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0. Introduction

Competitive equilibria in economies of overlapping generations are different
from competitive equilibria in economies that extend over finitely many
periods, finite economies for short. These differences concern the properties of
competitive equilibria, such as existence, optimality and determinacy or local
uniqueness; and the phenomena compatible with competitive equilibria, such
as net aggregate debt or fiat money with a positive price.

Ever since the introduction of the model of overlapping generations by
Allais (1947) and Samuelson (1958), economic theorists have striven to isolate
the reasons for the differences between this model and the definitive model of
a finite economy elaborated by Arrow (1951), Debreu (1951, 1970) and Arrow
and Debreu (1954). This is also our focus.

In the original model of Allais and Samuelson, time evolves over discrete
periods. In each period, a new generation is born and lives for two or three
periods. Later extensions of the model permit generations to live longer and
even be immortal, include many commoditics in each period and introduce
uncertainty; the latter is referred to as the stochastic overlapping generations
model.

All the variants of the model of overlapping generations allow for an infinity
of time periods and hence for infinitely many commodities. This infinity of time
periods and commodities is not a mathematical curiosity, but rather is central
to the economic significance of the model. Consider a pay-as-you-go system of
social security. Each period, the young generation makes payments that are
given directly to the old. The young cooperate in this enterprise because they
expect to receive payments when they grow old. Were it believed that there
would be no next generation, the system would surely break down immediate-
ly. In economic models in which the rationality of individuals is presumed to be
unlimited, the fact that no new generation would appear at some point in the
very distant future would also lead to the immediate break down of the social
security system. Individuals would reason that no payment would be made at
the period in which no young generation would appear, the generation just
before would refuse to make its payment, therefore the generation just before
that would also refuse, etc. For exactly the same reason, fiat money can have
positive value in an economy of overlapping generations, whereas in a finite
economy, as Hahn (1965) has pointed out, it must have zero value in the last
period and hence, by backward induction, it must have zero value in every
period.

In an economy of overlapping generations, the temporal and demographic
structure is explicit, which evidently enriches the study of problems such as the
transfer of value over time. It also allows the claim that the inability of



Ch. 35: Overlapping Generations 1901

individuals to trade directly with individuals whose consumption and endow-
ment spans commence after they have perished is the distinguishing feature of
economies of overlapping generations. This, we argue, is not essential. It is
possible to make the demographic structure explicit in a finite economy as well
and to suppose that the consumption of any single individual extends over only
few periods. Yet, equilibria in this economy share the qualitative properties of
equilibria in abstract Arrow—Debreu economies provided the asset market is
complete. A complete asset market, which is essential in the construction of
Arrow and Debreu, implies that trades occur as if all individuals, irrespective
of the period of their biological birth, could participate in an initial exchange of
contracts for the dated and possibly contingent delivery of commodities or
revenue. Furthermore, there is no issue of bequest motives. This way of
modelling exchange at an Archimedean point, without reference either to the
biological lifespan of individuals or of the mediation of transactions, is evident-
ly metaphorical. But the metaphor is no more strained for overlapping
generation than for Arrow—Debreu economies. We maintain the hypothesis of
a complete asset market and hence of a unique budget constraint throughout
this survey.

What distinguishes economics of overlapping generations is the countable
infinity of individuals and commodities. This has two consequences, one
straightforward, and the other depending on two further assumptions. First,
recall that in a finite economy, prices determine the value of arbitrary
commodity bundles; technically, they define a linear functional on the com-
modity space [Debreu (1954)]. In an economy of overlapping generations, the
finite valuation of arbitrary commodity bundles need not be possible. In
particular, even if individual consumption bundles have finite value, the
corresponding aggregate consumption bundle need not. Thus, Walras' law
need not hold for economies of overlapping generations. For a large class of
economies of overlapping generations, we can always find allocations in which
aggregate consumption equals aggregate supply for every commodity, and yet
at the same time every individual is spending less on his consumption than the
value of his endowment. Second, with countably infinite individuals and
commodities, competitive equilibria are limits of sequences of allocations for
finite economies. These allocations are competitive, except that some markets
are allowed not to clear. Since the periods at which markets fail to clear tend to
infinity, the model of overlapping generations has been interpreted as “lack of
market clearing at infinity” [Geanakoplos (1987)]. This approximation by finite
economies is possible because of two properties that further distinguish
economies of overlapping generations, the continuity of individual preference
relations or utility functions, which can be interpreted as impatience, and the
hypothesis that only a finite number of individuals desire and essentially own
any commodity. .

The failure of finite valuation accounts for the features of competitive
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equilibria in economies of overlapping generations. Market clearing may
require that the value of the consumption bundle of an individual exceed the
value of his initial endowment. Prices may fail to convey the aggregate scarcity
of commodities and competitive equilibrium allocations may fail to be Pareto
optimal. When more than one commodity market fails to clear at infinity, as is
the case in economies with more than one commodity per period, more
degrees of freedom are operative at a competitive equilibrium than the one
required to account for the budget constraint and competitive equilibrium
allocations may be indeterminate. Net aggregate transfers revenue may be
compatible with a competitive equilibrium; and this is closely linked with the
possibility that fiat money which provides no utility or liquidity services
maintains a positive price at equilibrium.

The interpretation of economies of overlapping generations as a lack of
market clearing at infinity also explains the properties of equilibria in these
models, of which the auxiliary hypotheses of impatience and finite ownership
and desire for any commodity hold. Since dropping the requirement that all
markets clear only eases the existence problem, economies of overlapping
generations satisfying the auxiliary hypotheses and a further hypothesis on
individual endowments have equilibria. Moreover, there may be many dimen-
sions of equilibria, since not all the markets clear. The dimension of potential
indeterminacy is related to the number of markets that do not clear, which in
turn depends on the number of commodities per period and the lifetime of the
agents. Furthermore, since markets do not necessarily clear, Pareto optimality
cannot be expected, unless the value of the commodities in the markets that do
not clear is essentially zero. For the same reason, fiat money may have positive
value in equilibrium.

It is very interesting that many of the properties of finite economies are
restored in infinite horizon economies if there is some finite set of individuals
whose aggregate endowment is a nonnegligible fraction of the aggregate
endowment of the whole economy. Since individuals are characterized by
impatience, market clearing requires that each agent have finite wealth. It
follows that when a finite number of agents control a nonnegligible fraction of
the resources of the whole economy, the aggregate endowment has finite value
and Walras’ law is restored. Moreover, the value of the commodities in the
markets at infinity that do not clear is essentially zero. This argument rests
entirely on the endowment stream of the nonnegligible agents, and not at all
on whether they consume in every period, or “live” forever.

The infinite time horizon allows the demographic structure, the preferences
and endowments of individual consumers or the production possibilities of
firms to display simple recursive patterns, which also distinguishes economies
of overlapping generations. Competitive equilibria in which endogenous vari-
ables, prices and quantities, inherit these recursive patterns are referred to as
steady states. Alternatively, endogenous variables at competitive equilibria
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may display recursive patterns more complex than the simple pattern displayed
by the exogenous structure of the economy; such equilibria are referred to as
endogenous business cycles. Chaos is observed when endogenous variables
display no pattern whatsocver.

Production introduces no essential difference as long as the production spans
of firms are finitc. We do not consider production economies in this survey.

The countably infinite index of commodities need not refer to calendar time.
Location or any other characteristic suffice to give rise to economies analytical-
ly equivalent to economies of overlapping generations.

Uncertainty alters the argument significantly if the asset market is incom-
plete. As in the case of a finite economy, a complete asset market reduces
analytically an economy under uncertainty to an economy under certainty
[Arrow (1953), Debreu (1959b)]. When the asset market is incomplete,
beyond the existence, optimality and determinacy of competitive equilibrium
allocations which are problematic, as they are in a finite economy [Cass {1985),
Hart (1975)], novel considerations arise; among them, whether endogenous
variables retain the stochastic properties of exogenous varniables, such as serial
dependence or memory [Duffie, Geanakoplos, Mas-Colell and McLennan
(1989), Dutta and Polemarchakis (1990)].

1. The economy

We denote commoditics by
lel,
and individuals by .

heH.

Assumption 1. The set of commodities is non-empty and countable, L =
{1,...}; also, the set of individuals, H= {1, ...}.

Either the set of commodities or the set of individuals may be finite;
nevertheless, most interestingly, they are both countably infinite.
We denote commodity bundles by

x=(..,x,..)EA,

where the commodity spaée, A, is the Euclidean space of dimension equal to
the cardinality of the set of commadities. The context should clarify whether x,
refers to the kth component of a commodity bundle or the kth term in a
sequence of commodity bundles (x,: n=1,...).



1904 J.D. Geanakoplos and H.M. Polemarchakis

The non-negative orthant of the commodity spaceis A, = {x € A: x=0} and
the projection on the Ith coordinate is A,;. The vector of units is 1, and 1, is the
vector with a unit in the /th coordinate and zero otherwise.

An individual is characterized by a triple

(X", u", w"), forh€H,
of a consumption set, a utility function and an initial endowment.

Assumption 2. For h € H, the consumption set, X" C A, is convex, bounded
from below, for simplicity X" C A+, and allows for free disposal, X"+ A, C
X". The utility function, u":X"—R, is quasi-concave, u”(x’ )>
w(x)>u (/\x + (1 - ).)x) >u (x) for 0< 1\ = 1 and weakly monotonically
mcreasmg, x'® x> u"(x')> u'(x), for x', x€X". The mmal endowment 0<
= X , is a positive consumption bundle such that (1~ £")w" € X", for some
0< g < 1.

The 1nd1v1dual does not desuc commodity [ at x EX if and only if
(x — x,l,)EX and u"(x)=u"(x — x,1,); the individual does not desirc the
commodity if and only if he does not desire the commodity anywhere in the
consumption set. The set of commodities desired by the individual, somewhere
in his consumption set, desired for short, is L* CL. The individual is endowed
with commodity ! if and only if w} > 0.

In examples we suppose, for simplicity, that the consumption sets of
1nd1v1duals coincide with the non-negative cone of the commodity space,
X" = A,, unless we explicitly state otherwise.

The weak monotonicity of the utility function complements the free disposal
assumption on the consumption sets.

The assumptions on individual characteristics are standard [Arrow and
Debreau (1954); also Debreu (1959a), Arrow and Hahn (1971)], and require
no comment.

The only necessary novelty here is the choice of a topology for the
commodity space and the assumptions that in this topology individual con-
sumption sets are closed and utility functions are continuous.

The commodity space is a topological vector space with the product topolo-
gy. A base for the product topology consists of cylinder sets of the form
e, 0; X 1Lgp sy, Ay, where O, C A, are open and L, CL is finite. It is the
weakest topology for which the projection maps m, : A— A, are continuous. By
the Tychonoff theorem, a product set C =11, C,is compact if the sets C, C A,
are compact. A sequence (x,: n=1,...) converges, lim,_, . x, = x, if and only
if every component converges, lim,_,, x,, = x,, for /EL. A set, C, is compact
if and only if, for any sequence, (x,:x,€C, n=1,...}, there exists a
convergent subsequence (x, :k=1,...), and x €C such that lim,__, x, =x.
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Assumption 3. For & € H, the consumption set, X" is closed, and the utility
function, &, is continuous in the product topology.

If a commodity bundle does not permit an individual to survive, x €X", the
assumption that the consumption set is closed, and hence its complement is
open, implies that there exists 2 neighborhood, V(x), such that V(x) N X" =@.
Since V(x) is open in the product topology, there exists a finite set L, CL and
£>0 such that x" X", where |x; — x,| <&, for [EL,, no matter what the
value of x;, for { L. Sufficiently distant modifications, even if unbounded,
do not suffice to permit survival. Similarly, if a commodity bundle, x', yields
higher utility than another, x, u"(x") > «”(x), continuity of the utility function
implies that there exists a neighborhood, V(x'), such that «"(x") > u"(x), for
x" € V(x}. Since V(x') is open in the product topology, there exists a finite set
L, CL and £ >0 such that the commodity bundle x” € V(x'}, if |x] — x| < & for
[ EL,, no matter what the value of x}, for [ ZL,, and hence u"(x") > u"(x).
Sufficiently distant modifications, even if unbounded, do not reverse the order
of preference. _ _

In the above comparison, we could take L, = {{ €L: =<, for some [}, the
set of all commodities with index less than some /. Thus, continuity in the
product topology implies that, in a sense, individuals “agree” that commodities
with a lower index, I/, are more important than commodities with a higher
index. As we point out later, when the index of commodities involves calendar
time that extends infinitely into the future but not the past, the assumption of
continuity in the product topology suggests that individuals are “impatient™.
There is no presumption of uniform impatience, however; it may well be the
case that individual /# desires only commodity I =4, for h=1,.... As we see
later, the failure of uniform impatience is related to the possible inefficiency of
competitive equilibria.

The study of economies with infinitely many commodities, typically a
continuum, and finitely many individuals has often restricted attention to
bounded commodity bundles, x € A, = {x € A: ||x]|. <}, where [x|}. =
sup{|x,|: / €L}, and has imposed continuity of individual utility functions in
the Mackey topology {Bewley (1972)]. The Mackey topology is the strongest
topology under which the topological dual of the commodity space is the space
of summable prices, and is evidently weaker than the topology defined by the
supremum norm, || ||.. The Mackey topology is stronger than the weak
topology, the weakest topology in which all linear functionals are continuous.
The weak topology is stronger than the product topology. The sequence of
bounded commodity bundles (x,:n=1,...), where x,,=1, for /<n and
x,,=n,forl>n, forn=1,..., converges to the commodity bundle x =1 in
the product topology but not in the weak topology and hence not in the
Mackey topotogy. Thus, our assumption of continuity in the product topology
is strong. On the other hand, a sequence of bounded commodity bundles
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converges in the weak topology if and only if it converges in the Mackey
topology; that is, these topologies induce the same concept of convergence of
sequences on bounded commodity bundles [Hildenbrand (1990)]). Moreover,
the convergence of a uniformly bounded sequence of commodity bundles is the
same in the Mackey and the product topologies.

Since the commodity space endowed with the product topology is separable
and the individual consumption sets are convex and hence connected, the
existence of a continuous utility function is no stronger than the assumption
that the underlying preference relation be complete and continuous [Debreu
(1954b)]. It is straightforward to handle incomplete preference relations [Wil-
son (1981), Burke (1988)].

Assumption 4. The aggregate endowment of each commodity is finite and
strictly positive,

0<w,= 2 w'<w, forl€eL,
hEH

and thus
0<€weEA.

Since, for any commodity, /, and any 1> ¢ >0, there exists a finite set of
individuals, who jointly are endowed with (1— &)w,, each commodity is
essentially owned by finitely many individuals.

The aggregate endowment need not be uniformly bounded. By rescaling the
units of measurement of different commodities we could always suppose this to
be the case. Continuity in the product topology is not affected by such
rescaling. For the purposes of equilibrium theory, we need not contemplate
individual consumptions that exceed the aggregate endowment, though this
may be contrary to the spirit of a competitive equilibrium, since individuals
might, indeed, contemplate unbounded consumption bundles. Pursuing this
direction, nevertheless, we could suppose thatwE€ A, , = {x € A,_: x =0}, and
also X" CX,, ={x€A,:|x|.<2w}, for hEH. Continuity with respect to
the product topology in X,,, which as we have noted is equivalent to Mackey
continuity, is weaker than the assumption of continuity in the product topology
in A; from the economic point of view, it amounts, roughly, to the assumption
that the impatience of individuals exceeds the growth rate of the agpregate
endowment. Our stronger assumption has the advantage of keeping separate
the restrictions on preferences and the restrictions on endowments. The
weaker assumption would mix the two by imposing continuity of the utility
function on a domain that is dependent on the aggregate endowment through
the rescaling of the units of measurement of commodities.
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The set of individuals who desire commodity ! is
D,={h€H:IEL"}, forie€L.

Assumption 5. For [ € L, D, is finite, at most finitely many individuals desire
each commodity.

An allocation is an array of individual consumption bundles,
"={s"eX" hen).

An allocation is feasible if and only if £,_, x" = w. Since the individual
consumption sets allow for free disposal, while utility functions are weakly
monotonic, there is no loss of generality in stating the feasibility condition with
equality.

Lemma 1. Lef {D;: D, CH, [ €L} be a collection of finite sets of individuals.
Suppose (w,:w, =0, n=1,. ) is a convergent sequence of commodity bun-
dles, w= lim,,_,, w,, and let (x TienXo=w,, x' =0if hgD,, IEL, n=
1,...) be an associated sequence of allocations. There exists a convergent
subsequence, (xfk: k=1,..), with xM=lim,_., xfk a feasible allocation,
Epeg X' =w.

Proof. Let w € A be such that w, < w, forn=1,.... Let X; = {xeX": x=<
w}, for h €EH, be the set of consumption bundles for individual £ bounded
above by w. Since individual consumption sets are closed and bounded below
the set X7, is closed and bounded. Since the set I1,, [0, w,] is compact, X is a
compact subset of X", It follows that the set X" =11, X% is compact Hence,
a convergent subsequence exists, (x ,," k=1,..), with x" =lim,__ x" . Since
mdmdual consumption sets are closed KM is an allocation. It remains to show
that x" 1s feasible or, equivalently, that £, ., x" = w. But this is evident, since
Lhen ki = Lhen; xp= Lpep; i, x :k lim, . Lycp; x:“ w,, for{€L. The
transposition of the summation and the limit is possible since D, is a finite set.

a

If, for each commodity, individual consumption bundles are not restricted to
vanish for all but finitely many individuals, the argument fails. If the feasibility
constraint is imposed as an inequality, this does not occur, but the same point
arises in the argument for the existence of competitive equilibria [Burke
(1988)).

Associated with a feasible allocation there is an allocation of utilities,

w(x") = (W' (") heH) .
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Definition 1. An allocation, x", Pareto dominates another, x'", if and only if
w'(x*) = u"(x"y, forheNH,

with some strict inequality. An allocation is Pareto optimal if and only if it is
feasible and no feasible allocation Pareto dominates it.

We denote commodity prices by

p=(...,p,...)EP,

an element of the positive price domain, P= A,/{0}. Again, the context
should clarify whether p, refers to the kth component of a price vector or to
the kth term in a sequence of prices (p,:n=1,...).

At commodity prices p, the value of a consumption bundle, x, is

px= > Pixr s
el
which may be infinite. Note that prices do not define a linear functional on the
commodity space. They do define a linear functional on A, = {x€ A: x, =0, if
IZL, for a finite set L, CL}. Moreover, any non- trmal weakly mono-
tomcally increasing linear functlonal of A is described by a pEP.
At commodities prices p, the individual optimization problem is

max t"(x) s.t. px<pw”, forheH.

Definition 2. A competltwc equilibrium is a pair of pnces and a feasible
allocation, ( p*, x*™), such that, the commodity bundle x** solves the individu-
al optimization problem at p*,

w'(x)> u'(x*") > p*x >p*w", forxeX",
and
p*x*"=p*w", forheH.

1t follows from the weak monotonicity of individual utility functions that at a
competitive equilibrium

p*w'<o, forheH.

Note that competitive equilibrivm defines a single budget constraint for each
individual. Thus, implicitly, the asset market is complete. Each individual
chooses a consumption bundle that he pays for at once. We can thus imagine
that trade occurs ex ante, under a veil of ignorance, before any uncertainty is
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resolved. Many applications of the model of overlapping genecrations study
economies in which the special demographic structure suggests multiple budget
constraints. The resulting competitive equilibria under multiple budget con-
straints sometimes can be reduced to the equilibria described above, but often
they cannot be. We have chosen not to survey the vast literature on competi-
tive equilibria with multiple effective budget constraints in economies of
overlapping generations.

Definition 3. An economy is individually finite if and only if, for # €H, the
set of commodities desired by the individual, L", is finite.

A uniform bound on the number of commodities desired by each individual
is not important. Each commodity can be replaced by a finite, yet unbounded
over the set of commodities, number of perfect substitutes, thus destroying the
uniform upper bound yet yielding an essentially equivalent cconomy, in
particular preserving continuity in the product topology.

This concludes the description of an abstract exchange economy,

E={L,H, (X", v, w"): heH}.

Note that we have incorporated the hypotheses that there is a countable
infinity of commodities and a countable infinity of individuals, each commodity
is desired and is essentially owned by finitely many individuals and that the
utility functions of individuals display impatience. It remains to represent the
recursive possibilities inherent in economies of overlapping generations.

Definition 4. An abstract exchange economy, E={L,H,(X* u*, w"): hEH]},
reduces to another, E' = {L', H', (X" Juw ): ' eH'},

E—E',

if and only if there exists a bijective map, g : H— H’, and a linear, continuous,
weakly monotonically increasing, surjective map, ¢:A— A, such that, for
heH, XMW = p(x"), wi? = e(w"), and uf™ = utop ™l

Economies are equivalent,

E~E',
if and only if there exist bijective, equivalence maps, f:L— L' and g :H—>H,

between the sets of commodities and individuals, respectively, in the two
economies such that for hEH, X" = ¢(X"), w*® = p(w") and u*™ =
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u"op~' where ¢:A— A’ is defined componentwise by @ (x) = xp-1yy, for
el

Evidently, if the economies E and E’ are equivalent under the equivalence
maps f: L—> L' and g: H—H, ( p*, x ) is a competitive equilibrium for the
economy E if and only if ( ' "“ ) is a competitive equlhbnum for the
economy E’, where p," =pj- .(, > for I’€L’, and x;*&s® =x32y.,, for IEL
and h € H.

If an economy, E, is obtained from an economy, E', by replacing a
commodity by a finite number of perfect substitutes, the economy E reduces to
the economy E’.

Economies are equivalent if they differ only in the indexation of com-
modities and individuals.

Evidently, the identity maps f = i; and g = i, establish the equivalence of an
abstract exchange economy of overlapping generations, E, with itself. But
there may be other such equivalence maps.

Definition 5. The group, G, of symmetrics of an abstract exchange economy,
E, is the group of equivalence maps of E, where (f,g,)°(f:, &)=
(fi°f;» 81°8,) defines the composition, and the identity maps (i, i) define
the unit element.

It is often of great interest whether or not there exist competitive equilibrium
allocations, or other special allocations, x¥ that are invariant under all
symmetries, that is, for every symmetry, (f, g) €G, »*? = p(x"), for hEH.
Another class of interesting allocations are those that are invariant to a
subgroup, G'i(}, of symmetries of E. When the temporal structure of the
economy is explicit, symmetrics can be interpreted as time invariance.

For a positive integer, n, G” is the nth power of the group G, a subgroup.

Definition 6. An allocation for the exchange economy E is a cycle of order # if
and only if it is invariate under the subgroup G"C G of the group of
symmetrics of E, but is not invariant under any subgroup G”, for m < n,

1.1. The temporal and demographic structure

Economies of overlapping generations received their name from the special
pattern of preferences and endowments that Allais and Samuelson used in their
first examples in which individuals lived for two or three overlapping periods
consuming and exchanging only in their lifetimes. We present now an explicit
demographic and temporal structure underlying the abstract economy that we



Ch. 35: Overlapping Generations 1911

introduced above. This formulation includes as special cases the first examples
as well as the so-called stochastic overlapping generations models as long as the
set of histories of realizations of uncertainty up to any date is at most
countable. The essential reason why all these models can be understood simply
as instances of an abstract exchange economy is that in all of them individuals
optimize under a single budget constraint,

We denote time periods by

te€T,;={t,....5}.

Thus, time extends infinitely into the future but not into the pastif T,; =T, _,
and it extends infinitely into the future as well as into the past if T,;=T_, ..
Time is finite if both ¢ and ¢ are finite; they may coincide. B

Under uncertainty, we denote date-events by

(s.)ES,

where 8= UJ,_; 8, is 2 non-empty, countable set, and

S, ={1,...,8§}x {1}, forteT,;.

If (s, t) €S,, we interpret s as an event at ¢ or a history of rcalizations of
uncertainty up to t. For t=<t<1, there is associated with every date-event
(s,t+1)ES,,, a unique date-event (s, t+1)=(s",¢)ES,, its immediate
predecessor. Thus (S, ¢) is a tree. A date-event (s', t') precedes a date-event
(s, £) if and only if (s', ') = ¢"(s, t), for some 1= n <<oo; this we denote by
(s', ") <(s, ). For a date-event (s, t) ES, the branch that contains (s, ¢) is
S ={GLYES: (s, )=(s,t) or (s, ¢')<(s,1) or (5, ) <(s",£')}.

A temporal structure is thus a triple

(Tl_fa S, lj’) .

In the special case of certainty, the temporal structure is simply T, ;.

When time extends infinitely into the future but not into the past under
uncertainty, one of countably many states of nature §, € @, for t €T, ., may
be realized each period; in particular, a date-event is (5,#)=(6;,...,8,0)€E
S, =1I._, 8, x {t}. When time extends infinitely into the past as well as into
the future, it is important to preserve the countability of the set of events at
any finite time. This can only be maintained if there is no uncertainty before
some finite time. For simplicity, we require that one of countably many states
of nature, __ € @__, is realized at " = —” with no further uncertainty until
t =0, while one of countably many states of nature, 6, € @,, may be realized
each period ¢t =1; in particular, a date-event is (s, ¢} =(8_., ), for +<C1, or
B _..0,...,8,, fort=1.
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Definition 7. An exchange economy of overlapping generations is a triple

(E’ (Ti.."’ S, 'f’)v (O-L! O-H)) »

Ed

of an abstract exchange economy, E, a temporal structure, (T, »8,4¢),and a
pair (o, o), Where o, : L— 8§ is a function, whlle oy :H— 8 is a correspond-
ence such that (1) for (s, t)Eo'H(h) either w} >0 or I€L" for some /€
ar'(s, ), (i) if w*>0 or IEL* and o (N E oy(h), (s', )< o () for some
(s, ')Eay(h), and (iii) for (s',t')ES, there exists (s,?)E S such that
(s', )<(s, 1) and o' (s, 1) # 8.

From (iii), time extends infinitely into the future Commodity ! is available at
oL(i) Individual h, conditional on (s, f), is “born™ at t(h (s,))=sup{t' €

T,.: if <t and o ()= (s", ") ES,,,,, w; =0 and l,e’L }; individual 4 is
born at W) =sup{tET, . :if ¢'<t and o (I}=(s, 1), wl=0 and I€L"} =
inf(t' €T, . : ¢’ =1(h;(s,1)) for some (s,f)€S}. From (i) and (ii),
«h; (s, 1)) = inf{s' ET,.:(s" t")Eoy(h)NS,,} and Hh)=inf{r'ET,.:
(s, t") € oy(h)}. From (iii), further, individuals do not cease to be born. The
periods of consumption or endowment of the individual indeed begin at £(h) or
t(h; (s, 1)), conditional on (s, £), and not earlier. The individual, conditional on
(s, 1), “dies” at t_(h;(s, N)=inf{t' €T, . :if '>¢' and o (I) = (", ") €S, ,,,
w; =0 and IQ’L }; the individual dies at H{h) =inf{t' €T, .:if "> and
o (D =(s,1), w; =0 and [€L"}=sup{t ET,.: ' =Hh;(s,1), for some
(5. ) €S, ).

The date of birth of an individual may not be finite, f(h) = —=. An individual
may be “immortal”, H{h) = .

As a special case, we obtain a model in which the life spans of individuals are
stochastic [Yaari (1985)]. The state of nature at 1, 6. may determine the
individuals who are born as well as the individuals who die at ¢. In this case, the
number of individuals alive at any date-event may be non-stochastic, while an
individual may be alive at any date following his birth and is thus immortal.

We refer to oy as the demographic structure. Note that, since oy is a
correspondence and not necessarily a function, we may not need to consider
individuals as distinct according to the date-event at their birth.

Under certainty, we write (7, 74) for (o, oy)-

A change of notation is convenient when the temporal structure is explicit.

We denote commodities available at (s, #) by

(L, D€L, ,={1,...,L, s} x{(s,0)}, for(s,r)€S,

the set of commodities at #is L, = U, ¢ L, ,,, and the st of commodities is
L= UiETL; L,.
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A commodity bundle is
X=(.s X .- )EA,

where A=1l, ¢ A, and Xy = o os Xy ) E A, is a commodity
bundle at (s, ¢); also, A, = Il hes, A.» and x, € A, is 2 commodity bundle at 7.
Individuals who are born at ¢, and thus form a generation, we denote by

(h,t)EH,={1,...,H)x {1}, fort€T,

and the sct of all individuals is H= U, H,.
The periods of consumption of an individual are T* = {{*9, . "N
T,; such that ¢ ZT"? 3L, NL*"” =9, and his consumption span is 1<

A" <F0O _ (%041 The periods of endowment of an individual are
TE = (00 1y CT,;, such that ¢ @TH" w9 =0 and his en-
dowment span is 1< A" < 7% — ({50 L1 Thyg, ¢= min{t*", (#9}, The
periods of consumption and endowment of an individual need not coincide. In
particular, the endowment span of an individual may be infinite even though
his consumption span is finite.

As a special case we obtain individually finite economies in which the
consumption, and possibly the endowment span as well, of each individual is
finite, which have been traditionally referred to as economies of overlapping
generations,

Exchange economies of overlapping generations are equivalent,

(E’ (TA,T’ S’ ‘,’)v (UL’ UH)) - (E,v (Ti'.f's S,’ ‘l”)7 (0;_,7 U'r]]))
if and only if the; abstract economies, E and E’, are equivalent, E~E".

Definition 8. The temporal structure is simple if and only if time extends
infinitely into the future but not into the past, under certainty. The simple
temporal structure is thus T .

Lemma 2. Every exchange economy of overlapping generations is equivalent
to an economy with a simple temporal structure.

Proof. Let (E,(T,,, S, ¢), (s;, 0y)) be an exchange economy of overlapping
generations. Let T, be the simple temporal structure. Consider the map
T :L—T,, defined by 7, (I)=¢, if r=1, and 7, ({)=1—1¢, if =<0, where
(t, 5) = o.(!}. Consider the map 7, : H— T, . defined by 7, (h) =1, if (t,5) €
oy(h) and t=1, n,(h)=1-Kh), if {(h)<0, (s,f) € ox(h) and t<0, and
Ta(R) =1if t(h) =1, (s, f) € oyy(h) and ¢ < 0. Evidently, (E, T, .., {1, 7y)) is an
exchange- economy of overlapping generations. |

This equivalence reduces economies in which time extends infinitely into the
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future as well as into the past, under certainty as well as under uncertainty, to
economies under certainty in which time extends infinitely into the future but
not into the past.

When time extends infinitely into the future but not into the past, continuity
of the utility function in the product topology can be interpreted as impatience.
The impatience implied by continuity in the product topology is stronger than
that implied by continuity in the weak and hence the Mackey or norm
topologies. Nevertheless, any continuous, intertemporally separable utility
function #*” =%, ron u®” that are well defined everywhere on the con-
sumption set with X" =11, ;00 X®" and %" :X*" SR a continuous
function, for ' € T"", does satisfy continuity in the product topology. An
important example is the function " =%, an Bv"", where L, =L for
' €T*" v*" LR is a continuous, bounded function, and 0 << 8 < 1.

In examples, we suppose, without loss of generality, that the temporal
structure is simple, unless we explicitly mention otherwise.

Example 1. Economic activity extends infinitely into the past as well as into
the future under certainty. One commodity is available each period, L, =
{(1, 1)}, and one individual is born, H, = {(1, £)}. The economy is equivalent
to an economy in which time extends infinitely into the future but not into the
past, T,; =T,., two commodities are available each period, L, =
{(1,8),(2,1}, and two individuals are born each period, H) =
{(1, ¢, (2, ¢')}. Tt suffices to identify periods t=¢'=1 and t=1— ¢ <0 with
period =1, individual (1, ¢) with individual (1, ), for r=¢ =1, and in-
dividuat (1, ¢) with individual (2, ¢") for t = 1 — ¢’ <0, and similarly commodity
(1, £) with commodity (1,¢"), for t=1¢ =1, and commodity (1, ) with com-
modity (2,¢"), for t=1-¢ =0,

Definition 9. The demographic structure is simple if and only if the temporal
structure is simple and, in addition, the consumption span of each individual is
two. This does not restrict the endowment spans of individuals.

Lemma 3 [Balakso, Cass and Shell (1980)). Every exchange economy of
overlapping generations that is individually finite is equivalent 1o an economy
with a simple demographic structure.

Proof. The argument is constructive. Let E be an abstract economy that is
individually finite.

Let L, be any finite set of commodities, and let L, = {1} UL, and H, =
{(IJU{hER:L,NL"#6 or w,;>0, for /€L,}. Define inductively
L={} U, L%U,. L., andH ={}U{h€H:L NL" % or w} >0,
for /€L,}/U,,_, H,.. Evidently, {L,: /€T, .} is a partition of the set of
commodities, L, and {H: tET, .} is a partition of the set of individuals, H.
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Consider the economy (E, T, .., (t,, 7)), where the maps 7, :L—T, , and
w: H— T, , are defined, respectively, by 7, (/) = ¢ such that /€ L, and Tﬂ(h) =
t such that # € H,. By construction, L0 ¢ L,UL,,, and thus, Wlthout loss of
generality, T*” = {#,1+ 1} or A* =2, 0O

Example 2. Economic activity extends infinitely into the future but not into
the past, under certainty. One commodity is available each period, L, =
{(1, )} and one individual is born, H, = {(1, ¢}}. The life span of an individual
is three, T = {¢, ¢+ 1, t + 2}. The economy is equivalent to an economy in
which time extends infinitely into the future but not into the past, T' = {1, ...},
two commodities arc available each period, L), = {(1, ('), (2, ')}, and two
individuals are born, H;. = {(1, ¢'}, (2, ¢')}. It suffices to identify period ¢ with
period ' = [¢/2], commodity (1, t) with commodity (1, ¢'), for ¢’ =[¢/2], if ¢t is
odd and (2, ¢') if ¢ is even, and similarly individual (1, ¢) with individual (1, ¢)
for ¢' =[¢/2] if tis odd and (2, ¢") if t is even, where [k] is the smallest integer
greater than or equal to k.

2. The existence of competitive equilibria

We consider first examples that isolate the reasons for the failure of existence
of competitive equilibria. In some sense, assumptions 1-5 are necessary in
order to ensure the existence of competitive equilibria, but they are not
sufficient. Even after introducing assumptions 6 and 7, we only guarantee the
existence of ‘‘compensated equilibria”. The existence of competitive equilibria
requires yet another condition.

Competitive . equilibria may fail to exist when consumption bundles are
uniformly bounded, but not continuous in the product topology, if the aggre-
gate initial endowment is not bounded.

Example 3 [Wilson (1981)]. One commodity is available each period,
(1,0=1 and one individual is born, (1 t) = t. The utility function of individu-
al ¢+ is u'=x,+ax,, with a<j, and his initial endowment is w'

(..,0,w =2 w, =270,...) In addition, a second individual is born in
the ﬁrst penod (2,1)=0. The utlllty function of individual 0 lS W =1, B'x,,
with § < 8 <1, and his initial endowment is w*= (w! =2, w =0,...). Observe
that the utility function of individual 0 is indeed Mackey continuous on A, ,.
However, the aggregate initial endowment is w = (4, 8, 16, . ..) and hence not
bounded, w & A, ,. In order to show that no competitive equilibria exist, we
argue by contradiction. Suppose p* are competitive equilibrium prices. Note
first that p', | < } p;'; otherwise, from the optimization of individual ¢ it follows
that at the associated allocation x/., =0 and hence, from the budget con-

**l

straint, p*x* = p*2' + p¥ 2" which implies, if p¥,, > L pF, that x*' >2'"! =
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w,, a contradiction. But p ,<4p} implies, since B> 1, that there is no
solution to the optimization problem of individual 0.

Competitive equilibria may fail to exist if infinitely many individuals desire
some commodity.

Example 4 [Burke (1988)]. One commodity, (1, ) = t, is available in periods
following the first, t=2,. .., while two commodities, (1,1)=0and (2,1)=1,
are available in the first period. In the first period, a countable infinity of
individuals, (h,1)=h for h€H, = ..}, are born and they are the only
individuals in the economy. Inleldua] h has utility function u"=x,+x,, and
his initial endowment is w”" = (0,...,0, w,_ =1, wh = ..). Note that all
individuals desire commodity 0. In order to show that no competmve equilibria
exist, we argue by contradiction. Suppose (p*, x*”) is a competntlve equilib-
rium. Evidently, p* & 0. Utility maximization 1mphes that x =0, for¢t+#0, A,
and the market clearing conditions teduce to Z;_, x;” =1, while x}" =

wy +wit' =2, for h —-1 . From the budget constraint of mdnvndual h it
follows then that p w' —p,, +p,, \=2p; or ---\p,, sp,, = <p0 In-
deed, =Py =Pay =" =pg;forif p; <pr_ forsome h, p; <pr, xt'=

0, and then, from the linearity of the utility function of individual A and agam
from his budget constraint, p; = p,_,, a contradiction. But the constancy of
prices leads to a contradiction since 1t implies from the individual budget
constraints and market clearing that x}" =0, for h=1,.

With a particular commodity desired by infinitely many mdlviduals, the limit
of competitive equilibrium allocations for the finite economies obtained by
restricting attention to individuals 4 < n and commodities 4 < n may not be a
competitive equilibrium for the full economy. For a particular commodity, the
aggregate feasibility constraint may be satisfied with equality all along the
sequence of competitive equilibrium allocations for the truncated economies
but not at the limit, even though the price of the commodity remains positive.
The limit operation need not commute with aggregation across individuals
when the latter involves an infinite sum and thus the set of feasible allocations
is not compact; equivalently, the infinite sum of upper-semi-continuous cor-
respondences, the individual excess demands, need not be upper-semi-
continuous.

Indeed, Assumption 5 requires that at most finitely many individuals desire
each commodity.

Definition 10. An abstract exchange economy is irreducible if and only if, at
any feasible allocation, x", and for any non-trivial partltlon {H',H?), of the
set of individuals, there ex1sts an individual, A, € H’, such that

& (Jc:"2 + 2, w") > u"(x"y

hen!
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This does not allow for a reallocation of commodities and thus strengthens the
analogous condition for finite economies [Nikaido (1956), McKenzie (1959);
also, Debreu (1962), Arrow and Hahn (1971)].

Assumption 6. The abstract exchange economy is irreducible.

If the economy is not irreducible, competitive equilibra may not exist; this is
the case in a finite economy as well.

Example 5 [Arrow (1951)]. Consider an abstract finite exchange economy.
There are two commodmes [=1,2, and two 1ndlv1duals h=1,2. Individual

=1 has utility function u = x, and initial endowment w'=(1, 1) Individual
2 has utility function «’ =x, and endowment w’ = (0, 1). Ev1dently, the
economy is not irreducible. For the partition H' = {2} and H’= {1}, no
mdmdual in H® benefits by receiving the aggregate endowment of individuals
in H'. In order to show that competltlve equilibria do not exist we argue by
contradiction. Suppose p* =(p;, p;) are competitive equilibrium prices. If
p; >0, commodity 2 is in excess supply since individual 1 supplies the
commodity inelastically while individual 2 is not endowed with commodity 1 to
offer in exchange. If p; = 0, there is no solution to the optimization problem of
individual 2.

2.1. Truncations

Let
E={L,H, (X" " w"): h €H}

be an abstract exchange economy.

The argument for the existence of competitive equilibria proceeds by
considering a sequence of finite or “truncated” economies that tend to the
“full” economy, at the limit.

Consider a finite set of commodities, L” CL, and a finite set of individuals,
H" CH.

Consider the commodity space A", Euclidean space of dimension L", the
cardinality of L” and commodity bundles x"€ A"; for a commodity bundle
XxE A, x" =proj.x; AL = {x"€A": x" =0}

For a commodity bundle x"€ A" and for an individual h €H, we wnte
"€ A for the commodlty bundle defined by £}, for /€L", and £"* = w?,
for [ ZL" For prices p" €P" = A", /{0}, we wrlte p" EP for the prlces defined
by p/, for I€L", and p] =0, for I ZL". For commodity bundles x € A and
x'€A, we write (xA,x')EA for the commodity bundle defined by
(xA,x"),=x, forl€L", and (x A, x'), = x}, for | &£L". The vector of units in



1918 J.D. Geanakoplos and H.M. Polemarchakis

A" is 1". The context should make clear whether x* refers to a consumption
bundle for the kth individual in the full economy or to a commodity bundle in
the kth truncation.

A finite economy

En — {L", Hn, (Xn.h, un.h, wn.h): he Hn}

is obtained by considering commodities in L” and individwals in H" and
restricting the characterlstlcs of individuals to A" C A. The consuml;'mon set of
an individual is X"" = {x": " €X"}, his utility function is u X" R
defined by ™" (x") = u"(x™ k) and his initial endowment is w””. An allocation
is an array x™" = {x"" €X"": hEH"}. An allocation, x""', of commodities
in the truncated economy is unamblguously associated with an allocation ™

in the full economy, where "= w", for h&H" The desirability of com-
modities, Pareto dominance, 1rreduc1blhty and competitive equilibrium are
defined by analogy to the definitions in the full economy or, equivalently, in a
standard finite economy.

An increasing sequence of sets of commodities, (L":L"CL™"', n=1,..),
converges to the set of commodities, L, if and only if U,,=, L" =L; similarly,
an increasing sequence of sets of individuals, (H": H"CH"™, n=1,..),
converges to the set of individuals, H, if and only if U_ H"=H. The
sequence of finite truncated economies, (E": n=1,...), associated with con-
vergent increasing sequences of finite sets of individuals and commeoedities we
say converges to the economy E.

The economy E is sequentially irreducible if and only if it is the limit of a
sequence of finite irreducible economies.

Perhaps surprisingly, an economy may be sequentially irreducible even
though it fails to be irreducible and competitive equilibria fail to exist.

Example 6. Two commodities are available cach period, (I, f), forI=1,2. An
mdmdual (2 1)y=2, has utility function u’ = X(».;y and initial endowment
wi=(w =(1,0),...,w’ =(4,0),...). In addition, each period, an individual
is born, (1, 1), and has utlllty functlon

(L _

U
XontXo,n~ 1, forO=x, .. xopSslandx, o +x, <1,
2x +2x -2
(20413 (1.1}
Ty , for0<w,, ., =2, 0=sx,  ,<landl=x, ., +x,,,
{1
X2 i1y forx,,,,=2orx, =1,

and initial endowment w''? =(_..0, w!"" =(0,2),0,...). Observe that in-
dividual (1, £) desires commodity (1, t) only as long as X .,y = 2. Consider
first the truncated economy E;, associated with L'=U!_| L, and individuals
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H'=U{_| H,. In order to show that it is irreducible, suppose irreducibility fails
for some non-trivial partition {H"', H"?}. It follows from the preferences and
endowments of individuals that if (1, )€H"' also (1,7—1)EH"' and thus
(1,1)EH"". Suppose 2€ H"%. Then (1,1)€H"* and hence H"* =H, a con-
tradiction. Conversely, suppose 2 € H"'. Thus, since at a feasible allocation for
the truncated cconomy individual (1, 7) indeed desires commodity (1, 7) with
which individual 2 is endowed, (1,f)E€R"' and hence H"' = H', which is a
contradiction. Competitive equilibria prices for the truncated economy are

pY=(py =(0,1), p¥=(0,1),..., p, =(0, 1),_p§M =(4,1)) and the associ-
ated allocation is described by x*?=(x}"?=(0,2),0,..), x**'=
(-0, x}{""=(0,2),0,...), for t=1,...,i—1, and x*D=(. 0,
xFUD = (4,0)). Alternatively consider the full economy, E, and the feasible
allocation x* =lim;,. £*". At this allocation, commodities (1, ¢), with which
individual 2 is endowed, are not desired by any other individual, and hence the
utility of no individual in H> = {(1,1},...} would increasc if he were to receive
the aggregate endowment of individuals in H' = {2}. It follows that the full
economy, E, is not irreducible. In order to show that indeed no competitive
equilibria exist for the full economy we argue by contradiction. Suppose p* are
competitive equilibrium prices. From the strict monotonicity of the utility
functions of individuals 2 and (1, () in commodities (2,1) and (2,f+ 1),
respectively pf, ,, > 0; since (2, 1) is not desired by any individual other than 2,
and since this individual is endowed only with commodity (1, t), equilibrium
requires that p{; , >0 for some ¢. But this is a contradiction since commodity
(2,¢) is desired only by individual (1,7~ 1) and hence at the associated
competitive equilibrium allocation x;y}7}, =2, which in turn implies that
commodity (1, ) is not desired by any individual. Observe that as the point of
truncation tends to infinity, the competitive equilibrium prices tend to
lim,. p*=p*=(p; =(0,1),..., pF=1(0,1),...) at which the revenue of
individual 2 vanishes.

Competitive equilibria may fail to exist due to the structure of an individual
consumption set; in particular if a commodity bundle that coincides with a
consumption bundle up to time ¢ and with the initial endowment of the
individual after time ¢, fails to be in the consumption set.

Example 7 [Burke (1988)]. One commodity is available each period, (1, 1) =
- £. In the first period, two individuals are born, (1, 1) = i and (2, 1) = j, and they
are the only individuals in the economy. Individuals i has consumption set
X'={x: x=0and x,+2(x, - 1) =0 for t=3,...}, his utility function is
u' = x,, and his initial endowment is w'=(...,2,...). Note that a consump-
tion bundle such as x=(1, 5,3,1,2,4,8,...) does not yield a consumption
bundle if x, is replaced by w,, for ¢ large. Individual j has a consumption set
X' = {x:x=0}, utility function u/=x, +I7,4°¢D min{x,, 5} and initial
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endowment w' = (... ..). In order to show that no competitive equilibria
exist we argue by contradlctlon Suppose (p*, x*™) be a competitive equrlrb—
rium. By the strict monotonicity of the utility functron of individual j, p* > 0.
Market clearmg, the boundedness from below of X', the requirement that
x*' €X' and in particular the structure of X' imply x;'=1. It follows that

=(xy',1,0,...) while x*/ = (4 xt. 3,4, ) Utlllty maximization by in-
dwndual j then |mphes that p =(py, p2 I 2’p;‘,. .). But this is a
contradiction since at prices p* individual i does not maximize utility subject to
the budget constraint at x*'; the alternative bundle x’ =x(;" +p2 12p7,
0,... ,2’ P )isa preferred point in the consumption set and it is afford-
able, p*x’ “Pi"xi'” ip} + I, (272 Np3 =pix;' +I,() 'pr =

**l‘

pixi +p; =p*x*

Definition 11. Autarky is everywhere eventually individually feasible, if and
only if, for A €H, for any increasing, convergent sequence of ﬁnite sets of
commodities, (L": n —1 ..) and for any consumption bundle x" € X" there
exists 72 such that ™" €X”, for n =7,

This restricts the structure of mdwrdual consumption sets; yet, it is weaker
than the assumption that X" = A, [Wilson (1981), Burke (1988)] and is
necessarily satisfied in individually finite economies.

Assumption 7. In the abstract exchange economy, autarky is everywhere
individually feasible.

Competitive equilibria may fail to exist in the presence of individuals whose
consumption-cndowment spans are infinite yet their initial endowment is an
eventually negligible proportion of the aggregate endowment.

Example 8 [Wilson (1981)]. One commodity is available each period,
(1, 1) = ¢. In the first period, two individuals are born; the first, (1,1)=1, has a
consumption span of two, while the second, (2, 1) = i, has an infinite consump-
tion span. In periods following the first, one individual is born, (1,1) =1,
whose consumption span is two. The utility function of an individual with a
two-period consumption span is u' = x, + 3x,,,, and this initial endowment is
w={(. =1, w,,=1,0,...). Thc utility function of the 1nd1v1dual with
infinite consumptlon is u'=x,, and his initial endowment is w'=(..., w!=
(1),...). Note that the endowment of individual i is eventually a neghgible
proportion of the aggregate endowment; that individual i derives utility from
consumption only in the first period simplifies the argument but is not essential.
In order to show that no competitive equilibria exist, we argue by contradic-
tion. Let p* be competitive equilibrium prices. Since every commodity enters
the utility function of at least one individual strictly monotonically, p* > . Let
Ti.={t>1:p}, <3p'} CT. Observe first that T[, is an infinite set; other-
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wise, p*w' =, which is incompatible with equilibrium, in particular with

market clcaring in the first period. Further, for €Ty, x" =0 and hence
*l*l

X, w4 w, >2 from the budget constraint of mdmdual -1
then, 2pr <p,"‘ sl —p, y + p and hence p°, > p;". Since T/, is an infinite
set, py>py>->pl,>pl > It follows that p*w'=X7_,27'p} <py.

From the budget constraint of 1nd1v1dual i, x{' <1, while x;“ =0 since p; <
pr. But this is a contradiction since w} + w; = 3 >1>x} +x}!, while x{ =0
for t > 1.

In the same economy, it is remarkable that by permitting some individuals to
overspend their budget, without requiring any individuals to spend less than
their budget, market clearing can be restored. Moreover, the income transfer
can be restricted to individuals with infinite endowment spans. The argument is
constructive. Let p*=(..., p’,...), where p} = 1 and pro=(1+27)"pk,
for t=2,.... Consider the allocatlon M= {F 7 r=1,...) where x*' =
(3,0,..), while ¥*=(..,0,x} =2+2 “*”,0, ...). Since p*w' <p*
while 5*x*' = (2)p*, a net transfer of revenue 7*' = p*x*' > (3)p?% >0 imple-
ments (5*, x*") as a competitive equilibrium with a positive net transfer of
revenue or a compensated equilibrium.

Definition 12. A compensated equilibrium is a pair, {p*, £*"), of prices and
a feasible allocation such that

u'(x) > (7)) > prx>prith, forxe X"
and
pri*t=prwt, forh€H,

with equality whenever an individual is endowed with finitely many compo-
nents.

From the weak monotonicity of the individual utility functions, it follows
that at a competitive equilibrium

prw'<pritt <o, forhe€H.
A compensated equilibrium is a competitive equilibrium if and only if
p*i*f=p*w", forheH.

From the weak monotonicity of the utility functions, it follows that at a
compensated equilibrium

W)= u"(Z*") > prr=p*E*", forxeX’ heH.
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Theorem 1 [Wilson (1981), Burke (1988); also, Balasko, Cass and Shell
(1980), Okuno and Zilcha (1982)]. In an abstract exchange economy, under
Assumptions 1-7, compensated equilibria exist.

We consider a convergent sequence of prices and a convergent sequence of
feasible allocations for the full economy obtained from the competitive equilib-
ria for a sequence of finite modified truncated economies.

Lemma 4. If (p,€P:n=1,..) and (x,EA,:n=1,...) are convergent
sequences of prices and consumption bundles.

(lim p,)(lim x,) <liminf(p,x,) .

Proof. Let p=lim,,, p, and x=Ilim,_, x,. For any %, it follows from
positivity that (p, A, 0)(x, A, 0)=p,x,. Letting n->o, we obtain that
(p A O(x A, 0)<liminf . (p,x,). Since px =lm, .(p A, 0H{x A, 0), px<
liminf,_.(p,x,). 0

It is worth remarking that the reverse inequality in Lemma 4 need not hold.
Take p,=x,=1,, n=1,...; evidently, lim,_,_ p, =lim, . x,=0. Then
- (lim,_. p,Xlim__,_ x )=0<1=liminf_ . p.x,. ‘

A difficulty in proving the existence of compensated equilibria arises from
the possible failure of the economy to be sequentially irreducible. In order to
obtain competitive equilibria for a convergent sequence of finite truncated
economies, it is necessary to perturb the structure of each economy with the
perturbation vanishing at the limit. If the perturbation involves only the
endowment of each individual, it may not be limited to finitely many com-
modities. It is then necessary, and rather involved, to show that at the limit the
value of the perturbation vanishes [Burke (1988)]. In our argument we perturb
the utility functions as well as the initial endowments. The perturbation of the
utility functions allow us to perturb the endowment of each individual in only
one commodity and simplifies the limiting argument. The perturbation of the
initial endowments allow us to perturb the marginal utility of each individual in
only one commodity, different for each individual, thus preserving the proper-
ty, essential for the limiting argument, that finitely many individuals desire
each commodity.

Proof of Theorem 1. Consider the convergent increasing sequence of sets of
commodities, (L": L"CL""', n=1,...), where L" = {1,...,n}, and the con-
vergent increasing sequence of finite sets of individuals, (H": H" CH""'
n=1,...), where H" = {1,...,n} CH.

Recall that A" is the Euclidean space of dimension L”, and, for x € A,
x" = proj ,» x while, for x"€ A" and h€H, #*" is the vector defined by

An.h

£Mr =47, for IEL", and £"" = w, for I ZL" Prices are p” €P" = A" /{0},
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and p" is defined by p; = p,, for LEL" and p; =0, for [ZL,. The vector of
units in A" is 1%

For n=1,... the modified truncated economy E'" is obtained by first
perturbing the utility functions and the initial endowments of individuals in the
full economy, and then truncating, according to

1 ~
u,n.h(xnﬂ) = uﬁ(;e"-h + ; xhl) y for h EH" y
and
PUSRIS TN S

while
W'"'n = (Wﬂ + l i]) .
n

The truncated, perturbed utility function of individual h, u'™" is strictly
increasing in commodity A, since the utility function, u”, is weakly monotonic;
also, W™ s quasi-concave. The modified, truncated initial endowment of
individual h < n, w'™", is positive in commodity & + 1, and of individual & = n
in commodity 1.

The set, D,", of individuals who desire commodity [ in the meodified
truncated economy is contained in D, U {/}, a finite set independent of n. The
aggregate endowment is (X,cp w" + (1/n)1)" > 0.

Let (p*", x*"") be a competitive equilibrium for the modified truncated
economy E'". That a competitive equilibrium exists follows by the standard
argument for finite economies, since the economy is irreducible [McKenzie
(1959), Debreu (1962), Arrow and Hahn (1971)]. Furthermore, the income of
each individua! at a competitive equilibrium is positive, p*"w'"" >0 and
p*" =0. Without loss of generality we suppose that p*"w™! =1. Also, since
individuals do not display satiation while consumption sets allow for free
disposal we have that x;"" =0 for h €D, U {{}.

Let w'" = w+ (1/n)(1 A,0) € A. Note that, for h€H, lim,_, #'"" =w"
and also lim,_, w'" = w.

Let 2*"" be the allocation for the full economy associated with the equilib-
rium allocation for the modified truncated economy, defined by #*mr = w" for
h&H". Observe that by construction X,y #*7f=w'™ By passing to a
subsequence, by Lemma 1 we obtain that
xn.H

M= lim £

n—ros

is a feasible allocation.
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Claim 1. For h €H, there exist finite, positive scalars, 0< c" < &" <o, such
that

0<c"<liminf p*"w™" <limsup p*"w""" < &* <oo.
— [
We argue by contradiction. Let H' = {# € H: lim sup,H,c prw" =) and

rn i

let H: = {h €H: limsup, . p*"w'™" <}, Suppose H' #6; since 1EH? t

partition {H', H*} is non-trma] By the irreducibility of the fuIl economy, there
exists an individual, &, € H', such that u"(i*"" + zheH2 w'y > u"‘(x *). By
continuity, there exists 7 such that «"(x*" + £, . (W' A;0)) > ™ (#*"). By
the convergence of the competitive equilibrium allocations for the modified
truncated economies, the finiteness of the aggregate endowment, w, <, for
[=1,...,n, the continuity of the utility functions in the product topology and
the structure of the consumptlon sets, there exist-scalars, 0<e<1 and
0<d<1l,n>n and a ﬁmte set Hx CH such that '™ ”'(Bx’”’ M- 8) X

(1- e)w"’ ur Lpems (w Az 0),)> u'" "'(x’”l "y, for n= n,.... From in-
dividual opumlzatlon in Ehc truncated economies, p*" X, .2 (" A;0)" >
(1 —8)ep*"w'™ for n = n,. ... But this is a contradiction, since the left side

is bounded as n— o, whlle the right side is not. It follows that H =6 or
equivalently, p*"w'™ R g <o,

To argue the lower bound, let H' = {h€H: liminf,_, p*"w" >0} and
H’ = {hEH: liminf___ p*"w™ e 0}. Proceed exactly as above, getting an
inequality in which the higher side goes to zero and the lower stays bounded
away from zero, a contradiction.

For/€L, take h€EH w;th wi >0, this i is possible by assumption 4. By claim
1, there exists 7, such that 0 < p*" < "w?, for n = A, . Thus, by passing to
a subsequence, we obtain p e A with p3 =lim,_ ., p,", for € L.

Claim 2, For heH,
0< prw" <o,

In particular

p*>0
and hence p* are prices for the full economy, p* €P.

*""f"h

By Lemma 4, p*w" <liminf___( P’ ys¢ <00 half the claim follows
at once. To argue the other half, let H* = {h € H: p w' =0}; note that for any
7 and any h € H?, hm,,“,m **(w" A;0)=0. Let H'={h€H: j*w">0). For
heH', liminf, ., p*'w™" > 0. If an # @ and H' # @, we get a contradiction as
in the proof of Claim 1 If H' =@ and H* = H, note that, by weak monotonici-
ty, b (x* + T, e W =u'(@* + w)> u’(f*'). Again by proceeding as in the
proof of Claim 1 we get a contradiction.
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Claim 3. For h€H,
p’*x—*h <o,

To see this note again that, by Lemma 4 pri*" <liminf,__ p*"i*"" =
liminf, ,. p*"x*"* =liminf,__p*"w'"" <" <o,

Claim 4, For h€eH,
ﬁ*f*h Bﬁ*w"

We argue by contradiction. Suppose that for some mdmdual prict<
p*w" <=. By weak monotonicity, there is n such that u (x +(1a; 0))>
u (x*") By quasi-concavity, for 1>e>0, u (x )>u (x* ) where X, =

o e(in, +0). But for small £, p*x, <p *w". Since the two series converge,
the tails of both infinite sums in the last mequallty must be negllglble Hence,
there is n such that Pr(x Azw "y<p*w", for n=n,.... But
u'(x, Az w")>d" (X + (1)) for n large. Finally, for large n,
pr(x, Az wh" < p* w™* < p*"w'™", contradicting individual optimization in
the modified truncated economy.

Claim 5. For h€H,
u"(x)>u"(x_*") > p*x >ﬁ*"

We argue by contradlctlon Suppose that for some mdmdual h, and for
some x € X* u"(x) > u"(x*"), while p*" < p*x**. Since p*x*" =p*w' >O it
follows from the structure of the consumpt1on set that there exists x'=
6x+(1—6)(1—£)w €X" such that u”(x")> u"(£*"), while p*x <p*x
But from continuity, convergence and the structure of the consumption sets,
there exists 71 such that this contradicts the optimization of the individual in the
truncated economies for n=n,.

In order to complete the argument that ( P x* ) is a compensated equilib-

rium, it remains to show that p*i*" = p*w" 1f w vamshecl in all but finitely
many components. But lim,_ . (p*"w'"™" — p*"w"") =0, since w'"" and w" "
differ omly in the component [, for nzh+2. Thus, p*x*

lim__, p*'x*"" =lm,_, prwt =lim,_, p*"w"" = p*w", where the ﬁrst

equality follows from the budget constraint in the truncated economies, while
the last equality follows from the convergence, by construction, of the modified
endowments to w" and by the fact that the latter vanishes in all but finitely
many components.

Thus (p*, ¥*") is a compensated equilibrium. O

Corollary 1. In an abstract exchange economy, under Assumptions 1-7, if
every individual is endowed with at most finitely many commodities, competitive
equilibria exist.
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Definition 13, A finite set of non-negligible individuals exists everywhere, if
and only if for any feasible allocation, x! there exists a finite set of individuals,
H,; CH, a commodity bundle that vanishes in all but finitely many components,

wp, a scalar k>0 and an allocation x'" such that

2 oxt=k > wh+w,

heH REH,

and
u'(x™)y=u"(x"), forhE€H.

The definition, evidently, generalizes the condition that a finite set of
individuals own a non-negligible fraction of the aggregate endowment of all
but finitely many commodities [Wilson (1981); also Burke (1988)]. It allows
the sets of individuals, H,, and the commodity bundle w, to vary with the
allocation x,. More importantly, it is based on a utility comparison and not on
a commodity by commodity comparison and thus it is invariant to inessential
changes in the indexation of commodities.

Theorem 2. In an abstract exchange economy, if a finite set of non-negligible
individuals exists everywhere, under Assumptions 1 and 2, in particular if
individual utility functions are weakly monotonically increasing, every com-
pensated equilibrium, ( p*,x*"), is a competitive equilibrium,

prx*t=p*w", forheH,
and the value of the aggregate endowment is finite,
prw <o,

In particelar, under Assumptions 1-7, if a finite set of non-negligible
individuals exists everywhere, competitive equilibria exist.

Proof. Consider a compensated equilibrium, (p*, £*"). Let the set of in-
dividuals H, the commodity bundle w, the scalar k and the aliocation x'" be
as in the definition of a finite set of non-negligible individuals.

It follows from the definition of a compensated ec;‘uilibrium that, since
individual utility functions are weakly monotonic, p*x = p*x"", and hence
_ _ h . —y —h —y h . —h
prw=Epr(w,+k Ekenfw }<e. Since p*x =p*w” while I, ,x"=w,
pri"=p*w" for heH O

3. The optimality of equilibrium allocations

We first consider examples that illustrate the failure of Pareto optimality of
competitive equilibrium allocations.
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Competitive equilibrium allocations may fail to be Pareto optimal if the
value of the aggregate endowment at the equilibrium prices is infinite.

Example 9. One commodity is available each period, (1,¢)=t¢ and one
individual is born, (1,¢)=1t The utility function of an individual is «'=
Inx,+ ilnx,,, and his initial endowment is w'=(...,0,w,=5, wj, =
1,0,...). In addition , an individual is born 1n perlod 1, (2 1) 0 with utility
functlon !10—xl and initial endowment w"=(w{>0,0,...). Prices p*=
(1,..., pl.=3p},...) are competitive equilibrium prices and the associated
allocation coincides with the initial endowment. The feasible allocation x
described by x'=(..,0,x'=4,x,=2,0,..) and x'=(@E"=wl+
1,0,...) Parcto dominates the initial endowment.

Altematlvely, suppose that individual 0 has utlllty functlon u’=1n x,

L. ,(2)' 'ln(max{S x,}) and initial endowment w"=(...,w'= ()"
Prices p* again suppose the initial endowment as a compctltwe equ1hbnum
allocation which is suboptimal.

Observe that in both cases the value of the aggregate endowment at the
equilibrium prices fails to be finite. This is of interest in the second case in
particular, since there is an individual, 0, whose consumption span as well as
his endowment span are infinite. Nevertheless, the individual fails to be
non-negligible and thus fails to impose a finite value on the aggregate endow-
ment.

Competitive equilibrium allocations may fail to be Pareto optimal, even if
the value of the aggregate endowment at the equilibrium prices is finite, though
individual utility functlons fail to be weakly monotonic even if they are locally
nonsatlated for x€ X and V(x) a neighbourhood of x, there exists x' € V(x)
such that u"(x') > u’(x).

Example 10. Consider an abstract exchange economy with commodities L=
{1,...} and mdmduals H = {1, 2}. Individual 1 has utility function &' = x, and
initial endowment w'=(1,0,...). Indlvndual 2 has utility function «’ =
inf{x;: €L} and initial endowment w’ = (..., w’ =2"'__); evidently, the
utility function of individual 2 is not weakly monotonic, if Ax=
(...,Ax,,...)>0, but lim, . Ax, =0 and x" = x + Ax, ¢’(x') = u’(x) =0 even
though x’ ® x. Prices p* =(1,...) are autarky competitive equilibrium prices,
the associated allocation coincides with the initial endowment. At p*, w'
evidently solves the optimization problem of individual 1 and so does w’ for
individual 2 since no consumption bundie, whose value does not exceed
p w?=1 at p*, yields greater utility to the individual. Note also that p*(w' +
w?) <o, On the other hand the allocation described by x'' =(3,0,...) and
’2 =(0,%,..., X = 27t .) Pareto dominates the initial endowment allo-
cation.
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In a finite economy, local non-satiation implies that at any prices, p, for any
consumptnon bundle, x € X", and any x >0, there exists a consumption bundle
x' € X" such that p(x’ — x) < e and u"(x") > u"(x), at least when continuity of
the utility functions fails. This is not the case in an economy with a countable
infinity of commodities. Note that the continuity of the utility functions, which
also fails in the above example, is not employed in the argument for the Pareto
optimality of competitive allocations in a finite economy.

Theorem 3. In an abstract exchange economy, under Assumptions 1 and 2, in
particular if the individual utility funcnon is weakly monotonically increasing, a
competitive equilibrium allocation, x*" is Pareto optimal if at p*, the associated
competitive equilibrium prices,

pr*w <o,
The proof is essentially as in the case of a finite economy.

Proof. In order to show that the allocation x*" is Pareto optimal, we argue by
contradiction. Suppose the allocation x'™ is feasible and dominates the com-
petitive allocation x*"

Note first that

W'(x'h) =" (x*"y > p*x" = p*w", forheH.

Thns follows from the weak monotomcnty of the ut|hty functlon If p*x* <
p*w", the commodity bundle Ax defined by Ax}" = (p*w" ~ p*x "’)(2p,)_
for I €L is strictly positive, Ax"" >(} and hence u*(x'" + Ax'") > u (x"’)>
u"(x*"), while p*(x" + Ax"')<p w”, which contradicts the optimization of
individual h at prices p*.

Also,

W"(x"y>u(x*") > p*x" >p*w", forheEH.

This follows ;mmedlately from the optimization of individual A at prices p*.
Slncc the allocatmn x'™ dominates the competitive allocation x*", by defini-
tion u (x )> u*(x*"), for h€H, with some strict mequahty Smce prw=
Lyen P*w" <o, it follows that £,_,, p*x’ >E,,EH p w”. But this contradicts
the feasibility condltlon Lpen X" =L,cq W', since p*>0. O

Corollary 2. In an abstract exchange economy in which a finite set of non-
negligible individuals exists everywhere, under Assumptions 1 and 2, in particu-
lar if the individual wutility funcnons are weakly monotonically increasing, a
competitive equilibrium allocation, x**, is Pareto optimal.
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Proof. It suffices to observe that at the associated competitive equilibrium
prices, p*, the value of the aggregate endowment is finite, p*w <.

This accounts for the Pareto optimality of competitive allocations in
economies with “land”, interpreted as a commodity bundle that renders its
owners always non-negligible. Evidently, whether the consumptions span of
the owners is infinite or not is of no consequence.

The interest of Corollary 2 lies most importantly in that it gives conditions
for the Pareto optimality of competitive equilibrium allocations that refer only
to the exogenous structure of the economy, the utility functions and initial
endowments of individuals, and not to the competitive equilibrium prices
themselves. It is thus the analogue of the first welfare theorem for finite
economies [Arrow (1951), Debreu (1951})].

The optimality of competitive equilibrium allocations is complemented by
the characterization of conditions under which a Pareto optimal allocation is
indeed a competitive equilibrium allocation for some redistribution of initial
endowments.

Theorem 4. Let % be a feasible Pareto 0pttmai allocation: if the abstract
exchange economy with initial endowments wh =" far hEH satisfies As-
sumptions 1-7, there exists prices p* such that (p ") is a competitive
equilibrium.

Even if an abstract exchange cconomy satisfies Assumptions 1-7, the
economy obtained by substituting for the initial endowment of each individual
by his consumption bundle at a Pareto optimal allocation need not satisfy the
same assumptions. In particular, irreducibility may fail and competitive equilib-
ria may fail to exist. This is the case in a finite economy as well. Thus,
Theorem 4 is the analogue of the second welfare theorem for finite economies
[Arrow (1951), Debreu (1951)].

Proof. Since the economy with initial endowment allocation x " satisfies
Assumptions 1-7, it follows from Theorem 1 that a compensated equilibrium,
(p*, x*"), exists.

From the definition of a compensated equilibrium, it follows that u"(x*") =
u*(x"), for h EH Since, by hypothe51s the allocation " is Parcto optimal,
u"(x*") = u"(¥"). But then, (p*, ¥ ) satisfies the definition of a compensated
equilibrium and a fortiori of a competitive equilibrium. |

It remains to characterize conditions under which competitive equilibrium
allocations without a finite non-negligible set of individuals are Parcto optimal.

We restrict our attention to economics with a simple demographic structure;
from Lemma 2, this is without loss of generality for economics that are
individually finite.
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Theorem 5 [Brown and Geanakoplos (1982)]. In an exchange economy of
overlapping generations with a simple demographic structure, under Assump-
tions 1 and 2, in particular if the individual wiility functions are weakly
montonically increasing, the allocation at a competitive equilibrium ( p*, x*") is
Pareto optimal if

liminf p/w; =0,

where w, =L, nen, wini,

Proof. Without loss of generality, suppose H, #@. For f€T, _, let AY EA
and consider the optimization problem

max ¢’ =pia{"Y + pratt st

u™ "Nz g *y | for(h,t)EH andt=1,...,1-1,

(h.1)
S <,

(h.1}EN,
k. hi+1 - .
> 50+ > sty o fore=1,...,i-2,
(h.1}EH, (hi+1)EH,
E xs_h.i-—t) = E xj*(h.r'—l) +AY .

(hi-DEH;_, (RI—1}EH,

Let ¢'(Ax") be the value of the objective function at a solution. From the
weak monotonicity of the individual utility function, it follows that ¢'(0) =
pixtt D 4 prx D while ¢'(Ax") = 9(0) + p*' Ax'

Suppose a fea51ble allocation, x'", Pareto dominates the competitive alloca-
tion, x*"; without loss of generality, «‘P(x" ") > 4 P(x*"") and hence
P, xl“ 4 prxY. Since the allocation is feasible, it satisfies the constraints of
the above optlmlzatlon problem for Ax'=w; ~E, ., x**" " for reT, _.

But this is a contradiction since ¢ (Ax Vz=piah +p* 1) >o'(0), i

dependently of teT,,, while @(Ax) @0y p}(w; =T, " 1’)
pXw: and, by hypothesis, liminf,_ . pSw=0. |

If liminf,_,, pw; >0, the competitive equilibrium allocation may still be
Pareto optimal. Nevertheless, there exists an alternative exchange economy of
overlapping generations with a simple demographic structure which differs
from the original economy only in the utility functions and for which { p*, x*"")
is a competitive equilibrium while the ailocation x*" fails to be Pareto optimal.
In particular, the economy in which the utility function of individual (4, t) is

(h) __ % *
u _P,x,+P,+|x,+1-
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Competitive equilibrium allocations may fail to be Pareto optimal in
economies in which the marginal rate of substitution of commodities, the slope
of a supporting hyperplane to the indifference curve of an individual at the
equilibrium consumption buandle is invariant to small changes in the relative
consumption of the individual in the two periods in his consumption span.

Example 11. One commodity is available each period, (1,#)=¢, and one
individual is born, (1,¢)=¢ The utility function of the individual is u'=
x,+ x,,,, and his initial endowment is w' :( =1, w,, =10,...). In
addmon an mdmdual (2,1)=0 is born in the ﬁrst perlod whose utlllty
function is u’ =X and his initial endowment is w’=(w]=1,0,...). The
initial endowment is indeed a competltwe equlhbnum allocatlon supported by
prices p* = (..., 1,...). The allocation x’ descnbed by x’=1+ ¢ and x'
l—s—---—s‘, x:’+1=l+s+---+8'+s ,for t=1,... is well defined for
£ < } and Pareto dominates the initial endowment.

Let (p*, x*") be a competitive equilibrium. Consider the individual expen-
diture minimization problems

pr+l

minz, = Mo |
r+l

1
o — x* 0y st

u(h.l)(x) = u(h.r)(x*) ,

*(-".f)) =z,

2

I S (X —
Hprll ™
xeX™  for(h,t)EH,

where x = (.., 0, x* + 2, x*00 + 2,,,,0,..).
The per capita endowment of a commodity s

?11—: Wi, for(l,)EL.

From the solution of the individual expenditure minimization problem, we
obtain the expenditure function f "0 for (h, ) €H. If, for some z,, a solution
to the minimization problem yields f k. r)(z )=,

The function f* is, up to price normalization, the expenditure in the
second period of consumption required for the individual to attain the level of
utility associated with this consumption at the competitive equilibrium if the
expenditure at the first period of his life is exogenously modified. In the special
case of one commodity per period, the expenditure function coincides with the
indifference curve through the equilibrium consumption of the individual,
whenever the utility function is monotonically increasing in x,,,
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Definition 13a. The competitive equilibrium, (p*, x*"), in an exchange
economy of overlapping generations with a simple demographic structure
satisfies the non-vanishing_Gaussian curvature condition if and only if there
exists tET, . and scalars 8,>0 and d,>0 for ¢t =¢,... such that

(i) fore=¢,...,||p} || >0, H >0,

(ii) for (h, )EH, and t=1¢,.. .,

[ el - .
- z,+ Bz, for||z,||=<d,,
AR 2]l <4,
e o _1_ [F] -28d )z - gd? =
f (z,)/f,(z,)—‘ ”p* 1” Bd )z, —Bd;, for z,>d,,
+
*
—( ||p*, I +2{§,t§',)z,—ﬁ,5f , forz,<-d,,
L Mipsal

(iii) for some g>0and r=1,..., Bl psi I/l Pl = p, = 5, and
(iv) forsome d>0and t=¢,...,d = d.

In order to interpret the non-vanishing Gaussian curvature condition, con-
sider the special case of one commodity per period, in which function, f*-,
coincides with the indifference curve through the equilibrium consumption
point. The function f, coincides with £ at z* =0 or equivalently, at the
equilibrium consumption point and does not lie anywhere below it. The curve f,
is linear quadratic with strictly positive Gaussian curvature at z© =0. If the
indifference curve is smooth, which, nevertheless, we do not require, and f“
and f, are tangent at z) =0, the requirement that f** = f amounts to the
Gaussian curvature of the indifference curve not vanishing at z =0.

Theorem 5a [Cass (1972); also Benveniste and Gale (1975), Balasko and Shell
(1981a)]. Consider an exchange economy of overlapping generations with a
simple demographic structure such that the per capita endowment of each
commodity is bounded,

% w(,‘,)<11—k, for{l, NE L and some k>0,
! I3

Under Assumptions 1 and 2, a competitive equilibrium (p*, x*") in which the

non-vanishing Gaussian curvature condition is satisfied, the allocations x*" is
Pareto optimal if

T

1
lim D, ———— =
To= 5 Hr”Pr*”
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The uniform bound on the per capita endowment of all commodities is
normalized by the cardinality of the set of commodities available in each
period. This is necessary for the restriction to be meaningful; otherwise it is
possible to replace each commodity by a possibly large, yet finite, number of
perfect substitutes in order to satisfy any positive upper-bound on the per
capita endowment of each commodity. The non-vanishing Gaussian curvature
condition fails in Example 11.

If population grows at a constant rate, #H, = (1 + n)’, while the real rate of
interest is constant, || p;’ |} = (1 + r*}|| p/.,||, the divergence condition takes the
familiar form

rt*=n.

If population grows at a constant rate, and the rate of interest is constant yet
time extends infinitely into the future as well as into the past, the divergence
condition takes the form [Samuelson (1958)]

r*=n.

This follows simply by applying the construction of Lemma 2 which establishes
the equivalence between economies that extend infinitely into the future as
well as into the past with economies in which time extends infinitcly only into .
the future.

The Euclidean norm is the divergence condition can be replaced by any
norm.

Proof. Let (p*, x*") be a competitive equilibrium that satisfies the curvature
condition. In order to show that with the per cah)lta endowment of com-
modities uniformly bounded, the allocation x*° is Pareto optimal if
lim,_ 2 ;1/H, || p}]| = «; we argue by contradiction.

Suppose the allocation x'" is feasible and dominates the equilibrium alloca-
tion x*

Let £=min{¢=F: u® ('™} > u®O(c*@) for some (h, ) EH .}. Without
loss of gencrahty, t=r=1.

Since p* are competitive equilibrium prices, L, \)eq, P3 Tt — gy ey > .
This is the case since, from the feasibility of the allocation x°,
Zwayen, 30" = x;®) =0, while, from the optimization of individuals H,,
Lentyen, Pi i CA ” xfeDy 4+ Len, P2 Fh Y — xX%Dy5 0 since the in-
dividual utility functlons are weakly monotonic. It foliows that, for t=2,..
L ihoyen, Pi Pt — 1y <0, while Linnen, ploasy =t l)) >0.

Let 2% =(p!/|lpf )" —x7*%) and 20 = (Pl ll pTsll) X
(It — ,*,f',' M, for (h,t)EH. Let z =(1/H,) L innen, z%Y and 2, =
(1/H,) E s en, 2141 From the monotomcnty of the function f . it follows that

0
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fI(z'")=0. From the uniform upper bound on the per capita endowment of all
commoditics and the definition of z' it follows that ||z/'|| < k. From the
quasi-concavity of individual utility functlons and consumption sets, we may
suppose that ||z|| = d <d,. Thus,

”P,*”Z +“p:+l"zr+l Br”Prtl”(z;t)z?O, f0l‘t=1,...,

Setting ¢, = z'',, >0, observing that ~ H,z,, = H,,,z,", and substituting, we
obtain

- H,\*
”P:H“ g+ "pr+2“£r+1 B ”Pr*+2” : 842;0:
H
r +1 t+1
fore=1,....

Rearranging terms, multiplying both sides of the inequality by H, ,, for
t=1,..., and taking reciprocals, we obtain

1 - 1
”pr*+!“H1+151+1

= (HY
”p:tI”HJE:+ﬁ1+l"pt*+2” H 2
r+1

— 1 “leHHrEr
IIP:tI”H ) 2

”Pr+l“H£ +ﬁ1+1”pr+2“ TR £

r+|
2

1 Br+l“p.'+2”
= 1-— J+l
“p:‘ ”Hel F ~ * H;)z
o ' ’Ipr+I|’Hr£.'+ B:+l"pr+2” H 5.'2
t+1
B ”P:*+2”
1 1 oo
lplllH,e I p: ’
! f oy pr+2“ H, )
*AH (l+ TR T &
”Pr+1” 1+1 B ”Pa*+1” H, °
fort=1,....

Observe now that the expression

é ”pz*+2”
el
&
- H
1+B.v+1 ”P:+2“ t £
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is monotonically increasing in

0 ”P,+2”
B
et

and monotonically decreasing in

H

]
— g, fort=1,.
H,,,

1

By assumption,

by ”p 2” . H Hl r ITEN]
Buoi Y | = Prer While e = g T = A <k
fort=1,....
Substituting, we obtain
1 1 1 f;r+1

= - - +
"p:*+2||H1+|£r+: ”pr*+1 “ H,e, "Pz*+1" H.,, 1+p, .k

Summing over r=1, ..., and cancelling terms, since g,,, =g >0,
g P =P

i 1 1+ pk
1= IP:+|”H ”p;"HlE] p

It follows that

lim Z <w,

L™ IH" ”

1935

fore=1,....

But this is a contradiction and hence the competitive allocation is Pareto

optimal.

a

Definition 13b. The competitive equilibrium ( p*, x*") in an cconomy with a
simple demographic structure satisfies the bounded curvature condition if and
only if there exists 7 € T and sets of individuals K, = {(k, 1), .. (h ) CH,

commeoedity bundles Ax,, and scalars g, =0 and d >0, for t=1,..., such that

(i) fore=1¢,...,p} Ax, >0, K,>1;

(ii) for (h,1)€K, and t=1,... the consumption bundles x'** defined by

0, fort‘#tt+1
X0 =

*(h 1} ”Pr Il 2,
+ A
p. Ax,

x,., forfz)|= Landr' =t¢+1,
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where by convention K;_, =0, satisfy u”")(x'”’"’)>u”’")(x*("“)) so long as
Z <0 and 2';+l = (P1+1/”p1+1”)z + B; I

(m) for some p>0and t=14,..., B(llp/ /llp’) = p,<p, and

(iv) for some¢ d>0and t=7,...,d =d.

In the special case of one commodity per period, the bounded curvature
condition requires that, locally at z =0, the indifference curve not be
anywhere below a quadratic function with finite Gaussian curvature with which
it coincides at z; =0. In particular, this excludes the case in which, for
t=1t+1,..., the utility functions of individuals are not strictly monotonicaily
increasing in x, ;.

Theorem 5b [Cass (1972), Benveniste and Gale (1975)]. Consider an ex-
change economy of overlapping generations with a simple demographic struc-
ture, under Assumptions 1 and 2. The allocation at a competitive equilibrium,
(p*, x*™), satisfying the bounded curvature condition, is not Pareto optimal if

lim 2

== KII i

Proof. The argument is constructive. Suppose, without loss of generality that
t=1 and let

lim E

§<l0oo,
T‘”‘JIK” "

Consider the allocation x'™ defined as follows For (h, ) &K, x/ By o pr00)
For (h, 1) €K, if suffices to spec1fy z " and z,H Requiring lh}ifl[ Kz, =
K,Hz:':l’, if suffices to specify g, =z, fort=1,... and also z; =0.

Let z/ =0 and choose &; > 0. Observe that u*" ")(x'”"'}) > ™ (x* ™y for

(h, 1) EK;. Define inductively ¢, by
1 _ 1 _ 1 Doy
”P;*H” Y “p.:»l“ K, ”p:—l” K. _ K, ’
Braa (K__) £

fore=1,....

Note that ¢,, , is well defined since || p, || >0 and K,,, = 1. To complete the
argument, it remains to show that g, <d, fort=1, ..., since then by construc-
tion, w**(x'"y = y* (R0 for (h, 1) EK,. Summmg over t=1,...,T
and cancelling terms we obtain

1 1
> —sp .
“P;" er Ky ”P;”51K1 -
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Since lim,,. || prl| K, =0, g, <d, fort=1,..., if initially ¢, is chosen suffici-
ently small. a

The optimality properties of competitive allocations may extend beyond
Pareto optimality.

A coalition K C H blocks an allocation, x", in an abstract exchange economy
if and only if there exnsts an allocatlon for K, x’K ={x"¢e X h €K), which is
fcamble for K, &, ey x* = I,cx w", and Pareto dominates x™ for K, u*(x'") =
u"(x"), for h €K, with some strict inequality. An allocation, x¥, is in the core
of an abstract exchange economy if and only if it is fea51ble and it is not
blocked by any coalition. Evidently, a feasible allocation that is not Pareto
optimal cannot be in the core, since it is blocked by the coalition K = H.

In finite economies, under weak monotonicity, competitive equilibrium
allocations are in the core. Under stronger, convexity assumptions, the set of
core and competitive equilibrium allocations coincide in particular for large
economies obtained by replicating a given economy. Evidently, replication
does not augment the number of commodities in the economy, which is finite
[Debren and Scarf (1963)].

It is a straightforward extension of Corollary 1 that, in an abstract exchange
economy in which a finite set of non-negligible individuals exists everywhere,
competitive equilibrium allocations are in the core. This follows from the finite
value of the aggregate endowment and hence of the endowment of any
coalition.

By a similar argument, a coalition of finitely many individuals can never
block a competitive equilibrium allocation.

In the absence of a finite set of non-negligible individuals, even if the
demographic structure is simple, the non-vanishing Gaussian curvature condi-
tion is satisfied and the divergence condition guarantees Pareto optimality,
competitive equilibrium allocations may fail to be in the core.

Evidently, in an economy of overlapping generations, competitive equilib-
rium allocations need not be in the core [Gale (1971)].

4. Aggregate revenue at equilibrium

In finite economies, it is impossible for markets to clear if the expenditures of
each individual is at least as high as the value of his initial endowment while for
some it is strictly higher; neither if the expenditure of each individual is at most
as high, while for some it is strictly lower. For economies of overlapping
generations this is not the case.

Revenue permits the value of the consumption bundle of an individual at
equilibrium to differ from the value of the initial endowment.
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The budget constraint in the individual optimization problem with revenue is
xs_pw" + 7" , forheH,

where 7" is the revenue of the individual. Revenue may be positive or
negative.
An allocation of the revenue is an array

H=t(s" hen),

such that 7" =0, for h&H,, where H- CH is a finite set. That revenue

vanishes for all but ﬁnltely many individuals, is only for simplicity. An

allocation of revenue is negative if ™ <0 with some strict mequallty, it is

positive if 7" =0 with some strict mequahty and it vanishes if 7" =0, for h €H.
At an allocation of revenue ", aggregate revenue is

r=3 o

hEH

A redistribution is an allocation of revenue at which aggregate revenue
vanishes.

A competitive equilibrium with revenue is a triple ( p*, x*®, r*") of prices,
an allocation of commodities and an allocation of revenue such that the
commodity bundle x*” solves the individual optimization problem at prices p*
and revenue 7*" or, equivalently,

() > u'(x*"y > prx>p*w + 1, forxeX”

and

*

prx*" = p*w" + 1" forh€H.

Theorem 6. In an abstract exchange economy, under Assumption 1, if at
(p*, x*™ ™), a competitive equilibrium with revenue,

prw <,
the allocation of revenue t*" is a redistribution.
Proof. Since p*x*"=p*w’" <x for AEH/H, and p*x*" = p*w" + +*" for
h EH,, while p*w <w, p*x* = p*w + 7 <. Feasibility, however, implies that
p*x*=p*w and hence 7 =0. O

This generalizes a well-known argument for finite economies.

Theorem 7. In an abstract exchange economy, under Assumptions 1 and 2, in
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particular if individual utilty functions are weakly monotonic, if the allocation of
initial endowments, w? = {w": h €H} is Pareto optimal, and ( p*, x*", *") is
a competitive equilibrium with revenue, the allocation of revenue " is not
positive.

Proof. We argue by contradiction. Suppose the allocation r*% is positive.

From the individual optimization problem it follows that u*(x*")= u*(w"),
with some strict inequality; the latter follows from the weak monotonicity of
the utility functions of the individual(s) with 7*" >0, But this contradicts the
Pareto optimality of the initial endowment allocation.

Theorem 8 [Burke (1988)]. In abstract exchange economy, under Assump-
tions 1-7, if every individual is endowed with at most finitely many com-
modities, for any array of scalars 8" = {(6"): 0= 6" <1 for h EH} there exists
(p*, x*" ™), a competitive equilibrium with revenue, such that

"= —9"p*w" <0, for(h,t)EH.

Proof. Consider the increasing, convergent sequence of sets of commodities,
(L":L"CcL"™' n=1,..), where L"={1,...,n}, and the convergent, in-
creasing sequence of finite sets of individuals, (H": H"CH"", n=1,...),
where H" ={1,...,n}.

For n=1,..., the modified truncated economy E"™ is obtained from the
modified, truncated economy E'” defined in the proof of Theorem 1 by further
perturbing the endowments of individuals according to

w = (1-¢")yw'™", forheH"{n}

and

N
wlr".ﬂ = wl"l."! + Z ehwln .
HEM (1}

As in the proof of Theorem 1, the sequence of prices and allocations
((p*", #*™): n=1,...) associated with the sequence of competitive equilibria
for the modified truncated economies converges to a pair of prices and an
allocation, (p*, ¥*"), for the economy E.

As in Corollary 1, since w" vanishes in all but finitely many components,
prr*h =(1-0"p*w". Thus (p*, i*" 7*) is a competitive equilibrium with
revenue, where, for h€H, = —Bhﬁ*wh =0. |

Examples of economies in which competitive equilibria with positive alloca-
tions of revenue exist are well known. Revenue can then be interpreted as fiat
money that maintains a positive price at equilibrium,
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Note that a competitive equilibrium with positive revenue in an economy E
can be interpreted as a competitive equilibrium in an economy E’ in which the
set of commodities is L' =L U {0}, no individual desires commodity / = 0, the
endowment of individual & in commodity /=0 is w* = 7" = 0 and the price of
commodity /=0 at equilibrium is p; = 1. The characterization of the condi-
tions under which competitive equilibrium allocations are optimal in the
economy E’, such as the divergence condition in Theorems 5a and 5b then
carry over to the economy E.

No unambiguous link can be established between the positive price of fiat
money at equilibrium and the optimality of competitive equilibrium allocations
[Cass, Okuno and Zilcha (1979)].

The situation is different when the competitive equilibrium allocation is
autarkic. In that case if it is also Pareto optimal there cannot be any monetary
equilibria. Conversely, if it is not Pareto optimal, then under fairly general
circumstances, there is almost surely a monetary equilibrium [Brown and
Geanakoplos (1985)].

5. Stationary economies and cycles

In order to study whether recursive patterns, symmetries, in the exogenous
structure of exchange economies of overlapping generations are inherited by
competitive equilibrium allocations, or other allocations of interest, it is
convenient, and possibly necessary, to consider economies with an ¢lementary
temporal and demographic structure.

Definition 14. In an elementary exchange economy of overlapping genera-
tions, time extends infinitely into the future as well as into the past under
certainty, T_,, .., one good is available each period, L, = {t} and the consump-
tion as well as the endowment span of each individual is two, T = T®) =
{t,t +1}.

This is evidently very restrictive. It is important to note, however, that, by
Lemma 3, an elementary exchange economy of overlapping generations is
equivalent to an economy with a simple demographic structure, in which time
extends infinitely into the future but not into the past.

At strictly positive commodity prices, p > 0, relative prices are denoted by
q=(..,q,...), where

q;‘h, forteT_, ...

!

The domain of relative prices is Q = {q: g > 0}. Associated with relative prices
are real rates of interest r=(..., r,...), where
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rr=—-1, forfeT_, .

The periods of consumption and endowment of individuals allow us to write
an individual optimization problem as

~{f,
max %z, z,,,) s.t.

z,+qz,,,=0, for(h,t)EH,

where "Nz, z,, )=u""C..,0,w" + 2wl +2,,,,0,.. ). The excess
demand correspondence of an individual is, z* = (2", 2{*"):Q,—Z"",
where 2 = {(z,2,): (..., 0wl + 7, wf’l{) +2z,,,0 )EX“’ ' and
{q, q,>0}. The aggregate excess demdnd correspondence of a genera-
tlon is 2’ = Lg.nen, % Q,—Z', where Z' = = Zhyen, AR
Competitive equilibrium relative prices, g*, are such that

oz (g ) +z(qF), forteT__ .

Associated with competmve equilibrium relative prices, there is a competitive
equilibrium allocation, x*™, such that, for (k, r)€H, z**" = (z*“’ D ozEEDY s
a solution to the optlmlzatron problem of individual (4, f) at ¢/

Definition 15. An exchange economy of overlapping generations under cer-
tainty (E, T, ;, (7, 74)), is stationary if and only if time extends infinitely into
the future as well as into the past, T,, =T ,., forte€T_,, L,=L and
H, = H and the group, G, of symmetries of E is generated by the function
(f 2), where fa,0=f{,t+1) and g(h,1)=gh,t+1), for ({,#)EL and
(h,)EH.

In a stationary economy, individuals are identical up to the calendar time of
their birth. It is often possible to allow for intragenerational heterogeneity as
long as the aggregate behavior of generations coincides up to the calendar time
of their birth.

An economy in which time extends infinitely into the future but not into the
past is stationary if and only if it can be extended to a stationary economy.

In a stationary, elementary, exchange economy of overlapping generations,
we write

2=(zy,2,)

for the aggregate excess demand function of each generation. Competitive
equilibrium relative prices, ¢*, are such that

z, (g )+ z,(q/)=0, forteT_,.
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Definition 16. A stationary elementary economy of overlapping generations
is well behaved if and only if the aggregate excess demand correspondence
is single valued, and hence a function, and continuous, and also

lim Sup, .. z,(g,)=1lim SUp, .. 2,(g,) =

Recall that competitive equilibrium relative prices, g*, for a stationary,
elementary, exchange economy of overlapping generations, are a cycle of order
n if and only if the associated allocation is invariant to the subgroup, G" € G,
generated by the maps (f,, g,), where f({)=¢t+n and g,(h, ) =(h, t+ n),
but not under G”, for m < n. Steady-state equilibrium prices are a cycle of
order n=1.

Evidently, the competitive equilibrium allocation association with competi-
tive equilibrium relative prices, ¢*, in a stationary, elementary, exchange
economy of overlapping generations is invariant to the subgroup G, C G if

q =q,, forte€T__ .

Any elementary exchange cconomy of overlapping generations that is
stationary and well behaved indeed has steady-state equilibrium relative prices

q**z(‘__’lj___),

which we refer to as the Samuelson steady-state [Samuelson (1958)]. Thus, a
time-invariant real rate of interest, r;* =0, is associated with a competitive
equilibrium independently of the time preference of individuals. This follows
from the budget constraints in the individual optimization problems and the
observation that, at a time invariant relative price of one, when aggregated
across the individuals who belong to each generation they coincide with the
aggregate feasibility constraint. When the definition of stationarity is modified
to allow for a time invariant rate of population growth, n, the real rate of
interest at the Samuelson steady-state is n.

In addition to the Samuelson steady-state, an elementary exchange economy
of overlapping generation that is stationary and well behaved has steady-state
relative prices g* =(..., p,...) obtained as solution to the equation

z,(p}=0.

A solution to this equation exists in a well-behaved economy. The function
z;:I={p: p>0}—>R is continuous, and limsup, . z,p==, while
liminf,_, z,(p) <0 since z,(p)+ pz,(p)=0 and limsup, , z,(p)=cc. We
refer to these steady states as autarky since they eliminate trade across
generations. Evidently, autarky steady-states may be multiple; also, the
Samuelson steady-state may be autarky even though, in a sense that can be
made easily precise, typically this is not the case.
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In stationary economies with multiple commodities in each period, the
definitions and arguments for the existence of the Samuelson and autarky
steady-states extend easily {Kehoe and Levine (1985)].

For a stationary, elementary economy of overlapping generations there are
robust examples of cycles of order n, for every n [Benhabib and Day (1982),
Grandmont (1985)); as Grandmont has argued, they can be interpreted as
endogenous business cycles.

This result is very suggestive. Note, however that under the assumptions of
Theorem 5a, which are standard, all cyclical equilibria, with the exception of
the autarky steady-states, are Pareto optimal, while the theory of macro-
economic business cycles is traditionally concerned with the welfare losses from
cyclical fluctuations; that cyclical behavior is not incompatible with optimality
is perhaps an important observation for macroeconomics. Furthermore, if the
definition of stationarity is extended to allow for economies with more than
one commodity per period, it is difficult to construct robust examples of cycles
of order 2. And of course, non-stationary economies of overlapping genera-
tions, even with one commodity per period typically have no cyclical equilibria
of any order. By contrast, the multiplicity of non-periodic equilibria that we
discuss in the next section, and the suboptimality that we discussed in Section 3
are robust properties of exchange economies of overlapping generations with
multiple commodities as well as intertemporal heterogeneity. The main contri-
bution of the literature on cyclical equilibria is that it establishes the important,
suggestive principle that simple dynamic models can have very complex
dynamic behavior at equilibrium.

6. Indeterminacy

An economy displays indeterminacy if and only if it has an uncountable infinity
of distinct competitive equilibria. Competitive equilibria are distinct if and only
if the associated allocations are distinct.

Indeterminacy arises in exchange economies of overlapping generations.
And it may be robust to perturbations in the structure of the economy, the
utility functions and initial endowments of individuals.

Example 12. Consider an elementary stationary exchange economy of over-
lapping generations. One individual is born each period, (1, ¢t) = ¢. The utility

a~1_«o

function of an individual is u'=x, + (1/a)8" 'x.,, @ <1, and his initial
endowment is w'=(...,0,w, =1, wi,, =¢,0,...), £ >0. The excess demand
of individual ¢ as a function of the relative price of the consumption good in the

IW(])” pclrjiods of life of the individual is z'={(z, z})=(q,e— 8¢ “""
8qg T —

i r
g). Competitive equilibrium relative prices are thus obtained as
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solutions to the nonlinear difference equation

1/ {a— 1)_8___ al{ae—1)

8q,0% gq,e + 84, , forteT__ .

For £ =0, this reduces to
g.,=q,, forteT_,_.,

Evidently, for any g, > 0, there exists an equilibrium ¢*(q,) with ¢;(q,) = g,;
solving explicitly, we obtain ¢

q'(q)= '(" " forteT.__ .

Indeterminacy does not arise only in economies that extend infinitely into
the future as well as into the past. This is evident since, for Lemma 1, an
economy in which time extends infinitely into the future as well as into the past
is equivalent to an cconomy in which time extends infinitely into the future but
not into the past.

Example 13. Consider an economy in which time extends infinitely into the
future but not into the past. Two commodities are available each period, (!, 1),
for /=1,2, and two individuals are born, (h,?), for h=1,2. The utility
function of individual (1, &) is """ = Xont (1/a)6“"1x‘("l‘,+1), a <1, and his
initial endowment is w2 =(...,0, W' =(1,0), w'l? =(£,0),0,...), £ >0.
The utility function of individual (2, ¢) is ) = (1/2)8" '3, ,, + x5 4, and
his initial endowment is w®? = (..., 0, w*? =(0, &), Wiy, =(0,1),0,...).
In addition, an individual, (3,1) =0, is born in the first period, whose utility
function is u’ = (Ila)S“flx‘(’l‘l) + X5, and whose endowment is w' ==
(e,1),0,...). That this economy has a continuum of equilibria and thus
displays indeterminacy follows by observing that it is equivalent to the elemen-
tary stationary economy in Example 12. It suffices to identify (2, f) with
commodity (1,1 —¢) and individual (2,¢) with 1nd1v1dual (1,1—1¢), for te
T, .. For any k >0, the prices defined by p(, ,, = =" and Pon = =k a
mdeed competitive equilibrium prices.

Theorem 9 [Geanakoplos and Polemarchakis (1982)]. In a well behaved,
stationary, elementary economy of overlapping generations such that z{(1)+#0,
there exists a non-degenerate closed interval 1* C (0, =) such that for ¢, €I*
there exists competitive equilibrium relative prices q*(g,) with q; = q,.

Proof. Without loss of generality we may suppose that z,(1) <0 and hence
z,(1) > 0. Since limsup_,.. zy =, there exists g > 1 such that z'(4) = 0. Since
the excess demand function is bounded below, there exist 1> g > 4 such that

2,(q) = —a <0 while z,(g) = —a for g €Q. Since limsup__,, z,(g) = =, there
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exists g > 1 such that z,(§) = a. Consider the set K= {(z,, z,): —a <z, <0,
0=z,<a}. Observe that for fixed z, €[—a, 0] there exists z, € [0, a] such
that (z,, z,) €K and, similarly, for fixed z, €[0, «] there exists z, € [~a, 0]
such that (z,, z,) EK. Let I={q €(0, 1}: z(g) EK} C(0, 1). Since a <0, the
set I has non-empty interior.

Choose ¢, €L Since z(§,) EK, —a=<2z,(4,) <0 while 0=<2,(g,) <a. Let
z,=—z,(q,) and z,=—z,(q,). It follows that 0= 2z,<a and —a <z, =<0.
Hence there exist ¢ €I and g%, €I such that z,(¢,)=2,= -2, and
z,(q7)=2,=—7,{q,). It follows that for g = g, 2,(¢7,) + 2,(g;) =0 and
z,(go )+ z,(q}) =0 or, equivalently, the markets at r=0 and =1 are at
equilibrium. Most importantly, since ¢; €I and also ¢*, €1 there exist g5 €1
and ¢*, €1 such that the markets at r=~1 and =2 are in equilibrium.
Proceeding in this manner, we construct equilibrium relative prices ¢* with
9o = Go- £

Figure 35.1 illustrates the construction.

In stationary economiecs with L commodities per period, the degree of
indeterminacy, the dimension of an open set of distinct equilibrium allocations
generically does not exceed 2L — 1 [Brown and Geanakoplos (1982), Bona and
Santos (1989)]; or L — 1 if time extends infinitely into the future but not into
the past. Indeed, there is a method for constructing robust examples of
indeterminacy of any dimension 0= d =< L — 1, for stationary economies into
time T, . [Kehoe and Levine (1985)]. ’

The proof of Theorem 9 conveys the idea that indeterminacy in economies of

12
a4 \ o
45-G
A‘h' %
45°
0 7
-0

Figure 35.1. The indeterminacy of competitive equilibria in stationary elementary exchange
economies of overlapping generations.
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overlapping generations can be understood as lack of market clearing at
infinity, “t = =",

7. Implications for macroeconomics

Keynesian macroeconomics is based in part on the fundamental idea that
changes in expectations or “animal spirits” can affect economic activity at
equilibrium, including the level of output and employment. It asserts, more-
over, that publicly announced government policy also has predictable and
significant consequences for economic activity and that, therefore, the govern-
ment should intervene actively in the market place if investor “optimism” is
not sufficient to maintain employment at an optimal level.

The Keynesian view of the indeterminacy of equilibrium and the efficacy of
public policy has met a long and steady resistance, culminating in the sharpest
attack of all, from the so-called new classicals, who have argued that the
methodological premises of individual optimization and market clearing, con-
sidered together with rational expectations, are logically inconsistent with
animal spirits and the non-neutrality of public monetary and bond-financed
fiscal policy.

The foundation of the new classical paradigm is the model of Arrow and
Debreu, in which it is typically possible to prove that competitive equilibrium
allocations are Pareto optimal; also determinate, the equilibrium set is finite.
The hypothesis of market clearing fixes the expectations of rational investors.
In that model, however, economic activity has a definite beginning and end.
Alternatively, economic activity may be better described as a process without a
definite and possibly without a definite beginning, as it is in the model of
overlapping generations of Allais and Samuelson. In a world without a definite
end, the possibility arises that what happens “today” is underdetermined
because it depends on what individuals “tomorrow” expect to happen the day
after tomorrow, etc. )

Consider an economy of overlapping generations with a simple demographic
structure and one commodity per period. Net aggregate revenue in the
economy can be interpreted as fiat money whose initial stock, = M, is held by
individuals in the first period of their life at r=1. Commodity prices are
p={(p,,...,p,...) and the prices of money is 1 every period. Real balances
at =1 are thus M/p,. It is helpful to interpret the model as a simple
production economy. The endowment in the first period of an individuals life
can be thought of as labor, /,, that can be transformed into output, y,,
according to y, = /,. We can then think of any purchases of good by individual
in the second period of their life, the “0ld”, as demand for real output to be
produced by those in the first period of their life, the “young”. Individuals
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derive utility from leisure in their youth and consumption in their old age.
Notice that the quantity equation, p,y, = M holds for this economy at equilib-
rium with velocity equal to one.

The indeterminacy of equilibrium has the direct implication that optimistic
expectations, which are fulfilled, by themselves can cause the economy’s output
to expand or contract. The Keynesian story of animal spirits causing economic
growth or decline can be told without involving irrationality or the failure of
market clearing.

In fact, the indeterminacy of equilibrium is especially striking when seen as a
response to public, yet unanticipated, policy changes. Suppose the economy is
in equilibrium p* when at time ¢ the government undertake some expenditures,
financed either by the lump-sum taxation of the young or by printing money.
How should rational individuals respond? The environment has been changed
and there is no reason for them to anticipate (p7,,, pi...-..). Indeed, in
models with more than one commodity, there may be no equilibrium in the
new environment with p;,, = p/,,, Piy2 = P2, €tc. There is an ambiguity in
what can be rationally anticipated.

We argue that it is possible to explain the differences between Keynesian and
monetarist policy predictions by the assumptions each makes about expecta-
tional responses to policy and not by the supposed adherence of one to
optimization, market clearing and rational expectations and the supposed
denial by the other of ali three.

Consider the government policy of printing a small amount of money, AM,
to be spend on its own consumption of real output or, equivalently, to be given
to the old generations at 1=1 to spend on its consumption. Imagine that
individuals are convinced that this policy is not inflationary, that p; will remain
the equilibrium price level at the initial period of the new equilibrium, This will
give the old generation at r =1 consumption level (M + AM)/p}. As long as
AM is sufficiently small, and the equilibrium p* was one of the suboptimal
equilibria different from the Samuelson steady-state, there is indeed a new
equilibrium p* with ;= p;. Output has risen by AM/p and in fact the policy
may be Pareto improving. On the other hand, imagine individuals are con-
vinced that the real interest rate, r; = (p)/py)— 1, will remain unchanged. In
this case, price expectations are a function of p,. Recalling the initial period
market-clearing equation, it is clear that prices rise proportionately to the
growth of the money stock. The result is “‘forced savings’’; output is unchanged
and the generation old at ¢t =1 pays for the government’s consumption.

This model is only a crude approximation of the differences between
Keynesian and monetarist assumptions about expectations and policy. Never-
theless it conveys the idea that when equilibrium prices are not locally unique
there is no natural assumption to make about how expectations are affected by
policy.
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