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1. Introduction 

There have long been speculations, both in philosophy and psychology, 
about the origins of mathematical knowledge and numerical concepts. The 
standard empiricist explanation of how we possess such knowledge is that 
we acquire even the simplest understanding of numerical relationships 
from observations of the world. Within psychology, Piaget has argued that 
children cannot learn the compositional relationships between different 
numbers or engage in numerical reasoning until about 7 years of age 
(Piaget, 1952). Cooper (1984) proposes that infants’ initial ability to dis- 
criminate between small numerosities (described below) does not include 
any understanding that the different numerosities ’are information about 
the same kind of thing’; that is, infants’ concepts of ‘oneness’ and ‘twoness’ 
are initially as unrelated to each other as are their concepts of, say, ’squar- 
eness’ and ‘blueness’. Infants learn that the numerosities belong to a single 
category by observing additions and subtractions on collections of objects, 
and noticing that these actions result in a change from one numerosity 
to another. Infants are provided with a basis for ordering the different 
numerosities when they go on to learn, from further such observation, 
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that oneness is related to twoness in precisely the same way as twoness 
is to threeness, and so on. 

This general account of the origins of numerical knowledge also exists 
in the philosophical literature. John Stuart Mill (1843), for example, held 
that we learn numerical truths, such as that one plus two equals three, by 
observing it to be true for sheep in one instance, for cookies in another 
instance, and so on, until finally we induce that it is true in all cases. 

Kitcher (1984, 1988) is perhaps the contemporary philosopher who has 
spelled out in most careful detail an empiricist view of the origins of 
numerical knowledge. Kitcher’s proposal is that individuals learn the sim- 
plest mathematical facts from observing the results of their own actions, 
and learn the rest of mathematics from parents, teachers and other authorit- 
ies, who obtain their knowledge from the current mathematics experts. 
The whole chain of knowledge, both for the individual and for the culture, 
is grounded in the activities of young children, who learn about the 
mathematical structure of reality through their actions and interactions 
with the physical world. We learn that one plus two equals three, for 
example, by performing the action of collecting one item, performing on 
different items the action of collecting two, and then performing the action 
of combining these collections, observing that the result is equivalent to 
the action of collecting three items. Children come to learn basic truths of 
arithmetic by engaging in such activities of collecting and segregating. 

On the various versions of this kind of account, it remains to be spelled 
out in precise terms what kinds of actions and observations are the relevant 
kinds for giving us knowledge of numerical truths. If the actions of col- 
lecting and segregating must be overtly performed on physical objects by 
each individual acquiring the knowledge in question,’ this would predict 
that paraplegics, for example, could not arrive at these numerical truths. 
If the relevant actions need only be mental actions (such as the collecting 
in our minds of 1 and 2 and observing the result), this would not be an 
empiricist theory since it would be claiming that the relevant knowledge 
is all in the head, simply awaiting inspection. Similarly, if the individual 
can learn simply by observing the results of actions performed by another 
individual, it must be specified what kind of observation is the necessary 
sort-certainly it need not be tied to a particular modality, since congeni- 
tally blind, deaf, etc. people are capable of learning arithmetic. Thus we 
need, on the empiricist account, some detailed specification of exactly what 
kinds of actions, combined wi?h what forms of observation, are sufficient 
for acquiring numericd truths. 

Even if this challenge is satisfactorily met, however, there is a principled 
objection to any account in which mathematical knowledge of the most 

* Kitcher does appear to be proposing this. See e.g. 1984, p. 107 ’Children come to 
learn the meanings of “set”, ”number”, “addition“, and to accept basic truths of 
arithmetic by engaging in activities of collecting and segregating’ (italics in the 
original). 
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basic sort is acquired via faculties of induction. It has not yet been shown 
how an inductive learning process could account for the apparent necessity 
of certain mathematical truths. Our intuition of the inevitability of one 
plus one equaling two goes far beyond our experience, even if our experi- 
ence has been quite consistent in yielding the correct result. To take a 
well-worn example, it might be that every crow we have ever seen has 
been black; we may read scientists’ claims that every crow that has ever 
existed has been black, and read their well-accepted and convincing theor- 
ies for why this is so; yet we still can conceive of a non-black crow, and 
can believe that it need not have been the case that all crows are black. Yet 
we cannot conceive that in some possible world, however remote from 
our own, 1 + 1 = 3. Inductive processes can lead to beliefs of the nature 
that ‘such-and-such is the case’; but there is no explanation for how they 
could ever give rise to beliefs of the kind that ’such-and-such must be the 
case’. Any empiricist theory must either account for how it is that certain 
mathematical statements have the psychological status of necessary truth 
rather than of empirical fact, or else argue that numerical truths such as 
1 + 1 = 2 do not, in fact, enjoy a more privileged psychological status than 
other beliefs.? 

There is also empirical evidence that some mathematical knowledge is 
not learned. Studies show that infants and non-human animals are sensi- 
tive to numerosity; they can distinguish between different numerosities 
and, moreover, can recognize numerical equivalence across perceptually 
distinct kinds of items. Further studies show that animals and infants also 
possess knowledge of some arithmetical relationships-that is, that they 
are able to manipulate these number concepts in numerically meaningful 
ways. 

2. The Empirical Findings 

2.1 Infants‘ and Animals’ Sensitivity to Number 

Over the last ten years it has been clearly shown that human infants are 
sensitive to number. For example, studies have shown that newborns 
(Antell & Keating, 1983), 5-month-olds (Starkey & Cooper, 1980), and 10- 
month-olds (Strauss & Curtis, 1981) are able to discriminate small numer- 
osities; they can tell two from three and, under certain conditions, three 
from four. These studies used a habituation technique, in which infants 

This is not a challenge for an explanation of how mathematical facts obtain the logical 
status of necessary truths (if one‘s theory grants them such status), but rather, of how 
it is that some mathematical truths have for us the psychological inevitability that 
they do. (Not all mathematical truths hit our intuition as being necessary; for example, 
those untutored in mathematics are often astonished to learn that there are the same 
number of odd numbers as whole numbers.) 
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are repeatedly presented with (‘habituated to‘) different pictures showing 
a certain number of objects, until their looking time to each picture drops 
below a designated criterion (typically to half of what it was for the initial 
2 or 3 pictures). They are then shown a picture either of that same number 
of objects again, or of a different number of objects. Some of these exper- 
iments used pictures of black solid circles arranged in different spatial 
configurations from trial to trial, while others used photographs of various 
household objects that were different in each picture-for example, one 
picture might consist of an orange and a glove arranged haphazardly, 
while the next might include a keychain and a banana. The test pictures 
might all consist of completely new items, such as a wallet, a cup, and a 
pair of sunglasses. Infants tend to look significantly longer at (to ’dishabitu- 
ate to’) the picture depicting a new number of objects, indicating that they 
differentiate between the two numero~ities.~ 

Furthermore, the knowledge underlying this ability is not local to visual 
perception-infants can recognize numerical equivalence across different 
perceptual modalities. For example, when 6- to 9-month-old infants were 
played a tape recording of either 2 knocks or 3 knocks, and then shown 
simultaneously a picture of 2 items and a picture of 3 items, they preferred 
to look at the picture showing the number of items corresponding to the 
number of knocks heard (Starkey, Spelke & Gelman, 1983,1990). Thus, the 
basis for infants’ ability to recognize differences and equivalences between 
instances of small numbers is an abstract and conceptual representation 
of number. It is not simply an ability to recognize differences between 
sets of objects of the same kind, nor does it appear to be some kind of 
perceptual pattem-recognition (as has been proposed by, e.g. Cooper, 
1984). 

Non-human animals, too, are sensitive to exact numerosities, as has 
been shown in many studies over a wide range of vertebrate species. A 
brief summary of some of these findings is given below. (For a far more 
extensive review and discussion, see Gallistel, 1990, Chapter 10.) 

Rats are able to determine the number of times they have pressed on a 
lever, up to at least 24 presses, when trained to press a certain number of 

There is no tension between these studies and Frege’s point that number is not an 
intrinsic property of a group of items (two decks of cards shuffled together serve as 
an instance of many different numerosities-two decks, 104 cards, 4 suits, loZ8 molecules, 
etc.). There is evidence that, psychologically, we are predisposed to view the world 
in terms of individual, discrete physical objects. For example, the concept of physical 
object appears fundamental to the way infants perceptually and conceptually break 
up the world ( e g .  Spelke, 1991, 1988); and young children will persist in counting 
the individual, discrete physical objects in a pile, even when asked to count parts of 
objects such as the number of ears on a group of teddy bears, or asked to count the 
different kinds of objects represented in the pile rather than the individual objects 
themselves (Shipley & Shepperson, 1990). The above infant number discrimination 
studies are themselves further evidence that a given collection of entities may psycho- 
logically serve as an instance of a particular numerosity. 
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times on a particular lever before pressing a single time on a second lever 
for a reward. Furthermore, their response is clearly based on the number 
of presses rather than on elapsed time; when trained to press for a certain 
amount of time, they typically press for a certain extra proportion of the 
trained time in order to be sure that they have pressed the required 
amount (there is a penalty for pressing the second lever too early), but 
when trained to press a certain number of times, their response is typically 
to press a certain extra constant number of presses, independent of the 
required number (Mechner & Guevrekian, 1962). Similar abilities have 
been shown in pigeons with a somewhat different task (Rilling, 1967; 
Rilling & McDiarmid, 1965). Rats have also been trained (Davis & Bradford, 
1986) to turn down the third, fourth, or fifth tunnel on the left in a maze, 
and once trained, will do so even when the spatial configuration of the 
maze is varied from trial to trial so that the distance between the tunnels 
changes each time, and a comer must be turned before the rewarded 
tunnel on the left is reached. Given this, the rats could not simply be 
running for a fixed length of time before turning left, or determining the 
extent to which they feel fatigued by the run. They must be encoding the 
numerosity of the tunnels on the left in order to succeed at the task. 

Birds have shown similar abilities. In one expLAment, canaries were 
trained to select an object based on its ordinal position in an array (Pastore, 
1961). Out of 10 cubicles spaced along a runway, the canaries had to walk 
along the runway and choose the cubicle that held, say, the fifth aspirin. 
The ordinal position of the cubicle containing the relevant aspirin varied 
from trial to trial, to rule out any regularity of distance from the starting 
point. Furthermore, to control for the possibility of the birds' using rhythm 
as the basis of their judgements, different numbers of aspirins were placed 
into each cubicle on different trials. Thus both the space between cubicles 
and the number of aspirins per cubicle varied. The birds were clearly 
succeeding on the basis of the ordinal position of the aspirin. 

Animals can also discriminate different numerosities of simultaneously 
presented objects. In one study, a raccoon was taught to choose the plexig- 
lass box containing three items, when presented with an array of three to 
five boxes each containing from one to five items; non-numerical cues 
such as size, stimulus density, odor, and location of target box were 
controlled for (Davis, 1984). In another study, Matsuzawa (1985) trained a 
chimpanzee to pick out the correct Arabic number symbol when presented 
with a set of a certain numerosity, for the numbers 1 through 6. Pepperberg 
(1987) trained an African Grey Parrot to say the appropriate number word 
when presented with up to 5 objects. In all of these studies, results 
generalized to novel items.4 

These studies are particularly interesting because they show a sensitivity to the 
cardinality of a set of entities, while the previous group of experiments may have 
tapped a sensitivity to the ordinality of a single event-its position in a sequence of 
events. Presses on a lever are temporally sequential, physical events of the animal; 
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Adult humans, as well, possess some automatic process that determines 
the absolute and relative frequencies of entities. Studies have shown this 
for a range of different entities, including letters, words, colors, and even 
different kinds of lethal events (e.g. Attneave, 1951; Hasher & Zacks, 1979; 
Hintzman, 1969; Lichtenstein, Slovic, Fischoff, Layman & Combs, 1978; 
Lund, Hall, Wilson & Humphreys, 1983; Shapiro, 1969). It seems likely 
that we are born with a mechanism that computes event frequency (Hasher 
& Zacks, 1979). The most parsimonious theory is that humans possess the 
same mechanism that underlies other animals’ determination of event 
frequency. 

It has sometimes been claimed that it must have taken humans a long 
time historically to realize that a brace of pheasants, a pair of boots, and 
so on all have the abstracted concept of twoness in common (Fuson & Hall, 
1983, make a similar conjecture regarding the development of numerical 
concepts in young children). Several of the infant and animal studies, 
however, show possession of just such an abstracted concept; infants 
recognize the common attribute of twoness (for example) across different 
kinds of items (they do not dishabituate when shown a picture of two 
novel items), and animals will generalize a response to new kinds of 
items.5 There is also evidence, reviewed below, showing that not only are 
animals and infants sensitive to numerosity, but they can also perform 
basic arithmetical calculations over these numerosities. 

2.2 Knowledge of Arithmetical Relationships in Animals and lnfants 

The most conclusive evidence of addition abilities in animals is shown in 
the following experiment. Boysen and Bemtson (1989) taught a chimpanzee 
to associate the Arabic numerals ‘0’ through ‘4’ with their respective 
numerosities. Without further training, she was able to choose the numeral 
representing the sum of oranges hidden in two hiding places. Most 
impressive of all, when the sets of oranges in the hiding places were 
replaced with Arabic numerals, she was immediately able to choose the 
Arabic numeral representing the sum of these numerals. That is, without 
training, she was able to operate over two symbols representing numerosit- 
ies in such a way as to arrive at the symbol representing their sum. 

Rats have been shown to apparently anticipate when they are approach- 
ing the required number of presses, when they must press a certain 

similarly, when a rat must always turn down, say, the fifth tunnel in a maze, it could 
be the fifth ’reaching-a-tunnel-on-the-left’ event that is the relevant one. But the 
ability e.g. to reliably distinguish a group of 3 objects from groups of 1 to 5 objects 
cannot rest in any way on some internal event-state of the animal itself; it must rest 
solely on the properties of the groups of items (their numerosities in particular). 
This is not a claim that infants and animals are capable of considering the numbers 
as abstract objects, but simply that their concept of twoness (say) applies across 
perceptually different stimuli. 
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number of times one lever before pressing another lever to obtain a reward 
(Platt & Johnson, 1971). When there is no penalty for pressing the second 
lever too early, rats will frequently press it before they have finished the 
required number of presses on the first lever, and upon finding that they 
are too early, will return to the first lever to increase their number of 
presses according to the following constraint-the greater their initial 
number of presses, the smaller their number of additional presses. That 
is, they appear to know roughly how close they are to the needed number, 
not only whether they have or have not reached that number yet. 

In another study, Church and Meck (1984) trained rats to press the 
left lever if presented with either 2 sounds or 2 light flashes, and the 
right lever if presented with 4 sounds or 4 light flashes. They then 
presented the rats with two simultaneous soundhght-flash pairings. In 
this situation, the rats pressed the right lever, showing that they had 
computed that there were 4 stimuli altogether. The results from these 
experiments suggest that these animals possess representations of number 
that can be manipulated in the appropriate ways so as to determine the 
results of simple additions. 

Studies recently conducted in my infant cognition laboratory suggest 
that young human infants can calculate the results of both additions 
and subtractions (Wynn, 1992a). These studies tested 5-month-old infants‘ 
knowledge that 2 is composed of 1 and 1. 

In one experiment, infants were divided into two groups. Those in the 
’1 + 1’ group were shown a single item being placed into an empty display 
area. Then a small screen rotated up, hiding the item from view, and the 
experimenter brought a second identical item into the display area, in 
clear view of the infant. The experimenter then placed the second item out 
of the infant’s sight behind the screen (this sequence of events is shown 
in Figure 1). Thus, infants could clearly see the nature of the arithmetical 
operation being performed, but could not see the result of the operation. 
Infants in the ‘2 - 1’ group were similarly presented with a sequence of 
events depicting a subtraction of one item from two items (also shown in 
Figure 1). For both groups of infants, after the above sequence of events 
was concluded the screen rotated downward to reveal either 1 or 2 items 
in the display case. Infants’ looking time to the display was then recorded. 
The prediction was that infants would be surprised by an apparently 
impossible result. Thus, the 2 groups should show significantly different 
looking patterns; infants in the ’1 + 1’ group should look longer when the 
result is 1 than when it is 2, while infants in the ‘2 - 1’ group should 
show the reverse pattern. (A pretest condition showed that infants in the 
2 groups did not differ in their baseline looking patterns to 1 and 2 items.) 

This was in fact the pattern of results obtained; infants in the 2 groups 
showed different patterns of looking in the test trials, but not in the 
pretest trials. Infants in the ’1 + 1’ group looked longer when the addition 
appeared to result in a single item than when it resulted in 2 items, while 
infants in the ‘2 - 1’ group looked longer when the subtraction appeared 
to result in 2 items than when it resulted in a single item. 
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Test sequence of events: 1+1 = 1 or 2 

2. Screen comes up 1. Objea placed in case 3. Second object added 4. Hand leaves empty 

Then either: (a) Possible Outcome Or (b) Impossible Outcome 
5. screen droos ... 6. revdma 2 obiects 5. screen drops ... 6. raveding 1 object 

Test sequence of events: 2-1 = 1 or 2 

1. Objects placed in case 2. Screen comes up 3. Empty hand enters 4. One object removed 

Then either: (a) Possible Outcome Or (b) Impossible Outcome 
5. screen drops .. 6. revealing 1 object 5. screen drops ... 6. revealing 2 objects 

Figure 1 Schematic drawing of sequence of events shown to infants in 
Wynn (1992~). 

In another experiment, infants were shown an addition of 1 + 1 where 
the outcome was either 2 or 3 objects. Again, the prediction was that 
infants would look longer at the apparently impossible outcome (3 items) 
than at the expected outcome (2 objects). (A pretest condition showed that 
infants looked equally long at 2 and at 3 objects.) This, too, was the pattern 
of results obtained; infants were surprised when the addition appeared to 
result in 3 items, but not whep it resulted in 2 items (they looked longer 
at 3 than at 2). 

The findings from these experiments concur with a recent experiment 
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by Baillargeon, Miller and Constantino (under revision) which shows 
precise knowledge of simple addition in 10-month-olds. They showed 
infants a hand taking and depositing a single item out of sight behind a 
screen, then doing the same with a second item. They then lowered the 
screen, revealing to the infants either two or three items. The infants 
looked longer when shown three items behind the screen than when 
shown two, showing that they had been expecting only two. (They had 
previously demonstrated equal preference to look at two versus three 
items.) That is, from two distinct experiences, each of one item, they had 
constructed an expectation of two items. 

The above results show that upon computing the numerosity of some set 
of items or events, animals can compare the symbol for the numerosity 
just determined with others stored in memory and compute some precise 
arithmetical relationships that obtain. Similarly, infants as young as 5 
months are able to calculate the precise outcomes of simple additions and 
subtractions. These results suggest that the mental number symbols over 
which animals and infants operate have a structure that allows them to 
abstract information of the precise numerical relationships between the 
numerosities; that is, that the mental symbols for numerosities inherently 
embody the relationships between the numerosities. Below, I describe a 
theory of an innate representation of number that would entail such a 
structure for the mental number symbols. 

3. The Accumulator Theory 

Meck and Church (1983) suggest that a single mechanism underlies both 
animals’ ability to determine numerosity (whether of events or of simul- 
taneously presented items), and their ability to measure duration. Briefly, 
their proposed mechanism (based on a model for measurement of temporal 
intervals developed by Gibbon, 1981) works as follows: a pacemaker puts 
out pulses at a constant rate, which can be passed into an accumulator by 
the closing of a mode switch. In its counting mode, every time an entity is 
experienced that is to be counted, the mode switch closes for a fixed interval, 
passing energy into the accumulator. Thus the accumulator fills up in equal 
increments, one for each entity counted. In its timing mode, the switch 
remains closed for the duration of the temporal interval, passing energy 
into the accumulator continuously at a constant rate. The mechanism 
contains several accumulators and switches, so that the animal can count 
different sets of events and measure several durations simultaneously. 

The final value in the accumulator can be passed into working memory, 
and there compared with previously stored accumulator values. In this 
way the animal can evaluate whether a number of events or the duration 
of an interval is more, less, or the same as a previously stored number or 
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duration that is associated with some outcome, such as a reward. Thus, 
while the animal may not have access to the inner workings of the mechan- 
ism, the output values of its calculations are available for inferences and 
so constitute part of the animal's general conceptual system. 

Evidence that the same mechanism underlies both animals' timing pro- 
cesses and their counting processes comes from several experiments (Meck 
& Church, 1983). First of all, methamphetamine increases rats' measure of 
duration and of numerosity by the same factor, strongly suggesting that 
it is a single mechanism being affected. The effect would be explained on 
the model by the drug causing an increase in the rate of pulse generation 
by the pacemaker, leading to a proportionate increase in the final value of 
the accumulator regardless of the mode in which it was operating. Second, 
both numerical and duration discriminations transferred to novel stimuli 
equally strongly, when rats trained on auditory stimuli were then tested 
on mixed auditory and cutaneous stimuli. Finally, an experiment tested 
the following prediction: If the animal's decision is based on a comparison 
of the final value of the accumulator with a previously stored value of the 
accumulator, then one might expect there to be immediate transfer from 
making an evaluation on the basis of the output of the timing process to 
making an evaluation on the basis of the output of the counting process, 
so long as the final output value of the accumulator in the two cases was 
identical. For example, a count that yielded the same final fullness value 
in the accumulator as a previously trained duration might be responded 
to as if it were that duration. This prediction was confirmed-when rats 
were trained to respond to a specific duration of continuous sound, they 
immediately generalized their response when presented with a certain 
number of 1-second sound segments that had been calculated by the exper- 
imenters to fill up the accumulator to the same level as the level for the 
duration the rats had been initially trained on. Meck and Church concluded 
that it was indeed the same mechanism underlying both counting and 
timing processes in rats. 

4. An Alternative fieory of Innate Knowledge of Number 

It is worth distinguishing the accumulator theory from another nativist 
theory of numerical knowledge. Rochel Gelman and colleagues (e.g. Gel- 
man & Gallistel, 1978; Gelman & Greeno, 1989; Gelman & Meck, 1983; 
Gelman, Meck & Merkin, 1986) have proposed that young chiIdren possess 
an innate concept of number consisting of a set of counting principles that 
define correct counting, and a set of mental counting tags that are used in 
accordance with these principles. The three 'how-to-count' principles are 
as follows: The one-to-one correspondence principle states that items to be 
counted must be put into one-to-one correspondence with members of the 
set of number tags that are used to count with (e.g. the child's innately 
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given mental counting tags, or a set of number words); the stable-order 
principle states that the number tags must have a fixed order in which 
they are consistently used; and the cardinality principle states that the last 
number tag used in a count represents the cardinality of the items counted. 

These principles can be viewed as an initial skeletal framework, which 
serves to shape and structure the developing body of numerical knowledge, 
both by defining the domain and by identifying relevant input ( e g .  Gel- 
man, 1990). For example, the principles make it easier for children to learn 
the number words of their language and to map them onto their own 
innately given list of number tags, because the number words are used in 
accordance with the same principles as their mental number tags-they 
have a fixed order in which they are consistently used, and they are applied 
to items in one-to-one correspondence. Thus, the counting principles help 
children to identify early on the linguistic, culturally supported counting 
activity as counting (i.e. as the same kind of activity as their own innate, 
non-linguistic counting activity). Once children do so, the counting prin- 
ciples allow them to develop their skills in the overt, linguistic counting 
activity, by serving as guidelines for correct counting so that children can 
monitor their counting performance (e.g. Gelman & Greeno, 1989; Gelman 
& Meck, 1983; Gelman, Meck & Merkin, 1986). 

5. Differences Between the Accumulator and Counting Models 

It has been noted (Gallistel, 1990) that the accumulator mechanism embod- 
ies the counting principles in the following way: there is a one-to-one 
correspondence between entities to be counted and increments of the 
accumulator; the states of the accumulator are arrived at in a stable order 
from count to count (the accumulator always reaches the level of two 
increments before that of three increments); and the final value of the 
accumulator represents the cardinality of the items counted. 

However, there is an important difference between this kind of counting 
mechanism and the linguistic counting system. It is the entire fullness of 
the accumulator, comprised of all the increments together, that represents 
the numerosity of the items counted. In the accumulator mechanism, 
numerosity is inherently embodied in the structure of the representations, 
which are themselves magnitude values (the output values of the 
accumulator)-it is the entire fullness of the accumulator that represents 
the numerosity of the items ‘counted’. Thus the relationships between the 
representations exactly reproduce the relationships between the quantities 
they represent. For example, four is one more than three, and the represen- 
tation for four (the magnitude of fullness of the accumulator) is one more 
increment than the representation for three. Ten is five times as large as 
two; the representation for ten is five times as large as the representation 
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for two (the accumulator has five times as many increments, is five times 
as full). 

In linguistic counting, on the other hand, the final word alone represents 
the numerosity of the items counted. Thus number is not inherently 
represented in the structure of each individual linguistic symbol; rather, 
the symbols are inherently arbitrary and obtain their numerical meaning 
by virtue of their positional relationships with each other. They represent 
cardinalities with a system that does not directly reproduce, but is anal- 
ogous to, the inherent relationships among the numerosities-the number 
words bear relationships to each other in their ordinality that are analogous 
to the relationships the numerosities themselves bear to each other in their 
cardinality. For example, the linguistic symbol for six occurs three positions 
later in the number word list than the linguistic symbol for three, or twice 
as far along; the numerosity six is three units larger than, or twice as large 
as, the numerosity three. In contrast, on the accumulator representation of 
number, the representations for the numerosities bear exactly the same 
relationship to each other as do the numbers themselves. 

Consider the information implicit in a system where the symbols for 
the numerosities inherently represent number, rather than being ‘arbitrary’ 
symbols; where the symbol for one is something like ‘x’, that for two, ‘xx’, 
that for three, ‘xxx’, and so on. A comparison of any two symbols will 
indicate whether the represented numerosities are the same or different. 
It will also reveal i f  one is larger or smaller than the other; furthermore, it 
will reveal how much larger or smaller one is from the other. Thus, the 
claim that animals and young children possess such a representation of 
numerosity accounts for their ability to determine more-than/less-than 
relations and to compute the results of additions and subtractions, pro- 
vided they can operate over the representations in relatively straightfor- 
ward ways. 

For example, addition could be achieved by simply concatenating two 
(or more) representations (x+xx = xxx), or transferring the energy from 
two accumulators into an empty third accumulator. A more-than/less- 
thadequal-to comparison of two accumulators A and B could be achieved 
by transferring one increment from one of the accumulators (say A) into 
an empty third accumulator, and transferring one increment from the other 
accumulator (B) into an empty fourth accumulator. A and B are slowly 
emptied in this way, one decrement at a time, alternating between the 
two accumulators. If B becomes empty before A, then the number rep- 
resented by B is smaller. If, when A becomes empty, the next decrement 
from B leaves B empty as well, then both accumulators represent the same 
number. If B is not empty after this decrement, then the number rep- 
resented by B is Iarger. Determining how much Iarger one is than the 
other (subtraction) could be achieved by transferring the remaining energy 
from the fuller accumulator (say A) into another empty accumulator. The 
difference between the two values would be represented by the fullness 
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value of this accumulator.6 Thus, the accumulator theory could plausibly 
account for the ability of animals and infants to determine more/less than 
relations and compute the results of additions and subtractions. 

On the other hand, consider what follows if animals possess a symbol 
for each numerosity that is arbitrary, such as ‘x‘ for one, ‘y’ for two, ’2’ for 
three, and so on. Many of the above experimental results could still be 
explained. The ability to press a lever a certain number of times for a 
reward, for example, could be accounted for as follows: after each press, 
the animal examines the symbol representing the current numerosity, 
compares it with the rewarded symbol retained in short-term memory, 
and stops when the two symbols match. (Again, it must be assumed that 
the animal can inspect the output value while keeping a running total.) 
The ability of animals to pick out the set of items of a particular numerosity, 
or to say a word or choose a symbol describing a displayed numerosity, 
could similarly be explained by appeal to such symbol-matching pro- 
cedures. However, animals’ and infants‘ abilities to calculate the results of 
additions and subtractions would not be explained. A comparison of two 
such arbitrary symbols would not reveal whether one is larger or smaller 
than the other; there is nothing inherent to the symbol ‘x’, for example, 
that indicates how it should be ordered with respect to the symbol ‘2’. 

The only information a comparison of such symbols would yield is whether 
the two represented numerosities are the same, or different. In order to 
account for the ability of animals and infants to calculate the results of 
additions and subtractions, added assumptions must be made about the 
kinds of operations animals and infants can perform on their list of mental 
number tags. For example, the ability to add and subtract could be 
explained by positing that animals and infants can count up or down 
along their list of mental number tags itself; to add two to three, the animal 
would start at the ‘three‘ tag, and count two successive tags upward, 
observing that the tag arrived at is the ‘five’ tag. Thus, the capacity of 
animals and infants to add and subtract does not conclusively distinguish 
the two theories, although it would appear to requirp less complex pro- 
cesses on the accumulator model. 

A clear prediction that follows from the difference between the two 
theories is that on the accumulator model of representation of number, it 
should not be a simple process for children to acquire the linguistic 
counting system, because they must learn the mapping between two 
very different representations-their own magnitudinal representations of 
number, and the ordinal representations inherent in the linguistic counting 
system. In contrast, the counting-principles theory predicts that it should 

How such calculations are actually achieved is an empirical question. The descriptions 
are given here simply to show that there are procedures that could be plausibly 
instantiated in the accumulator mechanism to account for arithmetical abilities; they 
are not intended as definitive claims about how the procedures actually operate. 
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be a relatively straightforward process for children to identify the ordered 
list of number words with their ordered list of mental number tags. 

Several studies show that (a) chiIdren know how to perform the linguistic 
counting activity before they know how it determines numerosity (that is, 
knowledge of the linguistic counting activity is at first quite distinct from 
their knowledge of number), and (b) acquiring an understanding of the 
linguistic counting system is in fact quite a difficult process for children. 
In one study (Wynn, lWO), 24- to 34-year-olds were given a ’Give-a- 
number‘ task, in which they were asked to give a puppet from 1 to 6 toy 
animals from a pile. If they understand how linguistic counting determines 
numerosity, they should be able to use counting to give the correct number. 
It turned out that children under about 34 years of age were utterly unable 
to use counting to solve the task-they never counted items from the pile 
to give the correct number, even though they were quite good at linguistic 
‘counting’. For example, children who could count 6 items perfectly well 
were unable to give, say, 3 items from the pile. When asked for larger 
numbers, they just grabbed and gave a random number of items. When 
asked for small numbers (3 and fewer), some children had apparently 
directly associated some of these number words with their correct numer- 
osities and so could give the correct number just by looking, but without 
counting.‘ Thus, children had acquired considerable skill at the linguistic 
counting activity before connecting it with the hypothesized set of innate 
counting principles. 

In another, longitudinal, study (Wynn, 1992b), children’s understanding 
of aspects of the meanings of number words was examined. The results 
showed that by 24 years of age children already know that each number 
word refers to a specific, unique numerosity, even though they do not 
know to which numerosity each word refers. This was determined by 
showing pairs of pictures to those children who already knew the meaning 
of the word ‘one’ (those who, as in the previous study, had associated the 
word ‘one’ with its corresponding numerosity). For example, they would 
be shown one picture depicting a single blue fish, and the other depicting 
4 yellow fish, and asked ’Can you show me the four fish?’ If children know 
the word ’four‘ is a number word, they should know it does not refer to 
a single item since they already have a word for the numerosity one. They 
should thus choose the correct picture by a process of elimination. It turned 
out that even the youngest children succeeded on this task (they were 
equally likely to point to either picture when asked a nonsense question, 
such as ’Can you show me the blicket fish?’). However, despite this early 
knowledge, it took chiIdren nearly a year to learn the pattern behind which 
words refer to which numerosities. That is, it took the same children about 

’ The ability to recognize small numbers without overt counting, called ’subitization’, 
has been shown in infants ( eg .  Starkey, Spelke & Gelman, 1990; Strauss & Curtis, 
1981), children (e.g. Silverman & Rose, 1980), and adults (e.g. Mandler & Shebo, 1982). 
The upper limit appears to be between 3 and 5 for adults, and 3 for children. 
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a year more before they were able to correctly point out which of two 
pictures, one with 3 items and the other with 4 items, was the one depicting 
the 4 items. Even though they had learned the number word list beyond 
‘four’ (at least to ’five’ or ’six’, which was the highest the experiment 
tested), and knew that these words each referred to a specific numerosity, 
they did not know which numerosity each word picked out. This would 
not be expected on the counting-principles theory, according to which 
children would know which word referred to each numerosity once they 
had connected the counting word list with their own number concepts. 

These studies show that it is not until about 34 years of age, long after 
children know that the number words refer to numerosities, that they 
come to understand how counting determines numerosity. This protracted 
period of learning, predicted by the accumulator theory, goes against the 
counting theory of representation of knowledge. 

6. Conclusions 
The experiments reviewed above show that human infants and other 
animals possess a sensitivity to numerosity, and an ability to determine 
the results of simple arithmetical operations. The fact that these abilities 
are evident in a wide range of species and at a very early age in human 
infancy suggests that we are innately equipped with such knowledge, 
rather than learning it through induction over experience. 

How might this initial numerical understanding be related to the acqui- 
sition of more complex mathematical knowledge? There are obvious limi- 
tations on what mathematical knowledge could be obtained from the 
outputs of the accumulator model. It is unlikely that the notion of infinity 
could result from this mechanism, as all physical processes are limited and 
there is presumably some point beyond which the accumulator cannot 
measure. As well, numbers other than the positive integers cannot be 
represented-by its nature, the accumulator mechanism does not measure 
fractional values, negative values, imaginary values, and so on. Similarly, 
there are probably strict limits on the calculations that can be performed. 
I outlined above some plausible procedures for calculating the results of 
simple additions and subtractions; while procedures for multiplication, 
division, exponentiation and so on are also possible from a computational 
perspective, they require progressively more steps, and more accumulators 
to  keep concurrent tallies of various iterations and working results. As the 
procedures become more complex, it becomes less plausible that they are 
physically instantiated in the mechanism.s Finally, on the accumulator 

* Gallistel (1990) argues that animals can perform quite complex calculations: for exam- 
ple, rats can determine which of several foraging areas yields a better rate of return, 
which involves dividing the time spent in a location by the amount of food obtained; 
and honey bees make complex calculations using elapsed time along with the position 
of the sun to determine their trajectory homeward. While these abilities are impressive 
in their own right, it is likely that they do not generalize to other tasks, and are 
therefore not part of general numerical abilities. 
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model, number is inherently tied to the physical world-the model can 
only represent numbers of things (objects, sounds, events, etc.), whereas 
mathematics operates as an abstract system unconnected to the physical 
world. 

However, it seems reasonable that our initial numerical knowledge 
somehow serves as a basis for the development of mathematics-after all, 
this initial knowledge embodies numerical relationships that follow the 
same laws that apply to the rest of finite mathematics (such as, for example, 
the commutativity and associativity of addition). Determining just how 
the transition from this initial basis to more abstract knowledge could be 
achieved is a major undertaking; and it is here, finally, that empiricist 
theories of the nature of mathematical knowledge may have much to 
contribute (such as, for example, Kitcher’s (1984) proposal that mathematics 
is an empirical science and his account of how it has developed as such). 
A recurring question in the philosophy of mathematics is why mathematics 
as an abstract system applies so well to the physical world. At least part 
of the answer may be that the knowledge underlying its development 
arises from abilities designed to provide information of the physical world. 
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