose Lie
algebra is €. Let a C p be a maximal abelian subalgebra and choose a closed
positive Weyl chamber at C a. We denote by ®T the set of all positive roots
for (g,a) with respect to the choice of at. Let wy € K be a representative
of the element in the Weyl group such that Ad,,(a™) = —at. The map
i:at — at defined by i(w) = — Ady, (w) is called the opposition involution
of G. Let A=expaand AT =expa™.

Let P be the minimal parabolic subgroup of G given as P = M AN where
M is the centralizer of A in K and log IV consists of all root subspaces cor-
responding to positive roots. The quotient F := G/ P is called the Fursten-
berg boundary of G. By the Iwasawa decomposition G = K AN, we have
G/P ~ K/M. The Iwasawa cocycle o : G X F — a is the map which as-
signs to each (g,kM) € G x F the unique element o(g, kM) € a such that
gk € Kexp(o(g,£))N. The a-valued Busemann function 8 : F x G x G — a
is defined by

Be(gr,92) = olg7 ', &) — (g5 ,€)
for all g1,92 € G and & € F.
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Cartan and Jordan projections. For g € G, let u(g) denote the Car-
tan projection of g, i.e., u(g) € a* is the unique element in a* such that
g € Kexp(u(g))K. Any non-trivial element ¢ € G can be written as the
commuting product g = gpgeg, Where gy, is hyperbolic, g. is elliptic and g,
is unipotent. The hyperbolic component g; is conjugate to a unique ele-
ment expA\(g) € AT and \(g) is called the Jordan projection of g. When
Ag) € inta™, g € G is called lozodromic in which case g, is necessarily
trivial and g, is conjugate to an element m(g) € M which is unique up to
conjugation in M. We call its conjugacy class [m(g)] € [M] the holonomy of

g.

Limit set, limit cone and holonomy group. Let I' < G be a Zariski
dense discrete subgroup. Let A C F denote the limit set of I', which is the
unique I'-minimal subset of F |2]. The limit cone £ = L of T' is the smallest
closed cone containing the Jordan projections A(I'). Benoist [2] proved that
L is convex and has non-empty interior. The holonomy group of T' is the
closed subgroup

Mpr < M

generated by the holonomy classes [m(v)], v € I'. By [16, Corollary 1.10],
Mt is a normal subgroup of M of finite index. In general, Mp # M (e.g.,
Hitchin representations [22, Theorem 1.5|).

Growth indicators. The growth indicator ¢p : at — R U {—oc} of T is
defined by

(2.1) Yr(w) = ||w] inf TC for all non-zero w € a™
open cones COw

where 7¢ is the abscissa of convergence of the series ¢ — Z'yGF u(v)ec e~ eI,

We set ¢r(0) = 0. We have ¢r|int 2 > 0 [26, Theorem 4.2.2].
Set L*={¢Y €a*:9>0on L}andint L* = {¢p € a* :7p) > 0 on L—{0}}.
For ¢ € L*, set

1 I: T

A linear form ¢ € a* is said to be tangent to ¢r at v € a®™ — {0} if Yr <
and Yr(v) = P(v).

Theorem 2.1 (|20, Lemma 2.4 and Theorem 2.5|). For any non-zero ¢ € L*
with 6, < 00, the linear form 6, is tangent to ¢r and 6, > 0. Moreover,
if ¢ € int L*, then 6,y < 00.

3. CRITICAL VECTORS FOR PROPER LINEAR MAPS

Let ' be a Zariski dense Anosov subgroup of G as defined in (1.6). Then
its limit cone £ is contained in int a™ U {0} [25, Proposition 4.6]. Fix d > 1
and a linear map

¢ : a = R? such that |, is proper.
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We note that |, is a proper map if and only if ker ¢ N £ = {0}. Define the
w-projection of L:
L, = (L) CRY

Lemma 3.1. The set Ly, is a closed convex cone and int L, = @(int £).

Proof. By [28, Theorem 9.1], if a linear map is nonzero on a given closed
convex cone in a except at 0, then the image of the given cone is a closed
convex cone in R, Hence by our hypothesis that |, is proper, L is a closed
convex cone. Moreover, by the Banach open mapping theorem which says
that a surjective linear map is an open map, we have int L, = ¢(int £). 0O

We will use the following property of Zariski dense Anosov subgroups:

Theorem 3.2. We have:

(1) The growth indicator yr is strictly concave on int L, except along
rays emanating from the origin and is vertically tangent, meaning
that if ¢ € a* is tangent to Yr atv € L, then v € int L.

(2) For each vector v € int L, there exists a unique linear form

(3.1) Yy € int £*

tangent to Yr at v. Moreover, the map v — ||v|[¢y is a homeomor-
phism int £ — int L*.

The first property in Theorem 3.2 follows from Quint’s duality lemma [27,
Lemma 4.3] and the work of Potrie-Sambarino |25, Proposition 4.11]. The
second property is deduced from the first property by using the derivative
of ¢r to establish a continuous bijection int £ — int £*. That it is indeed
a homeomorphism can be proved either by using the upper semi-continuity
of Yr (see [23, Proposition 4.4]) or by applying the invariance of domain
theorem which states that a continuous injection R™ — R™ is in fact a
homeomorphism onto its image.

Definition 3.3. For a given vector » € R%, a vector v € int £ is called a
(¢, 7)-critical vector of T if it satisfies

@(v) =r and ker¢p < keri,.

The following proposition plays a key role in our study of multiple corre-
lation problem:

Proposition 3.4. For any r € int Ly, there exists a unique (@, r)-critical
vector v¥ = v*(p,r) € int L of I

The point of Proposition 3.4 is that although the affine subspace ¢! (r)
has dimension rank(G) — d, it contains a unique vector v* such that the
subspace ker 1y» (of dimension rank(G) — 1) contains the subspace ker ¢ of
dimension rank(G) — d. In other words, setting

Ko ={v €int £ : kerp < kerty,},

¢~ (r) intersects K, at a unique point, as shown in the following lemma:
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Lemma 3.5. The map ¢|k,, : Ky, — int Ly, is a homeomorphism. In par-
ticular, for any r € int L, ¢~ 1(r) N Ky, = {v*} is the unique (¢, r)-critical
vector of .

Proof. To show the injectivity, let vi,vo € Ky,. Suppose that vi # vo and
p(vi) = p(va). Then

vi — vy € ker ¢ < ker)y, Nkery,.

That is, ¢y, (v1) = ¥y, (v2) for ¢ = 1,2. First note that Rv; # Rvsy; otherwise
vi = tvg for some t # 0 and ¢(vi) = ¢(v2) implies ¢ = 1 which contradicts
vi # va. By the strict concavity of ¢r (Theorem 3.2), the linear form ), is
tangent to v¢r only in the direction Rvs # Rvy. Therefore

(3.2) Yy (V1) > Pr(vi) =y, (Vi) = Py, (v2).

A symmetric argument gives ¢y, (va) > 1y, (v1) which yields a contradiction.
This proves the injectivity.

Note that K, is homeomorphic to R?. Since ¢ is a continuous injective
map on K, it is an open map by the invariance of domain theorem. In
particular, the image ¢(K,) is an open connected subset of int £,. Since
int £, is connected, surjectivity follows if we show that ¢(Ky) is a closed
subset of int L,. Suppose ¢(K,) is not closed in int £L,. Then there exists
a sequence t; > 0, unit vectors v; € int £ and w € int £ — (K, + ker ¢) such
that t;v; € Ky and @(tv;) = p(w) € int L, as i — 00,

Since v; are unit vectors, we may assume, by passing to a subsequence,
that v; — v and hence t; — t. So ¢(tv) = ¢(w). First consider the case
when the sequence 1), € int £* is bounded, and hence converges to some
linear form v € L*, by passing to a subsequence. It follows that v is tangent
to ¢r at v € L. By the vertical tangency of ¢¥r (Theorem 3.2), it follows
that v € int £. Since 9,, — 9 and ker ¢ < kert,,, we have ker ¢ < ker
and hence v € K. This is a contradiction since w ¢ K, + ker ¢.

Now suppose that the sequence 1), € int L* is unbounded. Then by pass-
ing to a subsequence, we have a sequence s; — 0 such that s;1,, converges
to some linear form ¢ € L£*. Since w € int £, we have ¢)(w) > 0. On the
other hand, we have

P(v) = E}m Wy, (sivi) = li}m sitpr(vi) =0

since ¢r(v;) is bounded. Therefore ¥ (w) = ¢(v) = 0, yielding a contradic-
tion. This completes the proof. O

Here is another characterization of the (¢, r)-critical vector of I':

Lemma 3.6. For any r € int L, the (¢, r)-critical vector of I' is the unique
vector v* € int L N ¢~ 1(r) such that

Yr(vF) = sup r(w).

weint L, p(w)=r
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Proof. Let v* be the (¢, r)-critical direction of " as in Lemma 3.5. Suppose
there exists w € int £, w # v* such that ¢(w) = r and ¥r(w) > ¢r(v*).
Since ¢(w) = ¢(v*), we have w — v* € kerp < kerty«. Then by strict
concavity of 1r, we have

@DV(W) > ¢F(W) > d}l"(V*) = thy (V*) = Py (W)

which is a contradiction. Hence ¢r(v*) > ¢r(w), proving the claim. O

4. HYPERTUBES AND MULTIPLE CORRELATIONS

Let T" be a Zariski dense Anosov subgroup of a connected semisimple
real algebraic group G. In our previous paper [5], we obtained multiple
correlations for convex cocompact representations by counting Jordan and
Cartan projections of I' lying in tubes of a. By a tube, we mean a subset
of the form Q + V where V is a line in a and Q is a compact subset of a
complementary® subspace to V.

In this section, we rephrase studying multiple correlations of the linearized
Jordan (resp. Cartan) spectra of Anosov representations in terms of counting
Jordan (resp. Cartan) projections of I" that lie in what we call hypertubes.
Hypertubes are generalizations of tubes; they are of the form Q 4+ V where
V' is any linear subspace of a which is not necessarily one dimensional and
Q is a compact subset of a complementary subspace to V' in a. While there
is a unique way to truncate a tube as the only way to go to infinity is along
the line V', the choice of truncation of a hypertube has to be made carefully
in order to be able to obtain desired counting results.

Hypertubes.

Definition 4.1. A hypertube of the limit cone L is of the form
T=TQ,V.C)=(Q+V)nC

where

e V is a non-zero linear subspace of a;

e Q is a compact subset of a complementary subspace to V' such that
Q has non-empty relative interior and has Lebesgue null boundary;

e C Cintat is a closed convex cone with nonempty interior such that
CNVnint £ # 0.

When dim V' = 1, hypertubes are called tubes.

Truncations of a hypertube. Consider a hypertube
T =T(Q,V,C).

Fix a vector
velnNVnNint L such that Q C kery;

3Two linear subspaces V7 and V4 of a vector space Vj are complementary if Vo = Vi $Va.
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recall that v, € a* is the tangent form given in (3.1). Noting that T =
(Q+ (Vnkeryy) + Rv)NC, we define v-truncations of T as follows: for any
T >0,

Tr(v) = (Q+ (V Nkerty) + [0, Tv) NC.

More generally, for any continuous function b € C(Q), we consider the
following family of v-truncations of T: for any T > 0,

(4.1) Trp(v) ={q+V +tveC:qeQ, vV € VNnkerty, 0 <t <T+b(q)};
hence Tro(v) = Tr(v).

Relation between multiple correlations and counting in hyper-
tubes. We now explain the relationship between multiple correlations of
Jordan (resp. Cartan) projections for Anosov representations and counting
Jordan (resp. Cartan) projections in hypertubes of a single Anosov sub-
group. Let X be a finitely generated group. Let p = (p; : ¥ — Gi)i<i<a be
a d-tuple of Anosov representations such that p(X) is Zariski dense in the
product H?:l G and (¢; : a; = R)1<i<q be a d-tuple of linear forms such
that ¢; > 0 on L, s) — {0} for each 1 <i < d. Then in particular, I' = p(%)

is a Zariski dense Anosov subgroup of G = Hle Giand (1, ..., %a)lz, s, 18
a proper map.

Indeed we now describe a more general situation for any Zariski dense
Anosov subgroup I' of a connected semisimple real algebraic group G. Let
d > 2 and @1, ...,pq be linear forms on a so that the linear map

©=(p1,...,0a) 1 a— R

is surjective and (| is proper where £ = Ly is the limit cone of I'. By
Lemma 3.1, L, = (L) is a closed convex cone with nonempty interior. Fix

rcint L, and €1,...,64 > 0. We are interested in finding asymptotics for
d
#{ € 0): M) € ¢ ([T mT + &)} and
i=1
d
#{yeT: p(y) € o ([ InT,riT + i)}
i=1

That is, we wish to count the Jordan and Cartan projections of I' that lie in
the set ¢*1(Hf:1[riT, riT + €5]).

Using the (¢, 7)-critical vector of I, we are able to describe the shape of
this set in terms of truncations of a hypertube; this description is crucial for
the anaylsis of this paper and is the content of the following lemma.

Let v* € int £ be the (¢, r)-critical vector of T

that is, ¢o(v) = r and ker ¢ is a subspace of ker ¢,. Existence and uniqueness
of v* was proved in Proposition 3.4.
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Lemma 4.2 (Basic Lemma). Let C be a closed convexr cone of inta® such
that £ C int C.

(1) The following set is a hypertube of L:

d

T= U {ueC:p(u)e H[HT7 riT + €]}

>0 i=1

More precisely, if W < ker iy is a complementary subspace to ker o
and Q =W N Y (II{,[0,&]}), then

T =T(Q,Rv @ kerp,C) = (Q+ (Rv* @ kerp)) NC.
(2) There exist functions by, by € C(Q) such that for all T > 0, we have

d

e ([T, riT + &) = Trp, (v*) — Trypy (V).
i=1

Proof. Fix a subspace W < ker ¢y« complementary to ker ¢; this exists since
ker ¢ is a subspace of ker ¢y« of codimension d — 1. Since W Nker ¢ = {0},
wp|w is a proper map. Therefore Q = W N go_l(H?:l[O,si]}) is a compact
subset. It is clear that Q has Lebesgue null boundary and Q has nonempty
interior. To see that T is a hypertube of L, observe that

d
T=|J{uecC: o e]]rT rnT+eal}
T>0 i=1
d
= U {wH+V +Tv €C:pw)e H[O,ei],w € W,V € ker p}
T>0 i=1

={weW:pw)e|]l0e&]}+ RV @kerep))NC

1
= (Q+ (Rv* @& kerp)) NC.

To recover the set CNigp~* (Hﬁl:1 [riT, miT+¢e;]) as a difference of v*-truncations,
consider the d-dimensional parallelepiped

d
B={ucRvV @ W : ) c []0e]}
=1

Observe that for all q € Q, the set {t € R: q+ tv* € B} C R is an interval
[b2(q), b1(q)] since any line in Rv* & W that intersects B does so in a single
segment (or possibly a single point). This gives us continuous functions b;
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and by on Q. Hence

TTJH (V*) - F]FT,bQ (V*)
={q+V +tv eT:qeQ,V €kerp, T +bs(q) <t <T+bi(q)}
= ((Tv*+ B) + kerp) NC

d
={ueC: o) e [[rT,rT +=l},
=1

where ¢(v*) = r was used in the last identity. O

By Lemma 4.2, to prove Theorem 1.5 it suffices to find asymptotics for
counting Jordan and Cartan projections of I' that lie in v-truncations of T
which is the goal of the next section.

5. EQUIDISTRIBUTION WITH RESPECT TO HYPERTUBES

Let T" be a Zariski dense Anosov subgroup of a connected semisimple
real algebraic group G. In our paper [5], we proved joint counting and
equidistribution theorems of Jordan and Cartan projections of I' with respect
to tubes of the limit cone £ = Lp. The goal of this section is to generalize
these results to hypertubes.

For this entire section, fix a hypertube

T =T(Qo,V,C) =(Qo+V)NC
of £, where Qq, V,C are as in Definition 4.1. Fix a vector
velnNnVNint L,

which exists by definition of a hypertube. Let W < keri, be a comple-
mentary subspace to V N ker,. We then have a = V & W and ker¢, =
(V Nkeryy) @ W. Let Q C W be the image of Qp under the projection
Ve W — W. Then Q spans W and in particular,

T=T(Q,V,C).
Fix a function b € C(Q) and recall the associated v-truncations of T:
(5.1) Trp(v) ={q+V +tveT:qe Q,Vv € VNnkerty, 0 <t <T+b(q)}.

Remark 5.1. In the setting of Basic Lemma 4.2, V = Rv @ kerp, Q =
W N Y(1%,[0,&i]) and v is the (g, 7)-critical vector of I'. Therefore the
counting and equidistribution statements proven for the truncations T in
this section apply to T7p, in Lemma 4.2.

Equidistribution of cylinders with respect to hypertubes. We will
fist state a joint equidistribution theorem on nontrivial closed AM-orbits in
I'\G and their holonomies whose periods are ordered by the v-truncations
T74(v) (Theorem 5.2). Recall that any element of I' of infinite order is a
loxodromic element by the Anosov property [15, Corollary 3.2]. Let I'yrim
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denote the set of primitive loxodromic elements in I'. For each conjugacy
class [y] € [['prim], consider the closed A-orbit given by

C, =T\I'gAM c T'\G/M
where g € G is such that v € g(int A¥)Mg~!. This is well-defined indepen-
dent of the choice of g and the choice of « in its conjugacy class. Each C is
homeomorphic to a cylinder S x Rrank(G)—1 [4, Lemma 4.14|. For a contin-
uous function f on I'\G/M, the integral va f is computed with respect to
the measure on C,, induced by the Haar measure of A.
There exists a unique probability (T', ¢, )-conformal measure, say, v, on
F, that is, for any v € A and £ € F,
D
duvy

where v,.v(Q) = v(y~1Q) for any Borel subset Q C F ([23] and [24]); more-
over vy is supported on A. For all g € G, let

(5.2) gt =gPcF and ¢ =guwyP € F.

There is a unique open G-orbit in F x F given by F?) = G.(et,e”) C
F x F. The Hopf parametrization is a diffeomorphism G/M — F @ xa
defined by

(5.3) gM — (g, 97, w=B,+(e,g9)) forallgeg.
The associated BMS measure m2MS on G//M is then given by
dmBMS (g01) = e (P (04000 (5= C00) iy () iy (g7) dw.

This being left I'-invariant, it descends to an A-invariant measure on I'\G /M
which we denote by the same notation mPMS by abuse of notation. The

Bowen-Margulis-Sullivan measure dmEZMS is a product

(5.4) dmPMS = dm . du

where dmy, is a finite measure on a certain compact space homeomorphic to
F\(A(Q) x R) and du denotes the appropriately normalized Lebesgue measure
on ker, ([30, Proposition 3.5], 23, Corollary 4.9]).

Set

(&) = v (Be(e7))

r:=rank(G), d:=r+1—dimV and 04, := ¢p(v).
Let C.(T'\G/M) denote the set of continuous compactly supported functions
on I'\G/M and CI(M) denote the set of continuous class functions on M.
We now state the equidistribution of closed cylinders C, with the Jordan
projection A(7y) restricted to the v-truncations of T:

Theorem 5.2. For any f € C.(I'\G/M) and ¢ € CI(M), we have as T —
007
BMS et
Z folm(y)) ~c-m 2 (f) - ¢dm‘w

M€ priml AV ET 5 (v) * 1 Mp
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where dm denotes the Haar probability measure on M, and ¢ = ¢(T,v,b) > 0
is a constant defined in (5.7).

Theorem 5.2 was proved previously proved in [5] for tubes rather than
hypertubes. The remainder of this section is devoted to the proof of Theo-
rem 5.2. We will often refer the reader to [5, Sections 5|, when the proofs
are similar.

Local mixing. Let dz denote the right G-invariant measure on I'\G in-
duced by the Haar measure on G. The following theorem was proved in [10,
Theorem 3.4| using local mixing of the BMS measure [6, Theorem 1.3].

Theorem 5.3. There ezist a constant ky, > 0 and an inner product (-, ). on
a such that for any u € kerv, and ¢1, ¢2 € C.(I'\G), we have

lim ¢52+ (20—%) (tv+v/u)
t——+o00 e

—1I(u)
kve BR BR
= — m (P1) - my
2™ (91) )

¢1 (:Catv—i-\/iu ) G2 (.CE) dx

ZN(¢2)
where the sum is taken over all A-ergodic components Z of mBMS mBR 4nd
mBR are the Burger-Roblin measures which are respectively right N and
N -invariant where N = wono_1 and

{u,v)7

I(u) = (u,u), — v,

Moreover, there exist n, > 0 and sy > 0 such that for all ¢1, pa € Co(T\G),
there exists Dy > 0 depending continuously on ¢1 and ¢o such that for all
(t,u) € (sy,0) X ker b, such that tv+ +/tu € a*, we have

t < Dye ™ W),

5 (20— (tv+/u) /p\G $1(2y,1 7,)92(2) do

An integral asymptotic. The following integral of the multiplicative coef-
ficients of Theorem 5.3 over the v-truncations Tr(v) will play an important
role in computing the asymptotic in Theorem 5.2:

(5.5) L(Trp(v)) :

Ry

= eMte=1W) gt du
|va | tV—‘r\/%UGTT’b

where ky, I(u) and my, are as in Theorem 5.3 and (5.4).
Denote by dv’ and dw the Lebesgue measures on V Nker 1), and W so that
the Lebesgue measure du on ker v, = (V Nkert,) @& W satisfies

(5.6) du = dv' dw.

Consider the following constant:

(5.7) c(T,v,b) = v e~ 1) dv'/ M) .
dy |va | VNker vy Q
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Lemma 5.4. We have as T — oo,
eévT
T(d-1)/2"

In order to prepare for the proof of this lemma, for T' > 0, v/ € V Nker 1),
and w € W let

Rr(v',w) = {t > 0:tv+Vt(V +w) € Try(v)}
={0<t<T+b(Vtw) : Viw € Q,tv + Vt(V +w) € C}.
Define fr : keriyy, — R by

T raw/T St
fr(vV,w) = ——e TV )/ eMtdt
edT Ry (v ,w/VT)

L(TTJJ(V)) ~ C(Ta Az b)

for (V/,w) € (V Nkereyy) ® W.
Lemma 5.5. For allv' € V Nker, and w € W, we have

1 —I(V) db(w) int
lim fr(/,w) =45 ¢ ifweintQ
T=00 0 ifweW —Q.
Proof. Fix v/ € V Nkerv, and w € W. Let
JV,w) =inf{t >0:tv+VtvV +weCl

Since C is a cone and v € intC, if to € J(V/,w), then t € J(V,w) for all
t > tg. Then we have

Re(v,w/VT) = {T(V \fwg L<T +b\/7w Vhw e Q)
D{supj(v q) \/7W \/7W€Q}

where sup,eq J(V/,q) is independent of 7. Then setting

Re(w/VT) = {0 <t <T+b(y/tw) : [ fw € Q)
we have

e dt = lim et dt.

/RT(v' w/VT) To00 T /RT(w/ﬁ)
By the same computations done for Ry (u/v/T) in [5, Lemma 5.3], we obtain

lim 51 / et g — e Hwemtq
T—oo T [ (w/vT) 0 itwe W —-Q.

Recalling the definition of I from (5.3), it is easy to check that

I+ w/VT) = FI(w) + 2 w), — L) 4 1),

Putting these together completes the proof of the claim. O
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Proof of Lemma 5.4. Fix T > 0. For u € ker v, we write u = v/ +W/\/T
where v/ € V Nker, and w € W. Then we have

/ eI gt du

tv+vVtueTr

1 / / / eI HW/NT) gt dw dv/
T(d-1)/2 Vkery JW Jt€ Ry (v ,w/V'T)

e / /
(5.8) =@ /VnkewV /W fr(vV,w) dwdv'.

Set
Ar :/ /fT(v’,w) dw dv';
VNkeryy JQ
By = / / fr(v',w)dw dv';
VNker vy, Jhull(QU{0})—Q

Cr= / / fr(v',w) dw dv'
Vnker ¢y Jwghull(QU{0})

where hull(Q U {0}) denotes the convex hull of QU {0}. By the hypothesis
that 0Q has measure zero, we have

(5.9) / / fr(vV,w)dwdv' = Ap + By + Crp.
Vker ¢y

Asymptotics of Ar and Br. Let w € hull(Q U {0}). In this case, since
Rp(V,w) C [0,T + maxb] for all v € V Nkert, and T > 1, we have

1 , T+4maxb
0

< ie&, max bef infgenun(quio}) I(v'+q)
=3,

Note that, as a function of v/ € V Nker 1y, infgenanquoy) (V' +q) is radially
increasing with at least quadratic rate: for all r > 1, we have

inf  I(W+q)= inf 2V +q/r) >0 inf IV +q).
aemitauion " TV qenaitoon” T T 2T ity T Y

Hence the function v/ — e~ aehunauion 1(v'+9) jg 11 integrable on M ker hy).
Therefore we can apply the Lebesgue dominated convergence theorem to
obtain

lim Ap = / / lim fr(v/,w)dwdv
T—o0 mGerwv T—o00

1) gy / ) g
5 Vker 1/1\, Q

= MC(T, v, b)

Ry
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and

hm Br —/ / lim fr(v/,w)dwdv' = 0.
Viker iy, J hull(QU{0})—Q T—°

Asymptotic of Cp. Let w ¢ hull(Q U {0})and v/ € V N kert,. Observe
that
Jwi=sup{0<s:sweQ} <1

and hence
Rr (V' /VT,w/VT)
={0<t<T+b(/t/Tw): Vt/Tw € Q,tv + /t/T(V' +w) € C}
[0, o).
Let

g(v',w) = 20/8,1(v' + w)(1 - j2).
Then for all T' > 1, we have
fr(v' VT, w) < 51Te_[(",/ﬁ+w/ﬁ) et dt
e Ry (v /VT,w/VT)
e~ LV +w)/T =8, T(1-33)

IN

1
dy
< ge
where the last inequality uses the fact that a + b > 2v/ab for all a,b > 0.
Note that for all » > 1,
gV, rw) = 23/0,I(rv' + rw)(1 — 52,)
=2r\/0 (v + w)(1 = j2 /1) > rg(V, w),

i.e., the function g(v/,w) is radially increasing with at least a linear rate.
Hence the function (v/,w) — e 9% is Llintegrable on (V N kert,) x
(W = hull(QU {0})).

Then performing a change of variable and applying the Lebesgue domi-
nated convergence theorem we obtain

1
lim Cp = lim / / —— fr(V'/VT,w) dw dV’
T—o0 T—00 Jvrker g, Jwghuli(Quioy) TC=9/2 N )

fr(V /VT,w) dw dv'

1
e L
Vker ¢y Jwghull(QU{0}) Toe0 Tr—d/2

= / / 0dwdv' = 0.
Vnker ¢, Jwghull(QU{0})

By (5.5), (5.8) and (5.9), we obtain

-
Jim —7—L(Trp(v)) =

(Ar + Br + Cp)
\va] T—o0

=¢(T,v,b)
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and this finishes the proof of Lemma 5.4.

Counting in NAM N-coordinates. Fix bounded Borel sets
ECN=wNuwy,', ECN, 6Cc M
with non-empty relative interiors and null boundaries:
W (0Ze™) = 1/;(\,)(85_16_) = Volp(00) = 0.
For T > 0, let
Sty = Eexp(TTyb(v))@E Cc NAMN.

The first counting result towards Theorem 5.2 is an asymptotic for #(I'N
Stp) for which we use Lemma 5.4. For simplicity, we state the asymptotic
in the case that M = M. When Mr # M, the fact that mBMS has [M :
Mr] many A-ergodic components makes the statement of asymptotics more
involved as in Theorem 5.3, but this can be handled in the same way as in
[4, Proposition 5.12].

Proposition 5.6. We have as T — oo,

e T

#(' N S7p) ~ (T, v, b)in(Z) Ty (2 )VOlM(@)W

where vy and vy, are measures on N and N, respectively defined by
din,(h) = Vv (By+(e;h)) dyv(;fr); dﬁi(v) (n) = e(Pvoi)(B,~ (en)) dl/i(v) (n™)

forh€ N andn € N.

Proof. The main new technical ingredient of this proof is Lemma 5.4. Using
this, we explain how the proof |5, Proposition 5.1| can be adjusted for our
setting. Given a bounded Borel subset B of G, define the counting function
Fp:T\G xI'\G — N by

Fp(x,y) = Z 1g(g~'4h) for z =Tg,y =Th e I'\G.
verl

The quantity Fs,,([e],[e]) = #I' N Sty can be approximated above and
below as follows. For € > 0, let G denote the e-neighborhood of identity in
G and similarly for other subgroups of G. For sufficiently small € > 0, let

— _ . + _
Stoe= [ 915792 Stoe= U 915700
91,92€Ge 91,92€G<

Y. € C(G) such that 1. >0, supp. C G, and / Ve dg = 1;
G

U, € C®°(I'\G) where V. ([g]) = Z¢s(79)-

yel’
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Then
Gy [ B () U@)Vely) dedy
I\GxI\G ~T:be
< Fsy, (lel, [e]) < / For (2.9)0e(2)Ue(y) dr dy
N\GxI\G ~Tbe

where the integrals are taken with respect to the Haar measure on I'\G.

We now need to approximate the sets S%b’ . with approximations of the
same product form as Sty using e-neighborhoods of Tr(v). It is important
that these approximations are well-behaved and indeed, for tubes, these
approximations are again tubes. However, unlike a tube, the e-neighborhood
of a hypertube is not again a hypertube as we have defined. Indeed, the -
neighborhood of Q 4+ V' in a is of the same form but the e-neighborhood of
the hypertube T = (Q+ V') NC is not a hypertube since the e-neighborhood
of a cone is not a cone. However, the asymptotic in Lemma 5.4 does not
depend on the cone C which contains v in its interior so it will suffice for us
to approximate T using hypertubes that use cones which approximate C as
in the following lemma whose proof is similar to [5, Lemma 5.2|:

Lemma 5.7. For all sufficiently small € > 0, there exist hypertubes TE =
T(QE, V,CF), with v-truncations Ti L (v) of T and Borel subsets 22 C

ECErof NyEZ CECES of N cmd ©; C © C Of of M satisfying the
following:
(1) for all T >0,

NO(;—:)E eXp(Tibg_ (V))MO( )G_E_NO(E) C S;ba

e
C Sf,. C No=d GXP(TTb+( )Mo OFET Noe

where the inclusions hold up to some bounded subset of G that does
not depend on € and T';

(2) an O(g)-neighborhood of T~ (Qz,V,C)(v) (resp. Trp(v)) contains
Trp(v) (resp. Ty (QF,V.C)(v));

(3) W((EF—E0)e™) = 0, vy ((EF—E7)e™) — 0 and Vol (0F —07) —
0ase—0.

Returning to (5.10), using local mixing (Theorem 5.3) to extract the main
terms of the integrals in (5.10) for large T" and the same computations as in
[5, Proposition 5.1| and approximating ST be using Lemma 5.7, we obtain

Tbs

~ (1+0(e)L(Ty, .+ (V) (E)Fi() (E71) Vol (©)

TbE

[ R, e dedy
MN\GxI'\G

~ (14 0(€))e(TE, v, b5) iy (2) i) (B Voly (0) =75 as T — oo,
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where we used Lemma 5.4 in the last asymptotic. Taking ¢ — 0 completes
the proof. U

Counting via flow boxes. We use flow boxes:

Definition 5.8 (e-flow box at gp). Given g9 € G and € > 0, the e-flow box
at go is defined by

B(go,€) = go(N.N N N.NAM)M:A..
We denote the projection of B(go, ) into I\G/M by B(go, ).
For gop € G and T, ¢ > 0, we denote
Vru(90,€) = B(go, ) Trp(v)OB(go. €)'
Wr(go,€) = {gamg™" : g € B(go, ), am € Tr,(v)O}.
The next proposition is an asymptotic for #(I' N Vrp(go,€)):
Proposition 5.9. Let go € G. For all sufficiently small € > 0, we have

#(T N Vrp(90,€))
AT

br(f':) (d-1)/2

where by () denotes the volume of the Fuclidean r-ball of radius .

_ C(T,V,b) (mVBMS(B(QO,E)) VOIM(@ N MF)(l + 0(5)) +OT(1)> -

Proof. The proof Proposition 5.9 is the same as in |5, Proposition 5.6] after
approximating Vr(e,e) with Sy (cf. [5, Lemma 5.7]) and replacing [5,
Proposition 5.1] with Proposition 5.6 for the asymptotic. O

Proof of Theorem 5.2. For T" > 0, let nr denote the Radon measure on
I"\G/M x [M] defined by the left hand side in Theorem 5.2, that is, for
feC.(I\G/M) and ¢ € CI(M), let

nr(f @ @) = 3 / f - o(m()).
['Y]G[Fprim]v )\('Y)ETT,IJ(V)

By [4, Lemma 6.3| for all sufficiently large 7', we have

nr(B(go, ) @ ©) = by(€) - #(Lprim N Wrp(90, €))-

By the Anosov property, £ C intat U {0} so we can apply a closing Lemma
[4, Lemma 2.7] and approximate Wr (go, €) using Vrp(go, €) (cf. [5, Lemma
6.5]) and use Proposition 5.9 to obtain (cf. [5, Proposition 5.13]):

nr(B(go,€) ® O)
- €5VT
~ ¢(T, v, b) (mleS(B(go,s)) Vol (©)(1 + 0(5))) s & T = oo

A partition of unity argument now completes the proof of Theorem 5.2.
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Counting Jordan projections in hypertubes. We deduce from Theo-
rem 5.2 the following asymptotic for counting Jordan projections of I' in T,
with holonomies in a given subset of M which we will apply to correlations
in Section 6:

Theorem 5.10. For any conjugation invariant Borel subset © C M with
Volp(00) = 0, we have as T — oo,

e(SvT

T(d+1)/2"

Proof. Using the same arguments as in [5, Section 5|, the following renor-
malized version of Theorem 5.2 can be deduced: For any f € C.(I'\G/M)
and for any ¢ € Cl(M), we have as T' — oo,

(5.11) 3 / /- om

[7] € [Fprim]v Aly )ETT b

#{] €T A(v) € Trp(v), m(v) € O} ~ (T, v, b)-Volpr (ONMr)-

€5vT

. BMS . - —_—
(T, v,b) - m">(f) MF‘bdm T(d=1)/2"

Theorem 5.10 follows from (5.11) using similar arguments as in [5, Corollary
4.3| which we outline. Using the product structure supp m\],SMS = X, x ker )y,
choose

f=1x® fi € Ce(suppmy™®)

where fi € Ce(kert)y) with [ fi(u)du =1. Then

mBVS(£) = |, / fi(u) du = [ma, .

Using the product structure of mBMS for Anosov subgroups (5.4), we have

/ £ =000 [ AW du=5(00)

for every [y] € [Fprim]. By applying (5.11) to this function f and ¢ = lg
(using a standard partition of unity argument), we obtain

(5.12)  #{[] € [Cprim] : A(Y) € Trp(v), m(v) € O}

0T
e v
~ C(T,V, b) . VO]M(@ N MI") . W
By an elementary argument, (5.12) remains true if I'pm is replaced with
T. ([

Equidistribution in bisectors. For a pair of Borel subsets Z1,2y C K
such that Z; and =5 L are right M-invariant, consider the following subsets
of G = KATK where the AT component is given by the truncations T p(v):
for T > 0, set

B(Trp(v),E1,E2) = Erexp(Trp(v))E2 C G.
Theorem 5.11 describes the equidistribution of I in bisectors B(T7(v), 21, Z2).
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Theorem 5.11. Suppose v, (0Z1) = yi(v)(aagl) = 0. Then we have

c(T,v,b) T

#NB(Trp(v), Er, E2)) ~ p— 'Vv(El)'Vi(v)(Ez_l)‘m as T'— oo.
In particular,
c(T,v,b) T
#{yel:uly)eTry(v)} ~ as T — co.

Imx,| S (d-1)/2

Proof. Theorem 5.11 was proved in |5, Theorem 6.1] for tubes rather than
hypertubes. The proof of Theorem 5.11 is the same as in those cases using
hypertubes instead and the asymptotic from Lemma 5.4. [l

6. MULTIPLE CORRELATIONS FOR ANOSOV REPRESENTATIONS

In this section, we obtain multiple correlations for Jordan and Cartan
projections of a Zariski dense Anosov subgroup, using the Basic Lemma 4.2
and counting results for Jordan and Cartan projections in hypertubes (Theo-
rems 5.10 and 5.11). We then deduce Theorem 1.5 from this result and high-
light particular instances of our correlation theorems for geometric structures
arising from examples of Anosov representations.

Linearly correlated Jordan and Cartan projections. Let I' be a Zariski
dense Anosov subgroup of G with limit cone £. Fix any integer d with
1 < d < rank(G) and any surjective linear map

@ = (p1,...,904) : a = R% such that |, is proper.
By Lemma 3.1, £, = ¢(L) is a closed convex cone with nonempty interior.

Theorem 6.1. For any r = (r1, - ,rq) € int Ly, any €1,...,64 > 0 and
any conjugation invariant Borel subset © < Mp with Volp. (00) = 0, we
have as T — o0,

d
6.1) #{M €[T]: e(A(W) € [[IrT, 7T + e, m(y) € ©}
=1
€¢F(V*)T
~ C- W VOIM[‘ (@)
and
d , e¥r(v)T
(6.2) #{y €T o(u(n)) € I:II[TZT, rl +ell~d o mams
where ¢ = ¢(T, @, r,e1,...,64) and ¢ = (T, @, r) are positive constants and

v* € int L is the unique (@, r)-critical vector of T'.

Proof. Let v* € int £ be the unique (¢, 7)-critical vector of I" given by Propo-
sition 3.4. Since ker ¢ < ker 1)+, we can choose a subspace W < ker ), such
that W & ker ¢p = kert,». Since £ C inta™ U {0}, we can choose a closed
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convex cone C C int a™ such that £ C intC. Set Q = W N H([]L,[0,&]}).
Then by Lemma 4.2, we have

d
T= U {ueC:p(u)e H[riT, riT + €]} = T(Q,Rv* @ ker ¢, C),
T>0 i=1

and for some by, by € C(Q),
d

cn Lp_l(H[nT, riT + €i]) = Trp, (vV*) — Trp, (v¥) for all T > 0.
=1

Therefore

d

#{[] € 1]: e(A() € [ [T, niT + i), m(v) € ©}
i=1

= #{[y] € [[T: A(7) € Trp, (v7), m(v) € O}
—#{] € [IT: AM(7) € Trp, (v¥), m(7) € O}
Hence the first asymptotic (6.1) follows from Theorem 5.2.

Since int C contains £ which is the asymptotic cone of u(T") [2], u(T') C C
except for finitely many points and hence we have

d
#{veT: puh) e H[nT, T +&il}

i=1
=#{velp(y) € Try, (V1)) = #{y € I': u(7) € Trp, (V) } + O(1).
Therefore the second asymptotic (6.2) follows from Theorem 5.11. O

Remark 6.2. (1) Properness of ¢|r, or equivalently ker p N L = {0}, is
a necessary condition for u(I') N Sy to be finite where Sp = {w €
at T < pi(w) < T +¢;,1 <i < d}. Indeed, since St is in-
variant under translation by ker ¢ and bounded distance from ker ¢,
#u(T) N Sy is finite if and only if ker ¢ has trivial intersection with
the asymptotic cone of u(T'), i.e., ¢|z is proper.

(2) Even when G is the product of rank one groups, Theorem 6.1 is more
general than our previous results in [5] since ¢ need not be injective.

Proof of Theorem 1.5. Note that p(X) is a Zariski dense Anosov subgroup
of H?Zl G; and (¢1,...,94) ]gp(z) is a proper map. It is easy to see that £, in
Theorem 1.5 coincides with the ¢-projection of £, x). Hence the asymptotics
in Theorem 1.5 is a particular instance of Theorem 6.1 with I' = p(X) and
we have 6p (1) = ) (v*) where v* is the (¢, r)-critical vector of p(%)
and 9,(x) is the growth indicator of p(X). It remains to prove the upper
bound for 6, (1) = ¥ ,(x)(v*). Since ; is positive on L, sy — {0}, when we
view ; as an element of a* in the natural way, ; is positive on L,x). By
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Theorem 2.1, we have d,5) o, = 0,,(5),p; a0d 0p, (), i 1S tangent to Y ,(x).
By |20, Theorem 1.4], we have

Pp(s) (V) < min, O (L) PiVF) = 0 G, () T

and if all d,, (5 o, pi(v*) are equal, then the inequality is strict.

Remark 6.3. Clearly p(X) being Zariski dense in Hle G; implies that p;(3)
is Zariski dense in G; for all ¢ and that for all i # j, p; o pj_l 1pi(X) = pi(2)
does not extend to a Lie group isomorphism G; — G;. In fact, the converse
holds provided that G; is simple for all ¢ (cf. [21, Lemma 4.1]).

Proof of Theorem 1.1. The Hilbert metric dg on a properly convex do-
main Q C RP? is defined as

1 _1 Hw—yH'Hﬂf—ZH)

(6.3) dg(z,y) 5 log (Hw =2l for x,y € Q

where w, z € 99 are such that w,z,y, z are colinear in that order and || -
| is a Euclidean norm on an affine chart A containing 2. The geodesics
are precisely the projective lines in €2 and the isometries are precisely the
elements of PGL3 R preserving 2. Identify the positive Weyl chamber of
PGL3 R with {(21,22,23) € R® : oy + 29+ 23 = 0, 21 > 29 > 23}. A basic
fact from convex projective geometry is that the Hilbert length is given by

(0) = 5(M1(pi(0)) = As(pi(0)))
where \;(g) denotes the logarithm of the j’th largest modulus of an eigen-
value of g € PGL3R. Another fact that the only automorphisms of PGL3 R
are the inner automorphisms and their composition with the contragradient
involution. By [8, Theorem 1.4|, p is also an Anosov representation. Then by
Remark 6.2, p(¥) is Zariski dense in (PGL3R)?. Theorem 1.1 now follows
by applying Theorem 1.5 with ¢;(z1, 2, 23) = 3(z1 — x3) for all i.

Correlations for convex cocompact hyperbolic manifolds. Consider
a k-tuple p = (p1, ..., px) of Zariski dense convex cocompact representations
of a finitely generated group ¥ into SO°(n,1) for some n > 2 and k > 2.
We further assume that for all i # j, p; and p; are not conjugates. Let ¢;(0)
denote the length of the closed geodesic in the hyperbolic manifold p;(X)\H"
corresponding to the conjugacy class [p;(c)]. Theorem 6.1 has the following
application:

Theorem 6.4. Let ¢ : R¥ — R be a linear map such that {p({1(0), ..., lx(0)) €
R : 0 € 3} contains both negative and positive values. Then there exists § > 0
such that for any e > 0, there exists a constant ¢ > 0 such that as T — oo,

oT

32

Proof. Let ¢ : RF — R? be given by @(x1,...,21) = (¢(x1,...,71), 2). By
Remark 6.2, p(X) is a Zariski dense Anosov subgroup of SO°(n, 1)¥. Then we

{le] € [E]: 0 < p(l1(0),... . b(0)) <e, T <Up(oc)<T+e} ~c
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have L5y C inta® U {0} = (0, oo]* U {0}. Since ker ¢ C {z}, = 0}, we have
ker N L,x) = {0} and hence |z, is proper . By Lemma 3.1, o(L,x)) is
a convex cone. By the hypothesis on ¢, the cone ¢(L,x)) contains vectors
(y1,1) and (y2,1) with y1 < 0 < ya. Hence, r = (0,1) € int p(Lyx)).
Theorem 6.4 follows from applying Theorem 6.1 to I' = p(X), ¢ and . 0O

Hitchin representations. Even in the case of a single Hitchin representa-
tion, Theorem 6.1 gives a new counting result.

Theorem 6.5. Let p: ¥ — PSL, R be a Zariski dense Hitchin representa-
tion and ¢ : R™ — R be a linear form which is positive on inta™. Suppose
that for some 1 < j < n, X\j(p(X)) contains both positive and negative values;
here A;j is as in (1.2). Then there exists § > 0 such that for any ¢ > 0, we
have as T — o0,

oT
. m;

65T

’ T3/2

{lo] € [E]:0<Aj(p(0) <&, T < p(A(p(0))) <T +e} ~c

{0€X:0<pj(p(0)) <&, T < Pp(u(p(0))) <T+e}~c-d
for some constants c¢,c’ > 0; here pj is as in (1.3).

Proof. Let ¢ : R® — R? be given by @(z1,...,24) = (d(x1,...,24),2}).
Note that ¢ L, IS proper since ¢ is positive on inta®™. Then Theo-
rem 6.5 follows from applying Theorem 6.1 to I' = p(X), ¢ and the direction
r = (1,0) which is an interior vector of the ¢-projection of L, by the
hypothesis on A;(p(3)).

Proof of Theorem 1.3. Let p and 3 be as in Theorem 1.3. A fact is
that the only automorphisms of PSL,, R are the inner automorphisms and
their composition with the contragradient involution. Then by Remark 6.2,
p(¥) is Zariski dense in (PSL,R)? Theorem 1.3 follows from applying
Theorem 1.5 with ¢ = @3 and the bounds use the fact that ¢,, g, = 1 for all
i |25, Theorem B|.
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