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Glossary
 
 

Accumulator model – A proposed system which

underlies an organism’s ability to represent

approximate magnitudes.

Core systems – A suite of conceptual systems

which are responsible for specific evolutionarily

advantageous cognitive tasks.

Dyscalculia – A selective impairment in number

processing. Can be either acquired (through strokes

or lesions in the brain) or are developmental (present

from birth).

Evolutionary continuity – The idea that traits and

capacities found in common ancestors will likely be

found in all subsequent evolutionary branches.

Habituation – The technique of repeatedly

presenting a certain stimulus until the observer has

thoroughly processed the item of interest.

Intermodal – Going from one sense, or modality, to

the other.

Object file – A mental ‘tag’ placed on a visually

presented object, which helps track the object in case

of occlusion or disappearance.

Weak-Whorfian view of number – The learning of

number words, and the particular native language,

influences the already developing exact number

calculations in children.

Weber fraction limit – The ability to discriminate two

stimuli is dependent not on the absolute difference

between the two values, but rather their

proportionate difference. The amounts 20 and 10 are

the same ‘mental distance’ away as 2000 and 1000,

because these pairs share a Weber fraction of 2.0.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

Introduction

Number and the Core Systems View

Numerical comprehension is thought by many psycholo-
gists to be part of a suite of domains that comprise our
‘core systems’. These conceptual systems, originally pro-
posed by Elizabeth Spelke, correspond roughly to the
major academic subjects (such as physics, geography,
math, and psychology) and, at least in the evolutionary
environment, provided a platform for relatively inexperi-
enced organisms to quickly grasp critical aspects of
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incoming information. These systems predate our current
evolved state, are by and large shared with our common
mammalian ancestors, and are present during infancy.
They are automatically engaged, largely impervious to
explicit second-guessing, and specific to the domain and
task of interest; they represent only a circumscribed set of
entities (such as magnitudes or faces) and use these repre-
sentations to address a certain set of tasks (such as enu-
meration, deciding whom to approach, etc.).

The benefit of having a sensitivity to number and an
ability to compute over numerical values is apparent when
one examines the literature on animal cognition. Although
many of the current methods and models take place in an
artificial learning environment, some of the most striking
evidence for the ecological utility of a number system
comes from studies that capitalize on natural surroundings.
American coots who are able to count the number of eggs in
their nest can avoid devoting resources to extraneous eggs
deposited by local parasitic birds. The foraging literature on
species as varied as ducks and rats illustrates a number- and
time-based ability to maximize the yield of depleting food
sources. These findings highlight the significant survival
advantage that would be conferred to individuals who
happened to possess these numerical abilities.
A General Model of Numerical Processing

There has been overwhelming evidence for two main
distinct systems that support numerical cognition, each
of which has its own neural circuitry. The first component
is the ability to represent and operate over approximate
numerical magnitudes. This ability to represent inexact
magnitudes is found not only in adult humans, but also in
infants and animals. Although there are several models
one could posit to account for magnitude approximation,
a prevalent model with empirical support is the ‘accumu-
lator model’ proposed by Warren Meck and Russell
Church. This model, originally developed to account for
perceptual and numerical competencies in rats, postulates
a mechanism composed of a sensory source for a stream of
impulses, a pulse former that gates this stream of impulses
to an accumulator for a fixed duration (around 200ms)
whenever an object or event is counted, an accumulator
that sums the impulses gated to it, and a mechanism that
moves the magnitude from the accumulator to memory
when the last object has been counted. The output of the
accumulator can be either magnitude-based (‘roughly 10’)
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or time-based (‘roughly 10 s’). (Because this article focuses
on number alone, we will for the purposes of brevity set
aside the dual nature of this mechanism. It is, however, a
vital aspect of the full model and there are major simila-
rities between counting and timing processes). This
mechanism is subject to psychophysical laws, namely
Weber’s fraction limit, which states that the variability of
perception of magnitude increases with the amount to be
represented (i.e., representation becomes more approxi-
mate and discrimination between quantities less exact as
the magnitude in the accumulator increases). The accu-
mulator can enumerate both large and small amounts
across several different modalities, during both sequen-
tial and simultaneous presentations. In adult humans, the
intraparietal sulcus is thought to house the mechanism for
approximating magnitudes; it is active when quickly esti-
mating a large number of visually presented objects, and
also when approximating the result of an addition prob-
lem (but not when calculating the exact solution). Much
of the research on infant number is assumed (either
explicitly or implicitly) to be tapping into this evolution-
arily ancient magnitude system. Critically, this mecha-
nism is thought to give rise to a sense of magnitude that
is conceptual and ultimately independent from the sen-
sory modality in which it was perceived. A scene of 10
objects will activate the same circuitry that represents
10 incoming tones, yielding an identical ‘number sense’
across the two modalities.

The second component of a mature numerical system
is, in actuality, not inherently arithmetical at all but rather
language-based. Located in the left angular gyrus, its main
role is to serve as a retrieval system for facts that are
stored in verbal memory, such as automated small number
addition facts or the multiplication table. In tandem with
the approximate magnitude system, it aids the exact,
uniquely human calculations of complex math problems
such as counting to precisely 10, discriminating 100 from
101, determining derivatives, and solving for ‘x’. As chil-
dren’s linguistic skills develop, so does their ability to
comprehend and keep track of precise amounts and ver-
bally manipulate these magnitudes.

There is some evidence that, in addition to these two
central components, a third non-numerical mechanism
contributes to mature number processing. This system is
found in the posterior superior parietal lobule, is respon-
sible for orienting attention, and was originally thought to
be mainly active during visuo-spatial tasks. This has led
to speculation that the numerical estimation system is
somehow spatially oriented, perhaps corresponding to a
mental ‘number line’. Recent adult work on operating
over approximated numbers and numerical judgments by
hemispheric-neglect patients has provided evidence that
there is indeed a link between space and number, mediated
by attentional processes. However, there is to date very
little work in the developmental literature on this third
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system. Consequently, in this article we will focus on the
developmental origins of the two primary components of
number comprehension: the approximate magnitude sys-
tem and exact verbal numerical representations.
Developmental Origins of Number
Processing

The Approximate Number System in Infancy
and Early Childhood

Research on approximate magnitude representations in
infancy is a relatively new topic. Classic psychophysical
work looking at numerical representation in animals has
been present for over 50 years in the animal literature.With
the popularization of the concept of ‘evolutionary continu-
ity’, infant researchers began in earnest to study number
across multiple populations and age groups. Beginning in
the early 1980s, experimental evidence that preverbal
infants also possess an inherent capacity to represent and
manipulate numerical magnitudes began to emerge. Infants
are able to discriminate between two numbers of items
(such as 8 and 16) if the values are sufficiently disparate.
These numerical representations are independent from
perceptual variables (such as area or contour length), are
highly salient to infants, and are represented in an abstract
and sensory-independent fashion.

In one of the first studies on approximate magnitude
representation in infancy, Fei Xu and Elizabeth Spelke
habituated 6-month-old infants to displays containing
either 8 dots or 16 dots. At test, the infants were given
alternating trials of 8 dots and 16 dots. The infants dish-
abituated to the novel number, showing successful dis-
crimination of these larger values. In a second experiment
using an identical design, infants failed to discriminate
8 from 12. Subsequent research illustrates that infants this
same age also succeed at discriminating 16 from 32, but
fail to discriminate 16 from 24. These results indicate that
young infants’ representations are highly imprecise. Inter-
estingly, the discrimination function obtained in these
studies displays the Weber fraction signature of scalar
variance, in that the ratio of the two values rather than
their absolute difference determines their discriminabil-
ity. This scalar variability, or ‘noisy’ representation, is a
hallmark of the accumulator model outlined above, sug-
gesting that both infants and animals use a similar mech-
anism for approximating magnitudes.

The ability to discriminate between two represented
amounts is not restricted to the visual domain. Jennifer
Lipton and Elizabeth Spelke studied 6- and 9-month-old
infants in a tone discrimination task. After habituation to a
set number of sounds, both groups of infants were able to
discriminate a test item consisting of a novel number of
sounds. However, as with previous studies, this ability to
represent sounds was inexact, and it also sharpens with
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age; younger infants could only tell apart items that
differed by a factor of 2 (such as 16 and 8), while older
infants were able to discriminate items both at a factor of
2 (16 and 8) and a more difficult discrimination ratio of 1.5
(12 and 8). Infants also have been shown to represent
other units besides visual objects and sounds. After being
habituated to a set number of puppet jumps, 6-month-old
infants will look longer to a moving puppet when it is
jumped a novel number of times, as compared to a number
that was previously shown to the infant. The children
are able to make this discrimination on the number of
jumps alone, since extraneous perceptual variables such
as duration and tempo of the sequence were controlled.
Further, these infants are able to tabulate these distinct
countable units despite the presence of continuous extra
motion, such as head waggling, that the puppets were
performing. Infants are also able to discriminate between
distinct numbers of moving objects and collections of
objects.

Some of the most compelling evidence for an abstract
number sense is work that addresses the intermodal nature
of these representations. In an early study, Prentice Star-
key, Elizabeth Spelke, and Rochel Gelman presented 6–8-
month-old infants with visual displays of either 2 or 3
objects while 2 or 3 drumbeats played in the background.
The infants looked preferentially to the visual displays
that matched the auditory input. Although the replicabil-
ity of this study has been controversial, several recent
studies, using somewhat different methods, have clearly
shown a similar capacity to detect magnitudes that are
identical across the senses. For example, 5-month-olds
who are given 2 or 3 objects to handle (while a sheet
prevented them from viewing the objects) exhibit a pref-
erence for displays that contain a novel number of objects
relative to the previous tactile phase. To summarize, the
number mechanism that infants possess can be used to:
(1) tabulate many types of countable units, (2) produce
representations that can be matched across sensory mod-
alities, and (3) yield an inexact representation of magni-
tude which gets sharper throughout the first year of life,
such that discriminability of the two values rests on the
proportionate difference between them.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

The Special Case of Small Numbers of Objects:
Object Tracking and the Object–File System

The research program on infants’ numerical capacities has
not always revealed a clear-cut competence with respect
to discriminating two magnitudes. Indeed, there are experi-
ments that show a lack of numerical understanding in
a domain that would be, intuitively, the easiest – small
sets of objects. This has led some researchers to suspect
that infants’ numerical competence is a result not of a
numerical representation system, but rather of an automatic
and precise system for tracking and reasoning about
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individual objects in the world, via ‘object files’ or other
object tracking mechanisms. According to the strong ver-
sion of this account, each individual object in an array is
mentally tagged as an open ‘file’, and any numerical differ-
ences between two sets are detected by a one-to-one corre-
spondence function. Thus, when faced with two sets that
mismatch, the infants look longer not because of a differ-
ence in magnitude, but because there is an open (and now
missing) object file. These object files are used to establish
location and track individuals as they move about the
world. Critically, just as the accumulator mechanism has a
distinct failure point (the Weber fraction limit), so too does
the object-tracking mechanism. It shows a set-size limit of
roughly 3 to 4 objects, and is disengagedwhen dealing with
a large number of objects.

There are several pieces of evidence that support the
presence of this system. Lisa Feigenson, Susan Carey, and
Marc Hauser presented 10- and 12-month-old infants with
two amounts of graham crackers, placed one at a time in
separate containers, and testedwhich container the children
crawled to. The infants were able to choose the container
that had more when the number of crackers was less than
four, easily telling apart 1 from 2, and 2 from 3. When one
container held four or more crackers, the infants chose
randomly (even failing to discriminate 1 cracker from 4).
Furthermore, the infants did not attend to numberwhen the
overall amount of cracker ‘stuff ’ was controlled for, and
crawled evenly to both buckets, showing a lack of sensitivity
to number. The authors took this finding as support for a
numerical system that was not really numerical at all, but
rather based on tracking and discriminating individuals in a
display. Fei Xu found that when continuous extent variables
in a display were controlled for, 6-month-old infants were
able to discriminate 4 objects from 8, but not 2 from 4. This
failure is also found with respect to discriminating action
units. Infants (6-month-olds) can discriminate 4 from 8, but
not 2 from 4, puppet jumps when all available perceptual
variables are controlled for (such as sequence duration,
jump duration, jump rate, and extent of jumping motion).
Some research has even found that infants habituated to a
small number of objects (either two or three squares) look
longer to test displays that exhibit a new amount of contour
length relative to that previously seen, and fail to look
longer to a new number of objects when contour length
was controlled. When infants are habituated to a set of
either 1, 2, or 3 itemswhose sizes vary systematically, longer
looking is only exhibited to the test displays that contain
a new amount of surface area, and looking continues to
decline at test when an array containing a new number of
objects is shown.

So how can one reconcile the massive literature on
successful number discrimination, the majority of which is
well controlled, with this new evidence of failure? One
hypothesis is that this special case of tracking small numbers
of objects engages a system in addition to the magnitude
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approximation mechanism that is constantly churning in
the background. This tracking system does its job in a very
accurate and task-specialized fashion. It knows where
objects should be and can predict where they are going,
keeps tabs on continuous extent variables such as summed
area and contour length, and uses this information to guide
the infants’ behavior. In a hierarchy of systems that inter-
pret incoming information, the object-tracking system was
built for a specific situation and takes precedence when a
certain condition, like the presentation of a small number of
objects, is met.

Evidence for the approximate magnitude estimation
system still abounds. The proposed object tracking mech-
anism cannot be the entire story of infants’ enumeration
capacities, as one sees arithmetic prowess in areas not
covered by this mechanism. For example, the set-size
limit of object tracking means that any well-controlled
study that goes beyond these limits of 3–4 objects is
tapping into an inherently numerical system. There is
also evidence for discrimination of small numbers of
entities that are not visual, such as tones. Seven-month-
old infants are able to distinguish between two sets of
tones, even when these tones are in the small number
range (such as 2 tones vs. 4), and this discrimination
function is nearly identical to the Weber fraction limit
found in work on large number discrimination.

This controversy has two main consequences: it high-
lights one of the main challenges to studying number in
infancy, and it leads to a fuller understanding of how exactly
our numerical processingworks. These studies show us that,
in addition to the broader methodological issues one deals
with when studying a nonverbal population, the variable of
interest, numerosity, is naturally confounded with purely
perceptual variables. These continuous extent variables,
such as area and contour length, are an additional cue to
perceived number. If participants in these tasks behave
differently to a test item, it may be because of a change in
these linearly related dimensions, such as a new amount of
brightness, or a differing amount of area than previously
shown. When experimenters took care to control for these
perceptual dimensions, they uncovered the possible pres-
ence of an alternative system (the object-tracking mecha-
nism) which is so attuned to the qualities of the individuals
that it trumps the processing of numerical information. This
‘two-systems view’ (recentlyoutlined by Lisa Feigensen and
colleagues) is still in the early stages of being developed, but
is promising as a key to reconciliation of the curious pattern
of successes and failures in the developmental literature.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Going Beyond Discrimination: Using
the Approximate Number System in
Arithmetic Operations

Although discriminating two numerical sets is undoubt-
edly a critical ability, many of the advantages of numerical
Encyclopedia of Infant and Early Childho
capacity identified by researchers (e.g., foraging calcula-
tions) rest on the ability not only to represent numerical
values, but to compute over them. We can now examine
the child’s ability to go beyond simple discrimination and
use these represented magnitudes as parts of an arithmetic
computation. Here too the developmental origins are
located in early infancy, indicating an unlearned basis
that serves as the foundation of our arithmetical capacity.
For example, 11-month-old infants are able to order numer-
osities in either a descending or ascending manner. Infants
habituated to a sequentially presented set of carefully con-
trolled arrays of objects (4, 8, and 16 objects for the ascend-
ing group, or 16, 8, and 4 for the descending group), then
tested with a new sequence of arrays in either a novel
ascension (3, then 6, then 12), or a novel descension (12,
then 6, then 3), look significantly longer when the type of
ordering at test is a mismatch for what they had been
habituated to. They are able to extract from the habituation
scenario a concept of ‘small! big’ or a concept of ‘big!
small’ and generalize on the basis of that criteria. This
ability, like the majority of findings outlined here, is not
unique to humans. In an earlier study, rhesus monkeys had
been trained to respond in an ascending ordinal fashion to 1,
2, 3, and 4 objects (1! 4), while varying perceptual factors
such as size, shape, and color. These monkeys were given
displays during a testing phase that showed novel large
numbers (5, 6, 7, 8, and 9), and they responded by ordering
these new magnitudes in an ascending fashion (5! 9).

Karen Wynn tested 5-month-olds’ simple addition and
subtraction capacities by using a small set of objects to act
out a computation (such as 1þ1 or 2�1). The infants in
the addition condition saw a single Mickey mouse doll
hop onto the stage, and a rotating screen rose to occlude
it. A hand from the side of the stage came out and moved a
second doll to join the first behind the screen, then exited
the stage as an empty hand. A second group of infants saw
a complementary action played out, where instead of
addition the operation was subtraction. Two dolls were
placed on the stage, and covered. A hand came and took
away one of the dolls, leaving the stage with one doll. The
screen then came down to show either a correct outcome,
or an incorrect outcome produced by manipulating a trap
door behind the screen. Infants whowitnessed the addition
event were more likely to look longer to the outcome of 1
doll over 2 dolls, while infants who saw subtraction looked
longer to 2 dolls than to a single doll. This ‘flip’ in looking
time preference was driven by the preceding operation;
each group of infants looked longer to the wrong outcome,
despite this outcome being different across groups. This
experiment has recently been replicated and extended
using an intermodal addition paradigm. First, infants are
familiarized to a display of a doll hitting the bottom of the
stage and producing a tone. They are then shown several
arithmetic events involving the addition of tones and
objects (such as 1 object þ 1 tone¼ 2 or 3 objects), and
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are able to detect the incorrect outcomes of these pro-
blems. Infants appear to compute the basic arithmetic
operation of addition across sensory modalities.

There were several criticisms to the Wynn study, and to
some extent all studies that use a similar paradigm and
number of objects. In the case of the original study, the
amount of continuous extent (area of the dolls) was con-
founded with the total number. Melissa Clearfield and
Kelly Mix performed several follow-up studies which
hypothesized that this confoundwas responsible for infants’
performance, and that if these variable were manipulated
there would be no significant effect of number. They habi-
tuated infants to two or three squares of the same size, and
then showed the infants test displays which had either a
novel number of objects, or a novel total area. The authors
found that infants looked longer to the test displays that
showed a novel surface area compared to those displays
that showed a novel number of objects. This experiment has
been replicated to show that this pattern of preference for
novel continuous extent variable also holds when the child
is tested with a novel contour length as well. These results,
while interesting, are limited in interpretation due to the
fact that the variables at test are not merely controlled for,
but rather ‘pitted against’ each other. This research raises
the invaluable point that babies are indeed very sensitive to
continuous extent variables, and perhaps may even give
higher priority to detecting them than to detecting numer-
ical violations. The research as to whether this is truly the
case is still ongoing, with researchers such as Elizabeth
Brannon finding that, in fact, infants in her studies have a
bias toward numerical discrimination over area and con-
tour length discrimination.

The sheer fact that small numbers of visual objects were
being manipulated in Karen Wynn’s original addition and
subtraction study makes it difficult to disentangle claims
about represented magnitudes from hypothesized object-
tracking systems. Even in the case of intermodal addition
and subtraction, the possibility remains that the familiarized
pairing of objects and tones resulted in the engagement
of the object-tracking system. One simple way to get
around the possible engagement of this alternate system is
to take the identical paradigm and methodology of Wynn,
but move them out of the domain of small number. One has
reason above and beyond the small-number work on addi-
tion and subtraction to believe that infants would be able to
perform operations over large nonverbally represented
magnitudes, as animals as varied as monkeys and pigeons
have shown this ability in numerous studies. Rhesus maca-
ques are able to spontaneously compute the outcome of
both small- and large-number addition problems (such as
2þ 2, or 4þ 4) and the limit on this ability is set by the
Weber fraction of the possible outcomes. Pigeons are able to
compare a constant number of flashes with the number
remaining after a numerical subtraction of two comparison
magnitudes of flashes.
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To look at infants’ ability to perform these large-
number operations, we presented 9-month-old infants
with a computerized display of addition or subtraction
events. Half the infants saw displays in which 5 objects
dropped down from above, constantly changing shape and
gradually moving to the right side to become occluded.
Five more objects dropped down and went behind the
occluder. The other half of the infants saw the comple-
mentary subtraction movies in which 10 objects fell down,
an occluder rose, and 5 objects moved off screen. All
infants then saw two alternating test displays of either 5
objects or 10 objects. These test displays had the same
amount of summed area and overall contour length, leaving
only number as the difference between the two sets. The
addition group looked longer when presented with test
displays of 5 objects, the incorrect outcome of 5þ5. The
subtraction group showed the opposite pattern, and looked
longer at the test displays of 10 objects (the incorrect answer
to 10�5). This study establishes that performing computa-
tions such as addition and subtraction do not only occur in
the non-numerical context of object-tracking; rather, the
systems that provide an approximate sense of magnitude
are able to provide representations for use in arithmetic
operations. Follow-up studies have confirmed that the
representations used in these computations are inexact.
While the infants were generally quite good at determin-
ing incorrect vs. correct outcomes (even succeeding at
4þ 5¼ 6 or 9, and 10� 4¼ 6 or 9), their performance
suffered when trying to discriminate two outcomes that
were very close together. When presented with difficult
problems such as 7þ 5¼ 12 or 9, or 14� 5¼ 9 or 12, the
infants looked similarly to each outcome irrespective of
whether it was correct or incorrect.

Hilary Barth and colleagues have conducted several
studies on young children using a similar computerized
addition and subtraction paradigm. In one such study,
5-year-old children were shown arrays of large numbers of
objects and given the two tasks of comparison and addition.
In the comparison task, a group of blue dots comes from
offscreen and becomes occluded. A group of red dots then
comes down from offscreen and the children are asked
whether there are more blue dots, or red dots. In the addi-
tion task, a group of blue dots goes behind an occluder, and a
second group of blue dotsmoves to join the first set. A group
of red dots comes from off screen, and the child is again
asked if there are more blue dots or red dots. In both these
tasks, the children were able to correctly answer, above
chance performance, which array was larger. Five-year-
olds have also been found to correctly compare and add
two sets of items across different sensory modalities. Barth
also found that children could perform both the comparison
and addition tasks when given a combination of objects and
tones, and that their performance was just as accurate when
dealing with multiple modalities than their performance in
a single-modality version of the tasks. Thus it appears that
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this magnitude information was put into an abstract numer-
ical code, distinct from the sensory code through which it
was initially perceived.

But what of more complicated operations, assumed to
come online later in life via schooling and experience?
These computations, such as multiplication, division, and
statistics have only recently been indirectly tested in
young infants. For over 50 years animal theorists have
noticed that animal foraging behavior appears to rely on
computational processes that use time, amount, and dis-
crete number as relevant variables in operations that are
analogous to division and multiplication. For example, in
a case alluded to earlier, many animals will ‘rate match’
when foraging. Mallard duckswill distribute themselves to
two experimenters at opposite ends of a pond in a propor-
tion that is equivalent to the relationship between the size,
number, and rate of tossed bread morsels. Although it is of
course impossible to perform these sorts of experiments
with infants, it is a reasonable hypothesis that such an
evolutionarily critical computation will be present from
early on in our development, and can potentially manifest
itself in other ways through careful testing.

To examine this hypothesis, we presented 6-month-old
infants with a test of proportional understanding, by
habituating them to a series of slides displaying a constant
ratio of object type A (pellets) to object type B (pacmen). At
test, the infants were shown either an entirely new ratio of
pellets to pacmen, or a new example of the old ratio. If
infants dishabituate to the never-seen ratio, but not the new
example of the old ratio, this would be evidence for an
ability to extract a common proportion and generalize on
the basis of this relationship. Several manipulations were
performed within this basic design, and examined whether
infants can detect a change in proportion of perceptual
variables (such as area), conceptual variables (such as num-
ber), the difference between ratios that are quite disparate
(such as 4:1 vs. 2:1), and the difference between ratios that
are closer together (such as 3:1 vs. 2:1). Incredibly, these
young infants readily distinguish between scenes that con-
tain a different numerical proportion of object A to object
B. They can also tell the difference between scenes that
contain a different proportion of pellet area and pacmen
area. This ability to equate proportions disappeared when
we decreased the disparity between the two ratios;
the infants looked similarly to test outcomes of 2:1 and 3:1
irrespective of what they were previously habituated to.

This ability to comprehend ratios has also been found
in early childhood. Children with the age of 4 and 5 years
tested with a variety of stimuli (such as animals with
varying degrees of head-to-tail ratio, or two line segments
that exhibited a particular length ratio) are able to reliably
determine which test stimulus exhibits the same propor-
tion as the standard when they have the comparison
readily available. This research, as well as the infant
research outlined above, is in stark contrast to earlier
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work by classic developmental scientists such as Piaget
on ratios and proportions which does not find competence
when testing schoolchildren. In fact, many schoolteachers
and students say that understanding of fractions and pro-
portions is one of the hardest basic math lessons to learn.
Although there is very little research that directly tests
hypotheses that could reconcile these two findings, one
idea is that the use of implicit measures such as looking
time (in the case of the babies) or direct comparison of
perceptual ratio (in the case of the competent schoolchil-
dren) taps into a slightly different, less-conscious system
than those commonly used when testing or teaching ratios.
When one learns about ratios in school, it is in a very
concrete, exact way that does not necessarily recruit the
same representations that are being used in the experiments
on estimated ratios.

This ability to understand proportion is, to our knowl-
edge, one of the most computationally complex opera-
tions shown in infants to date. It is also a finding that
confirms that attention to ecological validity (here, in the
evolutionary sense of the term) is a critical component to
establishing and elucidating the suite of possible processes
that infants possess. Using the wealth of animal literature
will be critical to pinpointing those abilities that are most
likely to be found as part of our underlying cognitive
architecture.
The Role of Language in Numerical
Development

Learning to Count

With the immense competence shown by preverbal
infants, one would have very little reason to think that a
mature numerical understanding would be an arduous
process. This is, however, exactly the case. As with many
of the core knowledge systems, the aspects of the world
that are salient to nonverbal organisms do not necessarily
manifest themselves in the explicit day-to-day behaviors
children perform as they develop. One of the very first
steps in transitioning from a nonverbal representation of
quantity to a mature verbal system is learning to count.
Rochel Gelman and Randy Gallistel outlined three basic
principles that must hold in order to successfully count a
set. The child must understand that as an ordered list of
words is applied to the items, each linguistic tag applies
only to a specific item in the set (the one-to-one corre-
spondence principle). The stable-order principle states
that the count list must be applied the same way across
different counting situations. The cardinal principle
states that the final word used when counting the set
represents the total number of items (the cardinal value).
In order to successfully count, children must map the num-
ber of the set represented by their magnitude system to
these ordinal, symbolic terms used by the linguistic system.
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Rochel Gelman performed a classic series of ‘magic’
studies with young children. In these experiments, chil-
dren were presented with two plates, each of which had a
differing number of toys. Half the number of childrenwere
trained that the plate containing a greater number of toys
was the ‘winner’, and the plate with the smaller quantity
the ‘loser’. The other half were trained on the reverse
labels, with small-quantity plates being ‘winners’ and
large-quantity plates ‘losers’. After training the children to
distinguish winners from losers, the experimenter covered
the plates and surreptitiously transformed the plates. These
transformations were either numerical in nature (such as
changing 2 objects to 3), spatial (rearranging where each
object was on the plate), or identity-based (changing the
type of object on the plate.) When the plates were uncov-
ered, the experimenter asked them to distinguish anew the
winner and loser plate, and justify their decision. Children
as young as 2.5 years of age appealed to concepts of numer-
osity andwere not ‘fooled’ by other numerically extraneous
transformations. Gelman concludes that children, even if
they are counting poorly, understand that this counting
process gives a representation of number that lends itself
to arithmetic reasoning, and are able to apply these count-
ing principles from a very early age.

Other researchers believe that, although young chil-
dren are giving the appearance of competence, they are
actually performing the task without true comprehension
of what it means to count. Karen Wynn tested children
ranging from 2.5 to 4 years of age and asked them to give a
certain number of toys from a pile (the give-a-number
task). They were also given a counting task, and were
asked to count sets ranging from two to six items and
then report how many there were to the experimenter
(the how-many task). Although some children were able
to count to correctly perform the give-a-number task (the
Counters, whose average age was 3.5 years), the younger
children (the Grabbers) failed to count in order to solve
the task, instead grabbing several dolls to hand to the
experimenter. This failure is more striking when one
considers that these children had in place a very solid
counting routine, and could count the six items in the pile
with no problem. The Grabbers failed to understand that
the count list they happily produce is what determines the
specific number of a collection of items. Counters and
Grabbers also exhibited different behavior in the how-
many task. Children who counted in the give-a-number
task were able to distinguish between their own correct
and incorrect counts, and were three times as likely to
reply with the last number word they produced after a
correct count than they were when their initial count
was incorrect. The Grabbers were equally happy to give
whatever number word they had stopped at as their answer
to the experimenter, irrespective of whether this count
was correct or not. Through this study, and other studies
that examine the protracted development of counting,
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Wynn posits that a true conceptual understanding of
the count list, and the principles that guide counting, is
only available to children come early childhood (roughly
3–4 years of age.)

There is evidence to suggest that it is the particular
linguistic context of differing types of number words that
scaffold the child into a mature understanding of number.
Children are able to determine that a particular word picks
out a specific quantity of items (and therefore, it is a number
word) if that word occurs in certain syntactic frames and
not others. For example, in a database that examines natu-
ralistic speech to young children, adults speaking to 1- and
2-year-olds used number words to apply over individuals,
when denoting discrete unchangeable values, and when
describing the quality of a set of objects. These syntactic
frames correspond to the level of knowledge described by
the Grabbers in the give-a-number task above. Thus, it
follows that how these number words are presented in the
syntax of the child’s language will interact with pre-existing
numerical systems to guide children toward a greater un-
derstanding of arithmetic principles.
Linguistic Effects on Number Comprehension
and Encoding

The impact of language on arithmetic development is more
striking when one examines cross-cultural studies that map
the linguistic idiosyncrasies of a language to altered patterns
of numerical development. A well-established example
in the developmental literature is that of the Chinese
language. The construction of the first ten counting words
is completely arbitrary (yi, er, san is equivalent to one,
two, three), as in English and most other languages. The
numbers that follow ten, however, are perfectly regular
and embody the structure of the base-10 system. For exam-
ple, 35 is expressed as Three-Ten-Five, or 3� 10þ 5. This
intuitive system, markedly different from the relatively
opaque English counting system, is thought to contribute
to the superior performance of Chinese-speaking pupils
over English-speaking pupils. Children (4-, 5-, and
6-year-old) who speak Chinese are able to count higher
and more competently than an age-matched group of US
children. First-graders in San Francisco who know the
Chinese counting system are more likely to represent num-
bers in base-10 form (by segregating a collection of 35
objects into groups of 10, 10, 10, and 5 for the experimenter)
than English-system first-graders, who simply present 35
objects. The idea of place value, a concept that many Amer-
ican children struggle with in school when learning precise
computations, is inherent to thewayChinese numberwords
are expressed.

In addition to symbolic number words, the Chinese lan-
guage ismore transparentwith respect tomathematics terms
used for complicated domains such as algebra and trigo-
nometry. For example, the literal translation for the symbol
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of ‘mode’ from Chinese to English is ‘frequent number’. In
an ingenious study on the conceptual differences between
Chinese and English numerical systems, and how this may
prompt differential learning, Yi Han and Herbert Ginsburg
created a set of ‘Chinglish’ words by literally translating
Chinese symbols into the English words for those symbols.
These Chinglish terms were rated to be more conceptually
clear, as the inherent compound structure is well-suited to
portray complicated mathematical ideas. The authors then
examined three groups of junior-high-school students, all
of whom were ethnically considered Chinese: monolingual
English speakers, bilingual English/Chinese speakers, and
monolingual Chinese speakers. The students who could
speak Chinese performed better on a test of mathematical
concepts, and level of Chinese reading ability correlated
positively with performance level during the test. This was
not merely a situation in which underlying cognitive factors
drive success in both math and language, as the level of
English-speaking ability was not correlated with perfor-
mance on themath test in the bilingual andEnglish-speaking
groups.

Olivier Houde and colleagues have studied the relative
influence of several languages on early arithmetic devel-
opment. In one study, they found that the dual use of the
word ‘un’ in the French language as both an indefinite
article (‘an’) and a number word (‘one’) led to a phase of
development inwhich qualitative differences in arithmetic
performance could be observed between French-speaking
children and English-speaking children. Using a task that
mimicked Karen Wynn’s violation-of-expectation experi-
ment with young infants, the experimenters performed a
puppet show of the arithmetic problems 1þ 2¼ 2, 3, or 4,
and 2þ 1¼ 2, 3, or 4. The children were then asked if each
outcomewas ‘okay’ or ‘not okay’. English-speaking, but not
French speaking, 2-year-olds were able to correctly deter-
mine the outcome of all the addition problems. The French
2-year-olds were selectively impaired on those problems
that start off with ‘un’ object on the stage. By 3 years of age,
both groups of children were able to do both types of
problems. The authors argue that this shows an effect of
language on the child’s conceptualization of the situation at
a fundamental, arithmetic level. The child could not com-
pute the answer to the problem, because the mental appli-
cation of the tag ‘un’ put the child in a situation that was
syntactic, and not numeric. Follow-up studies by the
same group have found an identical pattern of results with
Spanish and Finnish children. Spanish-speaking children,
whose word for ‘an’ overlaps with their word for ‘one’ (uno/
una), showed a performance deficit relative to Finnish-
speaking children (whose language does not conflate the
article with the number word) when given addition pro-
blems that start off with a single object on stage. These
findings support a weak-Whorfian view that some aspects
of language influence the pattern of conceptual develop-
ment in the numerical domain.
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Evidence for this weak-Whorfian view also comes from
the literature on how adults behave when placed into a
new learning situation. Bilingual students whowere taught
a set of new numerical operations, new exact equations,
and novel numerical or non-numerical geography and
history facts show a lag when tested for exact calculation
problems (‘86þ 26¼ 112 or 102’ ?) or numerically based
facts (‘‘After which election did the King execute several
governors?’’) outside of the language in which they had
encoded them. However, this discrepancy is not present
when the students retrieve information on approximate
numbers (such as determining the approximate logarithm
or cube-root of a value) or recall non-numerical facts
(‘‘Where did the band of farmers meet?’’) that they had
learned in the other language. Thus, language appears to
play a critical role in the encoding and storage of particular
types of numerical information but not others, and this
role corresponds nicely with the proposed number sys-
tems of approximate magnitude representation and exact
verbal calculation.
Abnormal Numerical Development

In the condition of developmental dyscalculia (DD), a
child with otherwise normal mental abilities shows a deficit
in mathematical abilities. Brian Butterworth, via the ‘de-
fective number module hypothesis’, posits that this deficit
arises from a genetic defect in the specialized numerical
systems common to all humans. Evidence for a genetic
component of DD comes from studies with twins. While
the baseline rate of the disorder is somewhere around
6% of the general population, dizygotic twins (who share
half of genetic material) have a 39% concordance rate
and monozygotic twins (whose genetic material is iden-
tical) have a remarkably high 58% concordance rate. DD
is frequently comorbid with other learning disabilities,
such as dyslexia and attention deficit hyperactivity dis-
order (ADHD). Although this is suggestive of an across-
the-board deficit in processing information, there is
evidence that cases of pure dyscalculia exist. One investiga-
tion into 8- and 9-year-old children with dyscalculia,
dyslexia, or no learning disability found that children with
dyscalculia had deficits specific to math that extended qual-
itatively and quantitatively beyond those shown in the other
two groups. These cases provide us with the opportunity to
examine what exactly it means to represent and manipulate
number, and the limits of the supplementary systems used
in arithmetic tasks.

There are many different types of DD, with widespread
deficits seen in some patients, and other patients who suffer
only from specific deficits. These specific deficits tend to
roughlycorrespondwith the circuits outlined above, namely
the approximation system and the rote verbal calculation
system. In several case studies on ‘acquired dyscalculia’
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(a deficit that came about as a result of injury to the
developed brain), Stanislas Dehaene and colleagues have
found a dissociation betweenmagnitude approximation and
exact calculation. One patient, N.A.U., was able to deter-
minewhether a simple approximated arithmetic calculation
was incorrect (such as 2þ 2¼ 9), but was unable to say if
exact, small-number calculations were correct or incorrect,
judging such rote, precise, arithmetic problems as 2þ 2¼ 3
to be correct. Two other dyscalculiac patientswho exhibited
a double dissociation between the systems of approximation
and exact calculation have been studied. A patient with a
lesion of the inferior parietal lobe was impaired in tasks that
tested the manipulation of approximate quantity, but was
able to perform rote, exact tasks such as the multiplication
problems one finds on a grade-school multiplication table.
Another patient, who had a lesion of the left subcortical
region, was impaired on operations that involved rote, ver-
bal calculations and unimpaired on tasks that involved the
manipulation of magnitudes.

These studies, while generally supportive of the out-
lined component model of number processing, are not
able to address questions of numerical development per se,
as they study adult humans who had many years of
schooling and experience before impairment. It is entirely
possible that outside cultural norms regarding how to
classify number concepts had come to shape the organi-
zation of numerical knowledge. In order to examine the
way in which our minds are initially organized, the popu-
lation of children with dyscalculia is of interest. These
children have been impaired from birth (assuming the
defective number module hypothesis is correct), with
official diagnoses generally given as they started schooling
and failed to progress normally. And they too, show def-
icits that are specific to the proposed number components.
Children with DD exhibit immature strategies for dealing
with basic arithmetic, such as counting on their fingers
instead of retrieving rote facts. These children do not
exhibit difficulties on just the verbal tasks of recall, how-
ever. Butterworth also discovered a reverse distance effect
in children who had severe DD. Normally, it is much
easier to determine that magnitudes that lie far apart on
the number line (such as 4 and 12) are different, and this
task gets more difficult when deciding if magnitudes that
are on roughly the same area of the number line (such as
10 and 12) are different. Children with severe DD some-
times exhibit the opposite pattern; they are better able to
determine the difference between numbers that are simi-
lar (15 and 14) than numbers that are disparate (15 and
10), presumably because they are using a non-magnitude-
based counting process. Although there are only a handful
of neuroimaging studies done with DD patients, they are
suggestive of brain abnormalities analogous to that found
in adult patients with acquired dyscalculia. If one exam-
ined two groups of adolescents, one of which was unim-
paired and the other which exhibited specific deficits on
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numerical operations, the impaired adolescents would
have overall significantly less gray matter in the left
intraparietal sulcus, an area that is found to be selectively
active during magnitude approximation and calculation
tasks in adults.

On the strongest possible account of the defective
number module hypothesis, children who are impaired
have been impaired since birth. An intriguing way to test
this hypothesis would be to use the early tests of mathe-
matical understanding outlined previously to pinpoint
which children may have problems in the future. One
can do this in an ‘educated-guess’ manner by studying
the relatives (siblings or children) of those who have
already been diagnosed with dyscalculia. If scientists are
able to correlate later numerical competence based on
their performance as infants, this would be extremely
important at both the theoretical and applied level. First,
it would suggest that the abilities we see in infants are
indeed related to our adult arithmetic abilities and are
recruited later on in development. Second, it would con-
firm the idea of a genetic basis for developmental dyscal-
culia. Third, it would allow psychologists to pinpoint
those children who would benefit the most from an inter-
vention to improve their arithmetic skills.
Sex Differences in Arithmetic
Development

The idea that males are superior to females on arithmetic
tasks has been omnipresent for quite a long time, both
scientifically and anecdotally. There are many different
types of claims about sex differences and mathematics.
Some people believe that there are intrinsic differences
from birth with respect to male and female competence.
Others believe the differences are indeed present, but
have come about as a function of socialization or only
happen as hormone levels fluctuate. The developmental
literature on mathematical ability is therefore extremely
relevant to this debate, as it has the ability to pinpoint if
and when differing capabilities arise.

First and foremost, there is no compelling evidence
from the developmental literature on number systems in
infancy that the genders innately differ on any of the tasks
relevant to this debate. Although some work has shown a
tendency for male infants to focus more on objects (thus,
presumably, leading to a more mechanical and mathe-
matic way of thinking) and female infants to focus more
on faces (suggesting a predisposition for socializing), the
specific experiment of interest has not been replicated
and, in fact, goes against several other well-replicated
studies that show equal levels of interest to both objects
and faces by female and male infants. There is a tendency,
by around adolescence, for boys to outperform girls on
such standardized tests as the math portion of the SATs.
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This difference grows larger as one moves up the age
range. David Geary and colleagues posit that the main
factor mediating this difference between genders is
not mathematical reasoning ability per se, but rather a
sex-based difference on how each sex chooses strategies-
when facedwith different tasks. Females are more likely to
solve complicated problems by using verbal calculations,
whereas males resort to a strategy of spatial imagery. It is
true that spatial imagery is, on average, stronger in men
than women, but only as hormonal levels fluctuate in the
female body. Non-ovulating females show similar perfor-
mance to an average male. This unreliability is, perhaps, a
reason for females to adopt a non-spatial strategy as a first
pass at arithmetic problem solving. Because the SAT-M
is composed of questions that are more easily solved by
using spatial imagery, a difference in overall mathematics
scores emerges.

The psychological processes of socializing girls and
boys with respect to math achievement reveals a lopsided
picture of parental influence on arithmetic development.
Parental justifications of their childrens’ success in math-
ematics courses have been examined by researchers in
several cultures (such as America, Finland, and Israel).
These experiments have found that parents of boys are
more likely to attribute success to inherent, natural ability,
while parents of girls believe their child’s success is due to
effort. People tend to associate effort with diligence and,
unflatteringly, conformity. Thus, a boy who does well in
math is considered to possess a very highly valued trait
(natural ability), while a girl who performs similarly is
seen as having the less-admirable trait of a good work
ethic. (Ironically, the parents of the boys are doing their
children no favor, as attributions of natural ability in the
classroom yield a less motivated student than attributions
of effort.) To summarize, it appears that eventual sex
differences in mathematical ability are due to many
factors, including socialization, test construction, and
deployment of differing problem-solving strategies in a
mathematical context.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Conclusion

The above review of the current and classic literature on
numerical understanding shows a deep continuity between
nonhuman animals, infants, and adults. By informing our
infancy research with established phenomena in the animal
literature, we are closer to discovering the ‘fundamentals’ of
our nature. The capacity to represent amounts, and to
productively use these representations, indicates an impor-
tant and rich network of systems that have evolved to
support a core capacity of arithmetic understanding. This
line of research starts to address the broader issue of how
humans process and organize information from our envi-
ronment, and how this activity changes across development.
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Although the mechanisms outlined above are undoubt-
edly critical to a mature number system, they are only a
small step toward the entire package of complicated math-
ematical discovery. There are some concepts that do not
lend themselves to being represented as a magnitude, an
object, or even a word. Concepts such as infinity, zero,
derivatives, and pi are unique to the world of theoretical
math. The systems outlined above must be built upon and
improved throughout development, and meshed with
other core capacities such as physics, mechanics, biology,
and linguistics. It is through this combination of domains
that we are able to use our mind to its fullest extent.
See also: Habituation and Novelty; Neonativism.
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