EXPONENTIAL MIXING OF FRAME FLOWS FOR CONVEX
COCOMPACT LOCALLY SYMMETRIC SPACES

MICHAEL CHOW AND PRATYUSH SARKAR

ABsTRACT. Let G be a connected center-free simple real algebraic group of
rank one and I' < G be a Zariski dense torsion-free convex cocompact sub-
group. We prove that the frame flow on I'\G, i.e., the right translation action
of a one-parameter subgroup {a; : t € R} < G of semisimple elements, is
exponentially mixing with respect to the Bowen—Margulis—Sullivan measure.
The key step is proving suitable generalizations of the local non-integrability
condition and non-concentration property which are essential for Dolgopyat’s
method. This generalizes the work of Sarkar—Winter for G = SO(n,1)° and
also strengthens the mixing result of Winter in the convex cocompact case.
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1. INTRODUCTION

Let H for K € {R,C,H, O} be the real, complex, quaternionic, or octonionic
hyperbolic spaces indexed by integers n > 2 (n = 2 if K = Q). Let G = Isom™ (H2)
be its group of orientation preserving isometries. Let I' < G be a torsion-free
discrete subgroup and X = I'\HE. Any (irreducible) rank one locally symmetric
space (of noncompact type) is obtained in this fashion. We can identify X, its
unit tangent bundle T*(X), and its holonomy bundle H(X) with T'\G/K, '\G/M,
and I'\G, where M < K are appropriate compact subgroups of G. The holonomy
bundle H(X) can be realized as a subbundle of the frame bundle F(X) and it can
also be thought of as the K-frame bundle for K € {R, C, H}. It is natural to consider
this subbundle because it is an invariant subset of F(X) under the frame flow. Let
A ={a: : t € R} < G be a one-parameter subgroup of semisimple elements such
that its right translation action corresponds to the geodesic flow on I'\G/M and the
frame flow on T'\G. Let m be the Bowen—-Margulis—Sullivan probability measure
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on I'\@G, i.e., the M-invariant lift of the one on I'\G/M which is known to be the
measure of maximal entropy. Whether the frame flow is exponentially mixing with
respect to m is a fundamental question in the study of dynamics. If I" is a lattice, m
coincides with the G-invariant probability measure and there is a rich history in the
literature establishing exponential mixing of the frame flow with respect to m (see
for example [Rat87, Moo87]). Such results have many applications including orbit
counting, equidistribution, prime geodesic theorems, and shrinking target problems
(see for example [DRS93, EM93, BO12, MMO14, MO15, KO21, TW21]).

In this paper, our hypothesis is that I' is Zariski dense and convexr cocompact.
The first condition is necessary because otherwise it is not hard to see that the
frame flow on I'\G is not even ergodic (cf. [FS90, Winl5, SW21], although it is
not mentioned explicitly). The second technical condition means that the smallest
closed convex subset of X containing all closed geodesics is compact. Although
it does not allow the existence of cusps, it gives a large class of rank one locally
symmetric spaces which includes the compact ones.

Let us assume the aforementioned setting. One can still prove exponential mixing
of the frame flow using representation theory provided that there is an appropri-
ate spectral gap as in the work of Mohammadi—Oh [MO15] for a certain subclass
of real hyperbolic manifolds (see also the further work of Edwards—Oh [EO21] for
the geodesic flow). In general, however, such a spectral gap does not exist. Using
an alternative approach, the works of Babillot [Bab02] and Winter [Win15] show
that the frame flow is mixing. Using Dolgopyat’s method [Dol98], Stoyanov [Stol1]
proved exponential mixing of the geodesic flow (see also [LP22, Kha21] for the geo-
metrically finite case). Recently, by developing a frame flow version of Dolgopyat’s
method, Sarkar—-Winter [SW21] proved exponential mixing of the frame flow for
real hyperbolic manifolds. In this paper, we generalize the result of Sarkar—Winter
to rank one locally symmetric spaces. For any a € (0,1], we denote by C¥(I'\G)
the space of compactly supported a-Hoélder continuous functions on I'\G.

Theorem 1.1. Let o € (0,1]. There exist no, > 0 and C > 0 (independent of a)
such that for all ¢, € C&(T\G) and t > 0, we have

P(zar)ip(z) dm(z) — m(¢) - m(y)| < Ce ™ ||p]lcelld]|ce

G

Fix a right G-invariant measure on I'\G induced by some fixed Haar measure
on G. We denote by mP® and mPBR+ the unstable and stable Burger-Roblin mea-
sures on I'\G respectively, compatible with the choice of the Haar measure. Using
Roblin’s transverse intersection argument [Rob03, OS13, OW16], we can derive the
following theorem regarding decay of matrix coefficients from Theorem 1.1.

Theorem 1.2. Let o € (0,1]. There exists 1, > 0 such that for all ¢, €
Co(T\G), there exists Co > 0 (depending only on supp(¢) and supp(vy)) such
that for all t > 0, we have

(il [ oteaua) de —m(6) mP )| < Cae ol ¥

where Dk ,, := dimg (K)n + dimg(K) — 2 is the volume entropy of HJ.
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1.1. Outline of the proof of Theorem 1.1. Since the argument in this paper is
along similar lines as in [SW21] we recommend that the reader consult that paper
first. Throughout this paper, we omit proofs which are verbatim repetitions of the
ones in [SW21] and focus on the difficulties that arise for general rank one locally
symmetric spaces.

Firstly, convex cocompactness of I' implies that the nonwandering set supp(m)
of the geodesic flow, which is Anosov, is compact and hence by the works of Bowen
[Bow70, Bow73], Ratner [Rat73], and later Pollicott [Pol87], there exists a Markov
section on supp(m). This allows one to use techniques from thermodynamic formal-
ism. It is now well known that a given flow is exponentially mixing if one obtains ap-
propriate spectral bounds for the associated transfer operators [Pol85]. Viewing the
frame flow as an extension of the geodesic flow by the compact group M, we are lead
to consider the transfer operators with holonomy which are twisted by irreducible
representations of M. More precisely, for a given £ = a+ib € C and irreducible rep-
resentation p : M — U(V,), we consider M , : C (U, vy dlm(p)) — C(U, v, dlm(p))
defined by

Mep(H)(uw) = 37 e ye/) ) H(u!)
u' €o—1(u)

where 7 : U — R is the first return time map and ¥ : U — M is the holonomy.
The indispensable framework that is used to prove the required spectral bounds is
known as Dolgopyat’s method [Dol98], originally developed for the geodesic flow.
The overarching idea is to use some form of a geometric property called the local
non-integrability condition (LNIC) to infer that the summands of the transfer op-
erators are highly oscillating and thereby produce sufficient cancellations. As the
name suggests, LNIC is related to the non-integrability of the stable and unstable
foliations of the geodesic flow and in turn the first return time map.

In [SW21], to handle the frame flow for real hyperbolic manifolds, a general LNIC
was proved which takes into account not only the first return time map but also
the holonomy. Due to the combination of the general LNIC and the delicate fractal
nature of supp(m), a new property called the non-concentration property (NCP)
was also required. If appropriate generalizations of these properties are proven,
then they would imply exponential mixing for rank one locally symmetric spaces
using Dolgopyat’s method described above.

For nonreal hyperbolic manifolds, the key difference is that the associated root
spaces do not have one but two positive roots. Namely, there is an extra positive
root which is double the simple root . As a result, we have the root spaces and
horospherical Lie algebras

st =g_a, § = gas nt=st@st, s, n =5 @[ ,5 ]

which are mutually distinct. In contrast, n™ = sT and n~ = s~ for real hyperbolic
manifolds. Thus, when we generalize the techniques from [SW21] we must carefully
choose between (n™,n~) and (s%,s7). Unfortunately, it turns out that a general
NCP is not true using n* because directions concentrate along the subspace s C
nt. As it suggests, however, a general NCP can be proven using s* instead. In
turn, we must also use s for the general LNIC which can be proven as in [SW21]
provided that the stronger property [s7,5~] = a @ m rather than n*,n" | =a®m
holds. These two properties coincide for real hyperbolic manifolds and was proven
in [SW21]. Fortunately, in general, the former is a nonstandard fact which can be
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proven by improving upon an argument due to Helgason [Hel70]. Thus, we obtain
the appropriate generalizations of LNIC and NCP.

We then demonstrate how the general LNIC and NCP are used in Dolgopyat’s
method to obtain the required cancellations. In doing so, we are careful in dealing
with technicalities such as ensuring that the Patterson—Sullivan measure has the
doubling property by using the Carnot-Carathéodory metric on n*, which was
simply the Euclidean metric on R?~! for real hyperbolic manifolds in [SW21]. This
finishes the proof by offloading the remaining arguments to [SW21].

1.2. Organization of the paper. We start with covering the necessary back-
ground in Section 2. In Section 3 we introduce the transfer operators with holonomy
and make a standard reduction of the main theorem done in Dolgopyat’s method.
Section 4 is the main section of this paper where we prepare for Dolgopyat’s method
by covering the key ingredients: LNIC and NCP. In Sections 5 and 6, we construct
the Dolgopyat operators and go through Dolgopyat’s method to obtain spectral
bounds for large frequencies or nontrivial irreducible representations of M.

Acknowledgements. We thank Hee Oh for her helpful suggestions for the man-
uscript.

2. PRELIMINARIES

In this section, we cover the necessary background for the paper. We refer the
reader to [SW21, Sections 2-4] for more details for all subsections except Subsec-
tion 2.1.

Let us recall the classification of (irreducible) rank one symmetric spaces (of
noncompact type). Both [Mos73, Section 19] and [HelO1] are excellent references.
There are three families: the real, complex, and quaternionic hyperbolic spaces
which we denote by Hy, Hf, and Hy for n > 2; and an exceptional one: the
octonionic/Cayley hyperbolic plane which we denote by Hé. They are of real
dimensions dimg(K)n. Throughout the paper, any of the four algebras will be
denoted by K € {R,C,H,0} and in the last case we require that n = 2. Let
G = Isom™ (HE) be the group of orientation preserving isometries of HZ, which
is then a noncompact connected simple Lie group of rank one. Fix a reference
point o € Hg, a reference tangent vector v, € Tl(Hﬁ), and define the isotropy
subgroups K = Stabg(o) and M = Stabg(v,) < K. Table 1 shows what these
groups are explicitly for each K € {R,C,H,0}. Let I' < G be a Zariski dense
torsion-free discrete subgroup. Then our (irreducible) rank one locally symmetric
space (of noncompact type) is X = I'\Hg = I''G/K, its unit tangent bundle is
T'(X) = I'\G/M, and its holonomy bundle in the sense of Kobayashi is H(X) =
I'\G. The holonomy bundle H(X) can be realized as a subbundle of the (oriented
orthonormal) frame bundle F(X) and they coincide if and only if K = R. In fact,
for K € {R,C,H}, H(X) can be thought of as the K-frame bundle, where K-frames
are modeled on K-frames in K™ which are bases of unit vectors (e, ea, ..., e,) that
are mutually K-orthogonal. Here, by K-orthogonality, we mean that the column
vectors satisfy eje, = 05 for all 1 < j,k < n, where = denotes the K-conjugate
transpose with respect to the standard Hermitian form.

2.1. Lie theory. We again refer the reader to [Mos73, Section 19| and [HelO1] for
this subsection. Denote by g = T.(G) the Lie algebra of G. Let B: g x g — R be
the Killing form. Let 6 : g — g be a Cartan involution, i.e., the symmetric bilinear
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G K M

K
R SO(n,1)° SO(n) SO(n —1)

C SU(n,1) S(U(n) x U(1)) S(Un—1)xU(1))
H

0

Sp(n,1)  Sp(n) x Sp(1)  Sp(n —1) x Sp(1)
F,; 2 Spin(9) Spin(7)

TABLE 1. Rank one symmetric spaces of noncompact type.

form By : g x g — R defined by By(z,y) = —B(x,0(y)) for all z,y € g is positive
definite. Let g = €@ p be the associated eigenspace decomposition corresponding to
the eigenvalues +1 and —1 respectively. Let a C p be a maximal abelian subalgebra
and ® C a* be its restricted root system. Since G is of rank one, dim(a) = 1. Let
®+ C ® be a choice of sets of positive and negative roots. We have the associated
restricted root space decomposition

g=admon on = a@m@@ga

acd
where m = Z¢(a) C € and n* = @, 47 ga. Let a € & be the simple root for
the rest of this subsection. If K = R, then ®* = {a} and hence ® is a reduced
root system; and if K € {C,H, 0}, then ®* = {«,2a}. We have the following
proposition and its immediate corollary (see [Mos73, Section 23], [A1199, Section 4],
and [Kim06]). Here T denotes the K-conjugate and $(z) = % (z — Z) denotes the
imaginary component of x € K.

Proposition 2.1. We have the isomorphisms of graded Lie algebras
0o B 020 T g0 Dgo20 K" QK
where the latter is endowed with a Lie bracket characterized by:
(1) SK, K" ! @ SK] =0,
(2) |z, y] = 2S{z,y) = 2%(2?;11 z;7;) € SK for all z,y € K" 1.
Corollary 2.2. We have g2o, = [fas 8a) and §—24 = [§—a, G—a)-

We denote s = g_, and s~ = g,. Then for any K € {R,C,H,0}, we have
nt=st@st,st)andn” =s @[5 ,s|. [ K=R, then [s",s"] and [s,s ] are
trivial and hence n* and n~ are abelian; and if K € {C, H, O}, then n™ and n~ are
2-step nilpotent.

Define the Lie subgroups of G by

A = exp(a), N* = exp(n®).

Let K < G be the maximal compact subgroup whose Lie algebra is . Let M =
Ck (A) which is then connected (see [Winl5, Lemma 2.3(1)]) and whose Lie algebra
is m. Note that Cg(A) = AM. Define N = N~ and P = MAN.

We fix a left G-invariant and right K-invariant Riemannian metric on G and
denote the corresponding inner product and norm on any of its tangent spaces by
(+,+) and || - || respectively. This induces a left G-invariant and right K-invariant
metric d on G. We use the same notations for inner products, norms, and metrics
induced on any other quotient spaces.
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The Killing form B of g is Ad(G)-invariant, and hence Ad(K)-invariant. More-
over, Blqxq is positive definite since 6 is a Cartan involution. Thus, we can assume
that (-, Y axa X Blaxa. We also assume that the Riemannian metric on G is scaled
such that identifying a = R as inner product spaces, we have a(1) = 1 for the simple
root a € ®*. We obtain a corresponding parametrization A = {a; : t € R} such
that its right translation action corresponds to the geodesic flow on I'\G/M and the
frame flow on I'\G. Using these conventions and the identity Adoexp = expoad,
we have the useful calculation that

Adg, (T5+ + T[ex 52]) = eFlags + €¥2t.’1,‘[5i75i]
for all zex + @t ox) € 5% @ [sF,6%] and t € R.

2.2. Convex cocompact subgroups. Let 0, H and H = HE U 0. H} be the
boundary at infinity and the compactification of Hy respectively. We have the
isomorphism d.HE = G/P as G-spaces. Let Ar = lim(I'o) C d,HE C HE be the
limit set of I". We denote its convex hull by Hull(Ar) C Hg. The critical exponent
or of I is the abscissa of convergence of the Poincaré series r(s) = >_. e sdo70),
It is well known that these are independent of the choice of o € Hy.

Definition 2.3 (Convex cocompact subgroup). A discrete subgroup I' < G is
called a convex cocompact subgroup if Core(X) :=I'\ Hull(Ar) C X is compact.

We assume that I' is convex cocompact in the entire paper.

2.3. Patterson—Sullivan density. Let 5 : O,Hg x Hg x Hg — R denote the
Busemann function defined by SBe(y,x) = limy_o0(d(£(t),y) — d(&(t), z)) for all
€ € 0HE and z,y € Hy where £ : R — HE is any geodesic with lim;_,, £(¢) = &.
For convenience, we allow tangent vector arguments for the Busemann function as
well in which case we will use their basepoints in the definition.

Let {ulS : 2 € HE} be the Patterson-Sullivan density of T' [Pat76, Sul79], i.e.,
the set of finite Borel measures on O, Hp supported on Ar such that

(1) 7puls = NEE for all y € I' and = € HE,

(2) jﬁgz (&) = erPew®) for all £ € D, HE and z,y € HE.

Since I is convex cocompact, for all z € Hy, the measure M};’S is the dpr-dimensional
Hausdorff measure on 0., Hy supported on Ar corresponding to the spherical metric

on O, Hg with respect to z, up to scalar multiples.

2.4. Bowen—Margulis—Sullivan measure. For all u € TI(H%), its forward and
backward limit points are u™ = lim;_, 400 V() € 9o HE where v : R — HZ is the
geodesic with 7/(0) = . Similarly, for all f = (e1,e2,. .., €dimyx)n) € F(Hg), we
write f¥ = . Since H(HZ) C F(H) is a subbundle, this notation makes sense
for all g € H(HE) = G as well. Using the isomorphism 0 Hf = G/P as G-spaces,
we have the algebraic description g7 = gP and g~ = gwoP for all g € G, where
wo € Nx(A)/M = 7,/27 is the nontrivial element of the Weyl group.

Using the Hopf parametrization via the diffeomorphism G/M = T! (HR) —
{(ut,u™) € O HE X O HE : ut # u™ } xR defined by u — (u™,u™,t = B, (0,u)),
we define the Bowen—Margulis—Sullivan (BMS) measure m on G /M [Mar04, Bow71,
Kaio0] by

dm(u) = % Pu+ (00) drBu= (o) g, PS () 41, PS (=) dt.
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This definition depends only on I'. Moreover, m is left [-invariant. We now define
induced measures on other spaces, all of which we call the BMS measures and
denote by m by abuse of notation. By left I'-invariance, m descends to a measure
on I'\G/M. We normalize it to a probability measure so that m(I'\G /M) = 1. Since
M is compact, we can then use the Haar probability measure on M to lift m to a
right M-invariant measure on I'\G. The BMS measures are right A-invariant and
hence invariant under the geodesic and frame flows. Define Q = supp(m) C T\G/M
which is right A-invariant and also compact since I" is convex cocompact.

2.5. Markov section. Recall that the geodesic flow on T!(X) is Anosov because
rank one locally symmetric spaces are of pinched negative sectional curvature. By
the independent works of Bowen [Bow70] and Ratner [Rat73] which was later gen-
eralized by Pollicott [Pol87], there exists a Markov section for the geodesic flow on
Q ¢ TH(X) 2 I'\G/M which we define below.

Let WS (w), W (w) € TH(X) and W*(w) C T'(X) denote the leaves through
w € T'(X) of the strong unstable and strong stable foliations, and W5"(w) C
W (w) and W2 (w) C W™ (w) denote the open balls of radius € > 0 with respect
to the induced distance functions dg, and dgs respectively. We use similar notations
for the weak unstable and weak stable foliations by replacing ‘su’ with ‘wu’ and
‘s’ with ‘ws’ respectively. There exist ¢, ey > 0 such that for all w € T*(X),
u € WY (w), and s € W (w), there exists a unique intersection denoted by

5] = W3 (u) N W (s) (1)

and moreover, [-, -] defines a homeomorphism from W2" (w) x Wg*(w) onto its image
[Rat73]. For any 6 > 0 and center w € Q, we call

R=[U,5]={lu,s]€Q:uelU,seS} CQ

w e S C W (w)NQ are proper subsets, i.e., U = int(U) and S = int(S) with
respect to the topologies of W (w) N Q and W= (w) N  respectively. For any
rectangle R = [U, S], we generalize the notation and define [v1,vs] = [u1, 2] for all
v = [u1, 51] € R and vy = [ug, s3] € R.

Let R = {Rl = [U1,Sl],R2 = [UQ,SQ],...,RN = [UN,SN]} for some N € N
be a set of mutually disjoint rectangles of size §in Q. It is said to be complete if
0= U;V:1 Usepo,5 fjae- Denote R = |_|§V:1 R; and U = |_|§V:1 U;. The first return
time map 7: R — R and the Poincaré first return map P : R — R are defined by

a rectangle of size § if diamg, (U), diamg_(S) < 6, and w € U C Wet(w) N Q2 and

7(u) = inf{t > 0: ua; € R}, P(u) = Uy (y)

forallu € R. Let o = (projy oP)|y : U — U where proj;; : R — U is the projection
defined by proj; ([u, s]) = u for all [u, s] € R.

Definition 2.4 (Markov section). The complete set R is called a Markov section
if the following Markov property is satisfied: [int(Uy),P(u)] C P([int(U;),u]) and
P([u, int(S;)]) C [P(u),int(Sk)] for all u € R such that u € int(R;)NP ! (int(Ry)) #
gand 1 <j,k<N.

Henceforth, we fix any positive constant

6 < min(1, e0/2,€)/2), (2)
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where €y and ¢, are from Eq. (1), and any corresponding Markov section R. We
introduce the distance function d on U defined by

A, v) = {dsu(u,v), u,v € U;j for some 1 < j <N

1

, otherwise.
2.6. Symbolic dynamics. Let A = {1,2,..., N} be the alphabet for the coding
corresponding to the Markov section R and define

S={(...,2_1,70,21,...) EA" 1 T}, ,,,, = 1 for all j € Z},
= {(mo,xl,. . ) S AZZD : Trj,zj+1 =1 for all j € Zzo}.

Sequences in the above spaces and their finite counterparts are said to be admissible.
For any k € (0,1), we can endow X (resp. 1) with the distance function d,; defined
by dy(z,y) = kHIE220:27#Y5} for all 2,y € ¥ (vesp z,y € BF).

Definition 2.5 (Cylinder). For all k € Z>( and for all admissible sequences = =
(zo,x1,...,2k), we define the corresponding cylinder to be

Cle] ={ucU:0oi(u) €int(U,,) forall 0 < j < k}

i
with length len(C[z]) := len(z) := k.

Although o and 7 are not continuous, in our setting, o|c(; ) is bi-Lipschitz and
7|c(y,k) 18 Lipschitz for all admissible pairs (j, k).

Abusing notation, let ¢ denote the shift map on 3 or ¥*. There are continuous
surjections ¢ : ¥ — R and ¢t : ¥+ — U defined by ((z) = jZ__ P~/ (int(R,,))
for all z € ¥ and (*(2) = ;2,0 (int(Uy,)) for all z € XF. Fix x € (0,1)
sufficiently close to 1 such that ¢ and ¢t are Lipschitz [Bow73, Lemma 2.2|. Let
CUr(@:) (¥ R) denote the space of Lipschitz functions f : ¥ — R and similarly for
domain space X1 or target space C. Since (TOC)|<,1(proj51(c)) and (70¢")|(¢c+)-1(c)
are Lipschitz for cylinders C C U of length 1, they have Lipschitz extensions 7; :
¥ = R and 75+ : X1 — R respectively. Note that ((o(z)) = ((&)ary ) for all
z € ¥ and ¢*(o(2)) = projy (C*(x)a, , (x)) for all z € XF.

2.7. Thermodynamics.

Definition 2.6 (Pressure). For all f € CYP(dx) (X R), called the potential, the
pressure is defined by

Pr,(f) = sup {/Efdu—i—hl,(a)}

veML(X)

where M (X) is the set of o-invariant Borel probability measures on ¥ and h,, (o)
is the measure theoretic entropy of ¢ with respect to v.

The supremum in Definition 2.6 is attained by a unique vy € ML(X) [Bow08,
Theorems 2.17 and 2.20]. Define vy, = v_s.., € ML(X) whose corresponding
pressure is Pr,(—dr7s) = 0. Define vg = (.(vs) and vy = (projy)«(vr). Note
that vy (7) = vr(7). For the relation between m and vg, which we do not require
directly in this paper, see [SW21, Sections 3 and 4].
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2.8. Holonomy. Let w; € R; be the center for all j € A. A smooth section
N
Fa | W (wy), We (wy)] = H(X) = T\@
j=1
can be constructed with the properties that for all j € A, and u,u’ € Wed(wy), and
5,8 € W (w;), we have

 Jim d(F(u)as, F(u')as) =0, lim d(F([u,s])at, F([u,s])a;) =0

t—+o0
or equivalently, there exist unique n™ € N™ and n~ € N~ such that
Fu') = F(u)nt, F([u,s']) = F([u,s])n".
We refer to [SW21, Section 4] for the details; the only difference here being that we
generalize F' as being H(X)-valued rather than F(X)-valued.

Definition 2.7 (Holonomy). The holonomy is a map ¢ : R — M such that for all
u € R, we have F'(P(u)) = F(u)a,,)0(u).

Just as in the observation in [SW21, Subsection 3.1] and [SW21, Lemma 4.2],
we have the following.

Lemma 2.8. The maps T and ¥ are constant on [u,S;] for allu € U; and j € A.

Denote the unitary dual of M by M. Denote the trivial irreducible representation
by 1 € M and define My = M\ {1}. By the Peter-Weyl theorem, we obtain an
orthogonal Hilbert space decomposition

peM
For all b € R and p € M , we define the tensored unitary representation py :
AM — U(V,) b

pp(aym)(z) = e~ ®p(m)(z) forall z€V,, t € R, and m € M.

We introduce some notations related to Lie algebras. We denote Lie alge-
bras corresponding to Lie groups by the corresponding Fraktur letters, e.g., a =
T(A),m = T,(M),n" = T, (N*), and n= = T.(N~). For any representation
p: M — U(V) for some Hilbert space V, we denote the differential at e € M by
dp = (dp)e : m — u(V), and define the norm

loll = sup  [ldp(2)lop
zem,|z]=1

and similarly for any unitary representation p : AM — U(V'). We have the following
facts (see [SW21, Lemmas 4.3 and 4.4] for proofs).
Lemma 2.9. For allb € R and p € M, we have max(|b], ||pl]) < [lps]l < 18] + |0l

Dolgopyat’s method is concerning the regime when ||pp|| is sufficiently large. This
occurs precisely when || is sufficiently large or p € M is nontrival. Thus, we define

Mo(bo) = {(b,p) € R x M : b > b or p # 1}

where we fix by > 0 later. Fix J, = inf inf _— ||p|| which is positive

bER, pe My llowll = pe Mo
because M is a compact connected Lie group. Also fix 61 , = min(1,d,).
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Lemma 2.10. There exists €1 > 0 such that for all b € R, p € ]/\4\, and w €
Vp@dlm(p) with ||wlle = 1, there exists z € adm with ||z|| = 1 such that ||dpp(2)(w)]]2 >
ellpoll-

2.9. Extending to smooth maps. We need to use the smooth structure on G
to apply Lie theoretic arguments later on. Thanks to [Rue89|, there exist open
neighborhoods U; D U; with U; C Wer(w;) and diamg,, (U;) < 6 such that for all
admissible pairs (j, k), there exists a canonical extension of (cefjx) " : int(Uy) —
C[4, k] to a map o~ k) Up — f]j which is a diffeomorphism onto its image. Define
R; = [U;,S;] for all j € A. Define R = |_|jv=1 R;, U= |_|;V=1 U; and the measure v
on U supported on U with Vf]’U =vy. Let j € Z>p and a = (ap,a1,...,0;) be an
admissible sequence. Define 0= = g~ (®0:21) o g=(@1,02) 6 ... o g (%-1,%5) if j > 0
and 0~ = Idg,_ if j = 0. Define the cylinder C[a] = U_a(Uaj) D Cla]. Define the
smooth maps 0@ = (¢7%) "1 : C[a] — Uaj.

For all admissible pairs (j, k), the maps 7|c[; 5 and c[; naturally extend to
smooth maps 7(; 1) : Clj, k] — R and 9U*) : C[j, k] — M. Now, for all k € N and
admissible sequences o = (g, a1, . .., q), we define the smooth maps 7, : C[a] —
R, 9 : C[a] — M, and ®* : C[a] — AM by

k—1

Ta(t) = ) Tiaya,.0) (@000 (u)),
=0
k—1

9 (u) = ﬁ(aj,ajﬂ)(g(ao,al ----- Oéj)(u))’
7=0

k—1
(1) = ar, 9" (w) = [[ @)oo w)
j=0

for all u € C[a], where the terms of the products are to be in ascending order from
left to right. For all admissible sequences « with len(a) = 0, we define 7,(u) = 0
and 9% (u) = ®*(u) = e € AM for all u € C[a].

3. TRANSFER OPERATORS WITH HOLONOMY, THEIR SPECTRAL BOUNDS, AND
THE PROOF OF THEOREM 1.1

3.1. Transfer operators. We will use the notation £ = a + ib € C for the com-
plex parameter for the transfer operators and use the convention that sums over
sequences are actually sums over admissible sequences, throughout the paper.

Definition 3.1 (Transfer operator with holonomy). For all £ € C and p € J\/{T,
the transfer operator with holonomy /\;lgﬂp : C(ﬁ, VpEB dlm(p)) — C’(U7 Vp@ dlm(p)) is
defined by
Merp(H)w) = > Tun®p@ib )~ H (')
(4,k)

u/:af(j’k)(u)

for all u € U and H € C(U, Vp@dinl(p))‘
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Let £ € Cand p € M. We define Mg, , : C(U, V2 ™) = ¢(U, V2™ ) ina
similar fashion. We simply call Egr = METJ and L¢r := Mg, 1 transfer operators.

Let a € R. Recalling the Ruelle-Perron-Frobenius (RPF) theorem and the
theory of Gibbs measures (see [Bow08, PP90]), there exist a unique positive function
ha € CYP@ (T, R) and a measure v, on U such that v,(h,) = 1 and

‘C*(‘SFJF‘I)T(ha) = Aaha, 'C**(terra)‘r(Va) = AaVa

where )\, := eF'o(=(0r+a)ms) j5 the maximal simple eigenvalue of L_(5r+a)r and the

rest of the spectrum of £_ (5.1 a)7|crinw (v,c) is contained in a disk of radius strictly
less than \,. Moreover, dvy = ho divy and Ao = 1 (see Subsection 2.7). By [SW21,
Theorem A.2|, which also holds in our setting, the eigenvector h, € CHP(d (U R)
extends to an eigenvector h, € COO(U, R) for £~_(5F+a)7 with bounded derivatives.
In light of the above, it is convenient to normalize the transfer operators with
holonomy. Let a € R. For all admissible pairs (j, k), we define the smooth map

f((ﬁc = —log(Aa) — (Or + a)7(; i) + log ohg — log ohg o oK)
For all k € Z>( and admissible sequences & = (ag, a1, . . ., &), we define the smooth

map féa) :Cla] = R similar to 74 In Subsection 2.9. Let £ € Cand p € M. We
define ./\;lg,p : (U VEBdlm ) — C’( V@dlm ) by

~ (a) . ’ .
M&p(H) (u) = Z G TG (u )p(,l?(j,k) (u/)—l)H(ul)
(4:F)

u/:U—(j,k)(u)

and for all k € N, its k' iteration is

MEHYw) = Y el p @) H () (3)

a:len(a)=k
u’:oio‘(u)

forallu e U and H € C’(U, Vp69 dim(p)). Again, we define Mg , : C'(U7 Vp69 dim(p)) —
C’(U, VpEB dim(p)) in a similar fashion and denote Eg = ./\;1571 and L¢ := Mg 1. With
this normalization, for all a € R, the maximal simple eigenvalue of L, is 1 with
eigenvector 2—3 Moreover, we have L§(vy) = vy.

We fix some related constants. By perturbation theory of operators as in [Kat95,
Chapter 7] and [PP90, Proposition 4.6], we can fix af > 0 such that the map
[—ap, ap) — R defined by a — A, and the map [—ay, ay] — C(U,R) defined by a —
hq are Lipschitz. We then fix Ay > 0 such that ‘f(jazc) (u) — f((jo)k)( )| < Aglal for all
admissible pairs (5, k), u € C[j, k], and |a| < af. Fix 7 = max(j ) SUP e[y, k] T(.k) (W)
and 7 = ming; inquG[j,k] T(jyk)(u). Fix

To > max (I(IjlaX”Tj wllots I(Ijl.ff){lslup Hf(] k)Hcl,maXHz?(J k)HC )

which is possible by [PS16, Lemma 4.1].

3.2. Spectral bounds with holonomy We introduce some norms and semi-
norms. Let p € M, and H € cU V@dlm(p)) Define ||H| € C(U,R) by ||H||(u) =
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| H (u)])2 for all uw € U, and if p = 1, we use the notation |H| € C(U,R) instead.
Define ||H||oo = sup ||H|| and the C' seminorm and a modified C! norm by

[Hl|cr = sup [[(dH)ullop, I1H|
uelU

1o = [[Hlloo + [H|cn

1
(L, 7]
respectively. The usual C' norm is then ||H||c1 = ||H||1,1. Define the Banach space

V,(U) = CH (U, y2dme)

of C' functions whose C' norm is bounded. The following theorem gives spectral
bounds of transfer operators with holonomy.

Theorem 3.2. There exist n > 0, C > 0, ag > 0, and bg > 0 such that for all
la| < ao, (b,p) € Mo(bo), k €N, and H € V,(U), we have

|MEL(H)||, < Ce™™ ([ H]l1 -

Theorem 1.1 is derived from Theorem 3.2 using arguments of Pollicott and Paley—
Wiener theory exactly as in [SW21, Section 10| and then using a convolutional
argument as mentioned in the remark after [SW21, Theorem 1.2] (see also [Sar22,
Theorem 3.1.4]). Theorem 3.2 follows from Theorem 3.3, which captures the mech-
anism of Dolgopyat’s method, by a standard inductive argument as in the proof
after [SW21, Theorem 5.4].

Define the cone

Kg(U)={h e C*U,R): h>0,|(dh)u|lop < Bh(u) for all u € U}

={h e CYU,R): h>0,|logoh|c1 < B}.

Theorem 3.3. There exist m € N, n € (0,1), E > max (1,%,%), ag > 0,
by > 0, and a set of operators {N}; : CY(U,R) — CY(U,R) : H € V,(U),la] <
ap,J € J(b,p), for some (b,p) € M\o(bo)}, where J (b, p) is some finite set for all

—

(b, p) € Moy(bo), such that

(1) Nty (Ko () € Koy (U) for all H € V,(U), |a| < ao, J € T (b, p),
and (b, p) € Moy(by);

(2) [N, < nlikllz for all h € Kpyp, (0), H € Vo(U), la| < ao, J €
j(ba P); and (b7 P) € MO(bO);

(3) for all |a| < ag and (b,p) € My(bo), if H € V,(U) and h € Kpjp,(0)
satisfy

(1a) |H(u)|2 < h(u) for allu € U,

(16) [|(dH )ullop < Ellpo|/h(u) for all u € U,

then there exists J € J (b, p) such that

(2a) | M (H)(u)||, < NH,(h)(u) for allu €U,

(2b) |[(amz,(H)) .. < Ellpp|NF, (h)(u) for all u,u’ € U.

op —
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4. LOCAL NON-INTEGRABILITY CONDITION AND NON-CONCENTRATION
PROPERTY

This is the key section of the paper in which we prove the essential local non-
integrability condition (LNIC) and non-concentration property (NCP). Similar prop-
erties were proven for real hyperbolic manifolds in [SW21]. For nonreal hyperbolic
manifolds, one needs to deal with the subtle issue that the associated root system
has an extra positive root. In this section we refine the techniques from [SW21] to
prove the appropriate generalized LNIC and NCP.

4.1. Local non-integrability condition. We start with a slight generalization of
[SW21, Definition 6.1].

Definition 4.1 (Associated sequence in G). Let z; € Ry be the center. Consider
some sequence of tangent vectors (21, 22,23,24,21) € (R1)® such that zo, € S,
24 € Uy and z3 = [z4,22]. Its lift to the universal cover is (21, 22, 23, 24, 21) €
(Ry)® € TY(HR)® = (G/M)®. We define an associated sequence in G to be the
unique sequence (g1, g2, - - ., gs) € G° where
g1 =F(%),
g2 = F(%2) € g1 N~ such that g, M = %, € T'(HR) = G/M,
g3 € go N such that gza; M = 23 € T'(HR) = G/M for some t € (—7,7),
g4 € g3N~ such that gqa;,M = 2, € T'(HE) = G/M for some t € (-7, 7),
gs € g4 N such that gsa; M = 2, € T'(HR) = G/M for some t € (—7,7).
Continuing the same notation in the above definition, define
N} ={nt e N*: F(z))nT € F(U,)} c NT,
N ={n" e N~ :F(zx1)n~ € F(51)} C N~
where the first is open and the second is compact. Suppose that the sequence

(21, 22, 23, 24, 21) corresponds to some nT € N;" and n~ € N; so that F(z) =
F(z1)nt and F(z2) = F(21)n~. Then, we define the map Z: N;* x N, — AM by
E(nT,n7) =g; g1 € AM.

To view it as a function of the first coordinate for a fixed n= € N, we write

.-t NF— AM.

Let z1 € Ry be the center. Let j € N and o = (ag,a2,...,0-1,1) be an
admissible sequence. Then, there exists an element which we denote by n, € N;
such that

F(P'(07%(21))) = F(21)na.

This is well-defined because o~%(21) € Cla] C U.
In order to derive the LNIC in Proposition 4.8, we need the following lemmas
regarding = whose proofs are as in [SW21, Lemmas 6.2 and 6.3].

Lemma 4.2. Let j € N, a = (g, 11, ...,a;-1,1) be an admissible sequence, and
n~ = ng € N{. Letw € Uy and nt € N such that F(u) = F(z1)n" where
z1 € Ry is the center. Then, we have

E(nt,n7) = %0 %(z)) 0¥ (0~ *(u)).
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Define 7 : g — a & m to be the projection with respect to the decomposition
g=admdnt @n. For all € € (0,¢)] where ¢ is as in Subsection 2.5, define
Ni.={nt e N*: F(z1)n* € F (W (1))}
Ni.={n" € N":F(z1)n~ € F(W¥(2))}
which are simply e-balls with respect to the induced metric dy+ and dy- respec-
tively, where z; € R; is the center.

Lemma 4.3. For alln™ € N, we have
(dEp-)e =m0 Adyy- |n+ 0 (dhy-)e

where h,— : N;' — N7 is a diffeomorphism onto its image which is also smooth
inn~ € Ny, and satisfies he = Idy+. Consequently, its image is (d=,-)e(nT) =
m(Ad,- (n")) Ca®m.

Helgason proved a very useful identity [Hel70, Chapter III, §1, Lemma 1.2] for
noncompact connected semisimple Lie groups of arbitrary rank. The argument can
be improved to obtain the following stronger form of Helgason’s identity in the rank
one setting. It is useful to recall that (-, )|axa X Blaxa-

Proposition 4.4. We have [s~,57] = a® m.

Proof. We use conventions from Subsection 2.1. Of course the root spaces satisfy
[s7,5%] C a®m using the Jacobi identity.

First we show that a C [s7,s"]. Take any nonzero s~ € s~. It suffices to show
that [s—,sT] € a\ {0} for st := 6(s™) since dim(a) = 1. Indeed, s™ € s because
for all t € a = R, we have

[t,sT] = 0[0(t),0(sT)] = 0]—t,s7| = —tO(s) = —ts™.
Thus, [s~,sT] € [s7,5T] C a® m. Moreover, we have
Ols™,sT]=10(s7),0(s)] = [s",s7] = —[s7,57]
which implies [s7,st] € p. Hence, [s7,sT] € (a® m)Np = a. Recalling that
(*; Vaxa X Blaxa, for all t € a 2 R, we have
(t,[s7,sTN) o< B(t,[s7,s"]) = B([t,s™],s7) =tB(s™,s") = ~tBy(s™,s7)

which implies [s7,s1] o —Byg(s™,s7) € a\ {0} since By is positive definite.

Next we show that m C [s7,s7]. Suppose for the sake of contradiction that there
exists a nonzero m € m such that B(m,[s~,s7]) = 0. Let t C m be the maximal
abelian subalgebra containing m so that h := a ®t C g is a Cartan subalgebra
containing m. Consider the complexifications and root space decomposition h© C
=3 Beat g% where the ordering of the root system ®€ is compatible with that
of the restricted root system ®. Let (®€)* be the set of positive roots and (&%)
be the set of positive roots which do not vanish on a. Then [Hel01, Chapter VI, §3,

Theorem 3.4] gives
n=gn ) g5

BE(®C)T
Using the decomposition g = a®@mdnt &n” = adm@l(n~) &n~, we can
derive that [m, z] # 0 for some nonzero x € g% and 8 € (®%)F, because otherwise
m € Z(g) = {0} by semisimplicity. Let a = S|, € ®T. Clearly, gg C ga + i9a-
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So in fact, [m,z] # 0 for some nonzero x € g,. We can assume that « is the
simple root because otherwise, writing = = [2/, 2] € [s7, 57|, we can conclude that
[m,a'] # 0 or [m, 2] # 0 using the Jacobi identity. Now, assuming « is the simple
root, we have z € s, [m,z] € 57, and 6|m, x| € s7. Using our initial hypothesis,

we calculate that
0 > —By([m, z], [m, z]) = B([m, z],0[m, z]) = B(m, [z, 0[m,z]]) =0
which is a contradiction. |

Remark 4.5. The stronger form of Helgason’s identity is essential precisely because
the non-concentration property using n™ does not hold. When K = R, it coincides
with the original form of Helgason’s identity for which an alternative geometric
proof is contained in [SW21, Lemma 6.4].

Although unnecessary for our purposes, it is of interest that Proposition 4.4 can
be generalized to the higher rank setting as follows. Only for Proposition 4.6, allow
G to be a noncompact connected semisimple Lie group of arbitrary rank and denote
by II C ®T the set of simple roots.

Proposition 4.6. We have 3 i[ga,9-a] = a @ m.

The proof of Proposition 4.6 is similar to the proof of Proposition 4.4 using
the fact that [ga, 098] C ga+s by the Jacobi identity can actually be upgraded to
[8a,88] = ga+s by [Schl7, Proposition 3.1.13], for all simple roots «, 5 € ®.

Returning to the rank one setting, we are now in a position to prove the following
key lemma using Proposition 4.4.

Lemma 4.7. There exist ny ,ny,...,n; € Ny for some jn € N and 6 > 0 such

that if my,ny 5. .ym;, € Ny with dy-(n; ,n; ) <6 for all 1 < j < jm, then

Jm

o (Ad, - o(dh, )e(s)) =a@m.

j=1

Proof. Note that [n™,s7] C a® m @ s~ . Using the formula

oo

1 .
Ad,,-(n*) = e (nt) =) ﬁ(adm)J (n')
j=0
+ S T s L SRR s
=n +[n 7”]"‘5[”7[“ ) 1 ]]""_g[nv[nv[n ) T ]]]+,
we have
m(Ad,.- (nT)) =7[n",n"] foralln™ €n” and n® €s7.

It follows from Proposition 4.4 that
Z (Ad,-(s7)) =a@®m.
n-eEN—
To prove the lemma, it suffices to show that

Vi= > w(Ady- o(dh,-)e(sT)) =a@m.
n-€N,
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Suppose for the sake of contradiction that V' C a & m is a proper subspace. Let
L:a®m — R be a linear map with ker(L) = V. Fix »~ € n~ and nt € st such
that 7(Ad .- (A1) =n[n~,n"] ¢ V.

Without loss of generality, we may assume that F(Z;) = e € G. Let O~ C Ny,
be an open neighborhood of e € Ny . Let H : O™ — nt be a smooth map and

L : O~ — R be a nonzero smooth map defined by
H(n™) = (dh,-)e(n™),
~( ) = (dh-)e(27) foralln™ € O™.
L(n7)=(LomoAd,-oH)(n™),
Note that N;” ¢ L='(0). Using the product rule, we calculate that
(dL)o(n™) = L(x([a~, "] + (dH).(27))) = L(x[a~,a*]) foralln~ €5 .

Thus, using the decomposition n~ =n__ + Mg s

dLc(7, ) = L(x[A__,7a"]) = L(x[a~,a"]) #0.

€85O [s7,57], we find that

Hence, by the implicit function theorem, there exists an open neighborhood O € O~
of e € O~ such that L=1(0)N O C N~ is a smooth submanifold of strictly smaller
dimension. Since N N O ¢ L~(0) N O, shrinking O if necessary and using the
diffeomorphism N~ — N~e™, we conclude that Ar N O is contained in a smooth
submanifold of O, Hy of strictly smaller dimension which is a contradiction by
[Winl5, Proposition 3.12] since I' < G is Zariski dense. [ |

With Lemma 4.7 in hand, the proof of Proposition 4.8 is now nearly a verbatim
repetition of the proof of [SW21, Proposition 6.5]. Let z; € R; be the center.
Define the isometry Wo : i, — WE(z;) such that F(¥o(nT)) = F(z1)n* for all
nt e N . Foralln® e N;Teo/zﬁ also define the isometry ¢(n*) : Uy — W2%(z1) by

u(n*)(u) = Uo(n* g ().
Define the diffeomorphism

U= \IJ0|N1+ oexp : log(N;"

l.eo

) = Wat(z1).
Denote @ = ¥~ (u) for all u € U;.

Proposition 4.8 (I:NIC). There exist €2 € (0,1), mp € N, jm € N, and an open
neighborhood U C Uy of the center 2y € Ry with U N Q C Uy such that for all
m > myg, there exist sections v; = 0~ % : Uy = Uy, , for some admissible sequences
o = (0,051, Qjm—1,1) for all integers 0 < j < jy, such that for all w € U
and w € a ®m with |w| = 1, there exist 1 < j < ji, and Z = (d¥)y(Z') €
(dP)u(sT) with || Z'|| = 1 such that
[((dBPju)u(Z),w)| = 2
where we define BP; : Uy x Uy — AM by
BP;(u, u) = & (v (u)) " & (vo(u')) @7 (v; (u')) ~ @ (v (u))

and we denote BP;, = BP;(u,-) for all u,u’ € Uy and 1 < J < jm- Moreover,
vo(U),vi(U), ..., v, (U) are mutually disjoint.
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4.2. Non-concentration property. We first introduce several notations. With-
out loss of generality, we assume that z; = TeM € I'\G/M so that Ef = eT and
Ar\{e"} € Ntet. Abusing notation, we denote exp : n* — I H = G/P. Define
AP® = log(ArNNtet). We also use the notation n} = exp(x) € N+t for all z € n'.
The left translation action of NT on itself induces an action on n™ for which we sim-
ply write n} -y = log(n} exp(y)) for all z,y € n™. Now, N has a left N *-invariant
Carnot—Carathéodory metric (see for example [Boul8, Section 3]). Pulling back via
exp, we instead endow n™ with the Carnot—Carathéodory metric which we denote
by dcc. We denote by BEC(x) C nt the open Carnot-Carathéodory ball of radius
€ > 0 centered at € nt which has the properties

CcC _ npCC CcC _ npCcC
n;r ' Be (x) - Be (n;r : CL’), Adat(Be (0)) - Be_te(o)?

for all y € n™ and t € R. Define the convenient inner product (-,-); on nt =
st @ [s7,s7] such that the decomposition is orthogonal and the restrictions to s
and [s7, 57| both coincide with {,-). Denote by ||- || the corresponding norm. For
all 5 € [0, 1], denote

R(sh) = {wentul =l =1, s Jwu)ilzxf @)

w’est ||lw’||=1

Then {w € s : |lw| = 1} C R,.(s7) C {w € nt : |Jw|| = 1} and the two
containments are equalities when 3 = 1 and s = 0 respectively. The following
proposition is the required NCP.

Proposition 4.9 (NCP). Let sc € (0,1]. There exists § € (0,1) such that for allxz €
ARENBEC(0), € € (0,1), and w € R, (s1), there existsy € Aif’gﬂ(BECC(z)\BS;C(x))
such that |(nf)~! y,w)| > €d.

Proof. Let s € (0,1]. Observe that using compactness of BFC(0) and [Winl5,
Proposition 3.12| since I' < G is Zariski dense, the proposition easily holds with the
restriction € € [¢/,1) for some € > 0. Now, suppose for the sake of contradiction
that the proposition is false. Then for all j € N, taking 6; = =, there exist

z; € APEN BEC(0), ¢; € (0,1), and w; € R,.(s1) such that ((n3))

for all y € Ai?g N (Bgc(xj) \Bg%(x])) This can be written as

1
J
-1

Ar 0 exp(BS(a)\ B, (0) < exo { € () ww < 2} )

for all 7 € N. Based on the initial observation, without loss of generality, we can
pass to subsequences so that lim;_, €; = 0.

We will use the self-similarity of the fractal set Ar. For all j € N, we have
ny. € Bi(e) C G with (n;ﬁ‘])Jr = exp(z;) € Ar and (n;fj)_ = e~ € Ar. By convex
cocompactness, there exists a compact subset Qg C G such that njj ay € T'Qq for all
t € Rand j € N. Hence, for all j € N, setting ¢t; = —log(e;), there exist 7; € I and
gj € Qo such that n7 a;; = v;g;. Then, for all j € N, we have gja_; (n;rj)*l = %—1
which preserves Ar. This captures the self-similarity of Ar.

By compactness, we can pass to subsequences so that lim;_,., g; = g € €29 and
lim; 00 w; = w € R,.(s7). Now, for all j € N, applying gja_, (nj{j)*l in Eq. (5)
and recalling that the right A-action on d,HE = G/P is trivial, we have

Ar N g; - exp(BY(0) \ BE(0))
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_ _ €,
cgga, e (005) 7 {yent (o)l < 9 )

= g; - exp (Adat]. {y ent: Hy, w;)| < 6;})

- exp {y ent <Adat y), w;)| < 6]]}
= gj-exp {y5+ + Y[s+ 5+ €st Ds + 5+] : ’<e_t7y5+ +€_2tjy[5+,5+],wj>| < GJJ}

s 1
=g expYst + Yot o] €8T D57, 5T [(ysr + €Ty er g4, wj )| < j}'
Then in the limit j — oo, we have
Arng-exp(BfC(0)) C g-exp{yen’: (y, =0} (6)
where L : n™ — n* is the orthogonal projection map onto 5* with respect to (-, -}, .
But L*(w) # 0 because R,.(s7) 3 w does not intersect (s7)+ = im(L)* = ker(L*)

with respect to (-,-) 1 as > > 0. Thus Eq. (6) contradicts [Win15, Proposition 3.12]
since I' < G is Zariski dense. |

Due to [SW21, Eq. (6)], taking the adjoint with respect to (-,-); on Ty(nt) =
nt, we can fix the positive constant
Cppy =  _ sup [(dBP;z 0¥)gllop (7)
z,y€U1,j€{1,2,....m }
independent of the sections and their length provided by Proposition 4.8. We then
fix the positive constant

€2
rny =

(®)

Finally, fix e3 € (0,1) to be the ¢ provided by Proposition 4.9 corresponding to .

. .
CBP7\II

5. CONSTRUCTION OF DOLGOPYAT OPERATORS

In this section, we will construct the Dolgopyat operators. We start with some
preliminary lemmas and fix many required constants.

Lemma 5.1 applies for any arbitrary set of sections of any length provided by
Proposition 4.8. Shrinking U4 C U, if necessary, we can assume henceforth that it
is a convex open subset and =1 (/) C BFC(0). Due to [SW21, Eq. (6)], we can
fix the positive constant

Cpp = sup [(dBPj2)yllop
2,y€U1,j€{1,2,....4jm }

independent of the sections and their length provided by Proposition 4.8. There
exists §p > 0 such that any pair of points in Bg‘[‘)M (e) € AM has a unique geodesic
through them. For all x € U and z € T,(U) with ||z|| < d(x,0(U)), denote by

>+ [0,1] — U the geodesic with 7,(0) = = and 4,(0) = z. Let z,y € U and
z € T, (U) such that 7,(1) = y. Let 1 < j < j,, be an integer. Lemma 5.1 can be
proved as in [SW21, Lemma 7.1] using the curve

Q. =BPjg0v.:[0,1] = AM
which has endpoints cpJ b.(0)=eand gaj b.(1) =BPj.(y) = BP;(z,y).
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Lemma 5.1. There exists Coxpsp > 0 such that for all 1 < j < j, and z,y € U

with d(z,y) < CSS]:P , we have

dAM (exp(Z), BPJ (SL’, y)) S Cexp,BPd(wv y)2
where z € Ty (U) such that v,(1) =y and Z = (dBP; ;). (2).

The following Lemma 5.2 is a basic bound derived from the hyperbolicity of
the geodesic flow, which we will freely use in the rest of the paper without further
comments.

Lemma 5.2. There exist cg € (0,1) and k1 > ko > 1 such that for all j € N and
admissible sequences o = (ag, o, ..., ), we have

1 -
D < doVullop < —  for allu € U,
K Cok) !
1 0hv2
Recall that Dolgopyat’s method works successfully when the derivative of py is
large. This motivated the definition of My(bg) for all by > 0. This criteria appears
for the Lasota—Yorke [LY73] type inequalities in Lemma 5.3.

Lemma 5.3. There exists Ag > 0 such that for all £ € C with |a| < ay, if (b, p) €
My(1), then for all k € N, we have

(1) if h € Kg(U) for some B > 0, then we have LF(h) € Kp/(U) where
/I B .
B = A (Hg + 1),
(2) if HE V,(U) and h € CY(U,R) satisfy ||(dH)y|lop < Bh(u) for allu € U,
for some B > 0, then we have

[ (@At (), L, < Ao (Bkﬁ’;(h)(u) ¥ ||pb||f:’;||H<u>) for allu e U.
Ka

Fix Ayp > 0 provided by Lemma 5.3. Fix m; € N sufficiently large and for
all k € A, fix a cylinder C;, C U; with len(Cgx) = my such that C, C U and
o™ (Ck) = int(Uy). Fix Cviy = minge 4 d(Ck, (U)). Let the corresponding sections
be v : Uy — U; for all k € A. Let z; € Ry be the center and endow Wet(z1)
with the Carnot—Carathéodory metric using the map ¥ which is then an isometry.
We denote by WC(u) C WE"(21) the open Carnot—Carathéodory ball of radius
e € (0,ecc) centered at u € U; where ecc > 0 is some upper bound so that the
containment holds. Now, fix positive constants

bp =1, (9)
2A
E> =0 (10)
5179
£1€2€30y
1) _ 11
1 < 14 ) ( )
. 25051 451 46151 1 CoCAnOC¢(§€S
< C it ) ,Qa ) - ] ) 12
€1 mm( Vit ECC Cop C]%P Cexp,BP o1 55{”151’9 ( )
. €3€1 d1€1
A A - 1
E2<mm<4N’4J\I(AO+<51))’ (13)
€3 = 005?1627 (14)

2
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€4 = 10cy K" ey, (15)
4EN€2 32EN62 4F
Co 10g(2) ’ Co ’ 00(51

(Be 1 1 (1)
p < min (2]\77 IN 16 TgeameTo .y 2recos (1 -y . (17)

Here, Cy is defined in [SW21, Subsection 9.2] and only depends on the Markov
section which was fixed in Subsection 2.5. Fix m = mi + ms. Fix admissible
sequences a; = (0,051, -, Qjms—1,1) and corresponding sections v; = o~ % :
Uy — Uy, , provided by Proposition 4.8 for all 0 < j < ji,. Fix corresponding maps
BP; : Uy x Uy — AM provided by Proposition 4.8 for all 1 < j < jp,.

Let (b,p) € ]T/[\O(bo) and k € A. Using ¥ and the Vitali covering lemma on
nt = RAm) — Rdime(®)n—1 " we can choose a finite subset {xk ;p% €Cp:1r €
{1, 2,.. (b’p }} C Ci, for some 7’( ) ¢ N and corresponding open balls C’,gb;p =

W:F/ﬁjpi”( ,(cbrpi) C U and C,ib’rp) = W;’ﬁﬁb” (:E,(Cb’rpi) forall 1 <r < r(b’p) such that

C’;i;p) mC,f’f) =gforalll < rr < r(b’p) with 7 # " and C; C U L lgbrp)'
Recall the notation V(b”’i =0~ (17,(”’)1) forall 1 <r < Tlib .

ma > mg such that x5 > max <8A0, (16)

Lemma 5.4. For all (b, p) € Moy(bo), ©1 € UNK, and w € V& ™) with |lw], = 1,
there exist 1 < j < jy, and ¥ € Ap N (BSC(#1) \ BEC(d1)) such that

[[dpy (d(BPj 0, or(n,) 0 ¥)o(2)) (W), = Térex

€ 3€ -1
Aol 52 = ol and 2= (0, (ng,) - &2) € To(n™).
Proof. Let (b,p) € Mo(bo), 21 € UNQ, and w € Vfadim(p) with |lwl]2 = 1. Fix

$1 = 3T 52 = ay.y- Define the linear maps Ly = d(v(n} ) o W)y : To(n™) —

2
o (U), Lo; = (dBPj)e, : T, () - a®m, and Ly : a®m — V2@
by L3(w) = dpp(w)(w) for all w € a® m. It suffices to find 1 < j < j, and
I € Ar N (Bgc({,i‘l) \Bgc(fl)) such that

((Lz o Lyjo L1)(2),wo)| = [{2, (L7 © L3 j 0 L) (wo))| = Trex

where s1 =

for some wo € V¥ U™ with ||woll2 = 1, where z = (0, (n;{l)_l +&3) € To(n), and

the adjoints are taken with respect to (-,-); on To(n™) = n™. By Lemma 2.10,
| Ls]lop > &1lpp|| which implies || L%]lop > &1|ps||. Hence there exists wy € V¥ ™)
with ||wo|l2 = 1 such that ||[L3(wo)|| > e1]lps||. Proposition 4.8 implies that there
exists 1 < j < ju such that [[L3 ;(L5(wo))|l > e2¢1|ps|. Using a previous bound
for ¥ and the fact that ¢(n] ) is an isometry, we get

117 (L3, (L3 (wo))II = dwereallpp]l-
Now, Proposition 4.8 and Egs. (4), (7), and (8) also implies that

(LioLj ;o L3)(wo)
(L7 o L ;0 L3)(wo) |

Thus, by Proposition 4.9, there exists &5 € Ar N (BEC(21) \ BEC(#1)) such that
~eg - [[L7(La,; (L3 (wo))) |

€ R, (s1).

‘< (L*OL2JOL3)(WO)>| > 2”Pb||
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€1
2[|ps

where z = (0, (n], )71 - dg) € To(n™). |

T1

- 162830 ||| > To1€

Let (b, p) € My(bo), H € V,(U), k € A, and 1 < r < r"”. Corresponding to
oo (@2 (vo (i) ) H (v (aitf)

1# (vo (D)
denote 57" and z(?)" to be the j and W(#) € Uy N (WS (aif]) \

e1/2]lpol|
su,CC (xg’r"i)) provided by Lemma 5.4. Define

)) c Vp@dim(p)

ese1/2||ps ||
(b,p) _ yy/5u,CC ¢ (b,p) (b,p) (b,p),H _ yyrsu,CC ¢ _(b,p),H (b,p)
D1 =W, ol (xk,m) c Oy’ D2 =W, i (xk,r,2 ) C Crr s
(b,p) _ 11r5u,CC (b,p) (b,p) (b,p),H _ 11,5u,CC (b.p),H (b.p)
k,r,1 ™ W62/2th” (mk,r,l) - Ck,r ) kr2 — WEQ/2HP};H( k,r,2 ) - Ck,r )
A(b.p) _ psu,CC (b,p) (b,p) A(.p), H _ y3,5u,CC (b,p),H (b,p)
Dyt = WaNe /1ol (‘rk,r,l) COL Dyrs =Wone il (%,nz ) C Crr
Denote ¢{"?) ") ¢ Coo(f7 R) to be bump functi ith Gp)y =
k10 Yeor2 ) p functions wi supp( k,r,l) =
D,(Cb’rp i and supp( ,(cb;,p %H) = D,(Cb;p %H such that they attain the maximum val-
b, b,p),H . b,
ues ¢7§c7ﬁ|¢<bm> = l(wg |D(b’p>’H = 1, and the minimum values w,(€7r’f%|U\Dib,f)i =
k,r,1 k,r,2 3T
(b,p), H (b,p)

IN

— 5 (b.p), H
ko2 |U\D,(€b,7.p;,H = 0, and we can further assume that |w,m1|cl, Vv |01

4 b, b,p),H
w. It can be checked that Dl(w‘;)’pl n DI(C’T’ZW = @ for all (r1,p1), (re,p2)

{1,2,...,7"1(;’”)} x {1,2} with (r1,p1) # (re,p2) and k € A. Define Z;(b,p) =
{(k:,r) €7 : ke Ar < {1,2,...,r,(cb’p)}} and Zo = {1,2} x {1,2}. Define
E(b, p) = Z1(b, p) x . For all (k,r,p,1) € E(b, p), denoting j,ilj;p)’H by j for conve-

nience, we define the function §>?* ¢ C>(U,R) by

m

(k,r,p,l)
b,
X&[ap] l(c,r? oo, p=11=1
(b.p) ; _ _
JOPLH Xefo,] * (Yoa00®),  p=11=2
korpl) — b,p), H
(horp) X&[ao] ;(c,f% oo ), p=21=1

bop), H .
Xg[ay] * ](”‘2 oo ), p=2,1=2

where using 0®° and 0% are indeed justified because of the indicator functions
Xelao] = Xuo(h) and Xgpa,] = Xo, (1) For all subsets J C Z(b, p), we define
H _ 7(b,p), H 00 (T
BJ - X[} — M Z 7/1(;67?%[) S C (U,R)
(k,rp,l)ed

Remark 5.5. We will often include the superscript H even when there is no depen-
dence on it for a more uniform notation to simplify exposition.

Lemma 5.6. Let (b,p) € ]\/4\0(130), H e V,(U), and J C E(b,p). Then, any con-
nected component of

U {D,(f;’j;’H 2 (k,r,p, 1) € J for somel € {1,2}}
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is a union of at most N number of the terms and hence contained in ﬁl(cb’rp;’H for
any (k,r,p,1) € J corresponding to one of those terms.

Corollary 5.7. Let (b,p) € Z/W\o(bo), H e V,(U), and J C Z(b,p). Then, we have
1—NM§/8¥_ H < 4N/"Hpb‘|'

‘Cl — €2
Definition 5.8 (Dolgopyat operator). For all £ € C with |a| < af, if (b,p) €
My(bo), then for all J C E(b,p) and H € V,(U 7), we define the Dolgopyat operator
NEH, CY(U,R) — CY(U,R) by
NE (h) =L (B%h)  for all he C*(U,R).

Definition 5.9 (Dense). For all (b, p) € M\O(bo) a subset J C E(b, p) is said to be
dense if for all (k,r) € Z1(b, p), there exists (p,l) € Zy such that (k,r,p,1) € J.

For all (b, p) € J\//.To(bo), define J (b, p) = {J C E(b,p) : J is dense}.

6. PROOF OF THEOREM 3.3

The proofs of Properties (1), (2), and (3)(2b) in Theorem 3.3 are now verbatim
repetitions of the proofs in [SW21, Section 9]. Let us say a few words about the proof
of Property (2) in Theorem 3.3. The only sticking point is that we need to be care-
ful to ensure that the Patterson—Sullivan measure has the doubling property with
respect to the Carnot—Carathéodory metric, say on nt = log(9.cHE \ {e~}). This
is indeed true because the Patterson—Sullivan measure has the doubling property
with respect to the visual metric which is equivalent to the Carnot—Carathéodory
metric on nt = log(9.cHE \ {7 }) (see for example [Boul8, Proposition 3.7] and
its proof and [PPS15, Proposition 3.12]).

Although the proof of Property (3)(2a) is also similar, we include the main part
of the proof because this is where the crucial cancellations occur via Lemma 5.4
whose source wasis LNIC, NCP, and the lower bound in Lemma 2.10.

6.1. Proof of Property (3)(2a) in Theorem 3.3. Now, for all £ € C with
la| < ag, if (b,p) € My (bo), then for all H € V) o(U), h € Kgjp,(U), and 1 < j < j,
we define the functions x[£ 0 H, h],ng o HAL :U; — C by

&M ()
H 45 000) py (20 (g (1))~ H (o () + €75 5 py (@2 (”j(u))fl)H(vj(u))Hz
(1= Mo o (ug () + 5 (o (w)
and [g’p’H’h] .
H””WW (@0 (o)) H (o ) + €57y (05 (1 w) ) H (05 w) |

143 oD (g (w)) + (1 = Np)e™S D hv; (w))

for all u € U;.

Lemma 6.3 is the main lemma regarding cancellations among the summands of
the transfer operator formulated using the above functions. The next two lemmas
are required for its proof. The first is proved exactly as in [SW21, Lemma 9.8] and
the second can be proved by elementary trigonometry.
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Lemma 6.1. Let (b,p) € J/W\O(bo). Suppose that H € V,(U) and h € KE||pb”(~)
satisfy Properties (3)(1a) and (d)(lb) in Theorem 3.5. Then for all (k,r,p,l) €
E(b, p), denoting 0 by j if I =1 and j; ! (b.p), H by j if | =2, we have

h(vj (u)) / (b,p),H
— <2 ll D
h(oy() = for all u,u’ € Dy, p

and also either of the alternatives

(1) ||H(v;(u)ll2 < 2h(v;(w)) for all u € D

<

DN | =

(b,p),H
k,rp 7

(2) [ (u;()ll> > h(o;(w)) for all u € DL

k,r,p
For any k > 2, denote by O(w;,ws) = arccos (%) € [0,7] the angle

between w1, wy € R¥\ {0}, where we use the standard inner product and norm.

Lemma 6.2. Let k > 2. If wi,wy € R¥\ {0} such that ©(wy,ws) > a and
il < 7, for some o € [0,7] and L > 1, then we have

[lw2]]

a2
<[([1-—— .
fun-+ wnl < (1= 537 ) ol + sl

Lemma 6.3. Let £ € C with |a| < aj, and (b,p) € M\o(bo). Suppose H € V,(U)

and h € KE”pb”(U) satisfy Properties (3)(1a) and (3)(1b) in Theorem 35.3. For

all (k,r) € E1(b,p), denoting j,(fj’rp)’H by j, there exists (p,l) € Eo such that

nglp TRy <1 for allu € D,(f”;f;’H.
Proof. Let £ € C with |a|] < af and (b,p) € M\o(bo). Suppose H € V,(U) and
h e KEHpr(U) satisfy Properties (ZS)(ld) and (3)(1b) in Theorem 3.3. Let (k,r) €

E1(b,p). Denote j,(C P)H by j, T ’p) by x1 J;,(Cb’rpQ by x2, and D,ngpp by D

Now, suppose Alternative (1) in Lemma 6.1 holds for (k,r,p,l) € Z(b, p) for some
(p,1) € Eq. Then it is easy to check that X[E oprHy h]( )<lforallue ﬁp. Otherwise,
Alternative (2) in Lemma 6.1 holds for (k r,1,1), (k,r1,2), (k,r2,1),(k,r2,2) €
=(b,p). We would like to use Lemma 6.2 but first we need to establish bounds
on relative angle and relative size. We start with the former. Define we(u) =
M and ¢y (u) = @ (vy(u)) for all u € U; and £ € {0,5}. Let D = 2dim(p)?

TH (ve(u))
and deﬁne the map ¢ : RP\ {0} — R by p(w) = for all w € R\ {0}, where

we use the standard inner product and norm on RP. Note that ||(d)w|lop =

- HwH
1
: fTwll
for all w € RP. We can write wy = o H o, using the isomorphism Vp69 dim(p) o RD
of real vector spaces. Then using Lemma 5.2 and Eq. (16), we calculate that

H (dWE)UHOP < H(dQP)H(w(u)) HOP” (dH>w(U) HOP” (dW)uHOP

1 1
< THw @) Bl pl[h(ve(u)) - ol

4E||ps||
— 1<)
COH;YQ = 1Hpb||

IN
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for all u € ﬁp, ¢e€{0,7}, and p € {1,2}. In other words, wy and w, are Lipschitz
on D, with Lipschitz constant d1|/ps|| for all p € {1,2}. Define

Vi) = e/ @0 py (g () ™) H (v (w)), )
for all u 1 an 7}
Ve() w() or a €Uy and ¢ € {0,j}

Since wp and w; are Llpschitz and d(z1,x2) we have

i
= 2llpull”

¢o(ﬂ?2)_ )wo(@) — (¢ (z2) "M wj (z2) 2
j(w2)do(x2) Mwo(z2) — wj(w2)ll2
( ( )

— llow(;(x2) b0 (w2) " wo (x2) — Pb(¢j($2)¢0($2)_1)w0($1)|\2
(

wo(a1) = po(¢j(x1)bo (1)~ wo(1)]l2
= llov((z1)do(21) ™ wo(@1) — wj(x1)]|2 — drex
= [lo(o(z1) ™ Hwo(@1) = po(o (1) ™ po(w2)¢j(x2) ™ ¢ (x1)do (1) ™ wo(1)]|2
— llpv(do(@1) ™ wo(x1) = po(d; (1)~ wj(@1) 2 — drey
> [lpo(do (1)~ wo(z1) — pu(BP; (w1, 22))pp(do(x1) ™ wo (1) 2
— [Vo(a1) = Vi(z1)]], — drer.
Denote w = (qbo z1) Hwo(x1) and Z = d(BP; 4, ou(n],) o ¥)o(z) where we take
= (0, (ngjl) ' i) € To(n"). Recalling the definition of ¥ and that «(n],) is
an isometry, we can conclude that 2’ = d(u(n},) o ¥)o(z) € T4, (U) such that the

geodesic 7, has end points v,/(0) = 7 and 7,/(1) = x2. Hence, continuing to
bound the first term above, we can apply Lemmas 5.1 and 5.4 and Eq. (12) to get

lw — po(BP (21, 22))(w)]l2
> [|w = py(exp(Z))(w) |2 — llpv(exp(Z))(w) — pp(BP (21, 22)) (w) |2
> ||w — exp(dpp(2))(w)ll2 — [lpv]| - dani (exp(Z), BP; (21, x2))
> dpo(2)@)ll2 = s 2121 = [l - dane (exp(2), BP (w1, 2))
> |ldpp(Z)(W)|2 — ||pp|PCEpd(z1, 22)* — Cexp.Bp - || o] - d(21, 22)?
> T01€; — d1€1 — 0161 > Bdyey.

Hence, we have

Vo(a1) = Vj(a1)
(xp) — ‘A/j(xp)HQ > 20161 for some p € {1,2}. Recalling estimates from
Lemma 5.3, Eq. (13), that p, is a unitary representation, and that wy is Lipschitz,
we have

||2 + HVO(@) - VJ(@)HQ > 4d1¢€;.

Ve(zp) = Va(w)|,
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< (po(e(xp) ™) = po(e(u) ™1 ))we(ap) 2 + oo (de(w) ™) (welwp) — we(w)) ]2
< AOHPbHd(xpau) + 51||pb||d(xpau)
2N€2

< (Ag + 01)|lpsll - m =2Nea(Ag+61) <

2
for all w € D,, and £ € {0, 5}. Hence ||%(U)*‘%(u)||2 > 161 € (0,1) for all u € D,
Then using the cosine law, the required bound for relative angle is

; ¥ 1€1)?
O(¥(u), V(1) = O(Fa(u). V(u) = anceos (1~ P20 < 0.m)

0161

For the bound on relative size, let (¢,¢") € {(0,j),(4,0)} such that h(ve(ug)) <
h(ve (ug)) for some ug € D,. Let I = 1if (¢,£') = (0,7) and I = 2 if (£,¢') = (4,0).
Recalling that p; is a unitary representation, by Lemma 6.1, we have

@ 2 (D) (g (1)) = £ (v (u
Viwlls e N )|y, | defee eI e @y 0,
= <

[Ver (w2 efr(x(Z(vz'(U))HH(W,(U))HQ - h(ve (w))
1662m2TOh(’U6(UO)) < 16€2m2To
h(ver (uo)) -

for all u € ﬁp, which is the required bound on relative size. Using Lemma 6.2,
Eq. (17), and [[H|| < h for |Ve(u) + Vir(u)lls gives x5 (u) < 1 for all u €

D,. ]
With Lemma 6.3 in hand, it is straightforward to derive the following lemma

whose proof is exactly as in [SW21, Lemma 9.11].

Lemma 6.4. For all £ € C with |a| < ag, if (b, p) € ]\/Zo(bo), and if H € V,(U) and

h € Kg),, (U) satisfy Properties (3)(1a) and (3)(1b) in Theorem 3.3, then there

exists J € J (b, p) such that

||./\;l7§"p(H)(u)||2 S./\/ﬁ;(h)(u) for allueU.
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