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If the asset market 1s incomplete, and 1f there are two or more consumption goods in each state
of nature, then for fixed consumer preferences (of at least two agents), and fixed (non-trivial)
technologies for the firm(s), and for a generic assignment of initial endowments, competitive
equilibrium 1nvestment decisions are constrained mefficient An outside agency can, simply by
redirecting the investment decisions of firms and by lump sum transfers to individuals before the
state of nature 1s realized, make all consumers better off.

1. Introduction

A stock market is a mechanism by which the ownership and control of
firms is determined through the trading of securities. It is on this market that
many of the major risks faced by society are shared through the exchange of
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securities and the production decisions that influence the present and future
supply of resources are determined. If the overall structure of markets is
incomplete can the stock market be expected to perform its role of exchanging
risks and allocating investment efficiently? It is this question that we seek to
answer.

The efficiency properties of an equilibrium depend upon the structure of
the markets employed. If the markets are incomplete then generically
equilibrium allocations are Pareto inefficient. The reason is clear: the
criterion of Pareto efficiency gives the planner more freedom in allocating
resources than is provided by the system of incomplete markets. The planner
in essence achieves Pareto efficiency by reintroducing the missing markets.
However, the important economic question is not whether a new structure
with more markets can do better, but whether the existing one performs
efficiently relative to the set of allocations achievable with this structure. This
key observation, first made by Diamond (1967) in the context of a one-good
economy, leads to the concept of constrained efficiency.

We study this concept in a general equilibrium model with a finite number
of consumers, firms and goods in which there are two dates (t=0,1) and
uncertainty about which state of nature will occur at date 1. There is a spot
market for each good in each state and hence perfect freedom to exchange
goods within each state. There are security markets for the equity of each of
the J firms. However, the number of firms is assumed to be less than the
number of states (J <S), so that consumers by trading in the equity of firms
have only limited ability to redistribute their income among the spot
markets. In short, spot markets are complete, but sccurity markets are
incomplete. This incompleteness of the security markets is a basic hypothesis of
our model: we do not attempt to explain it. In such a model Diamond (1967)
showed that if there is only one good and i firms have multiplicative
uncertainty then every equilibrium allocation is constrained efficient. In short,
in such a one-good economy a stock market allocates investment efficiently.
Our object s to show that this is a fortuitous circumstance of the one-good
model. If there are two or more goods then the allocation of investment induced
by the stock market is generically constrained inefficient. The government can,
by redirecting the investment decisions of firms and by offering lump sum
transfers to consumers, make all consumers better off.

The qualitative change that occurs in the transition to a two-good
economy has been studied in the context of examples by Diamond (1980),
Loong-Zeckhauser (1982) and Stiglitz (1982). Stiglitz stressed the possibility
that this is a general phenomenon. For a marginal change in the allocation
of consumers’ portfolios and firms’ production decisions changes supply and
demand on the spot markets and hence relative prices. When markets are
complete the rates of substitution of agents are equalised and such a relative
price change has no effect on welfare. Similarly, when there is only one good
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there is no relative price effect and hence no effect on welfare. But when there
are two or more goods and markets are incomplete, agents’ vectors of
marginal utilities of income are generically not collinear and such a relative
price change has an effect on welfare. It is as if a planner by foreseeing these
price changes had an additional instrument for redistributing income across
the states which is not available to the more myopic competitive system.

To exhibit this pecuniary externality as a general phenomenon we need a
concept of equilibrium for an economy with production in which the
structure of markets is incomplete. Since shareholders’ vectors of marginal
utilities of income are not collinear, the concept of profit maximisation is, in
the case of general technology sets, ambiguous. Several criteria have been
proposed. Since we are interested in normative properties we adopt the
criterion introduced by Dréze (1974). In the one-good case this leads to
equilibria which satisfy the first-order conditions for constrained efficiency. It
will be clear from our analysis, however, that the generic inefficiency result
can be expected to hold for a much broader class of objective functions
provided that firms behave as price takers on the spot markets. It should
also be noted that the inefficiency result holds even if securities other than
the equity of firms are introduced provided the overall asset structure
remains incomplete.

Intuitive as the basic economic result may appear, establishing it in a
general equilibrium framework is technically demanding. This was already
clear from the earlier analysis of Geanakoplos and Polemarchakis (1986)
who studied the case of an exchange economy (exogenously given asset
structure). They showed that under certain conditions for a generic choice of
utility functions and endowments all equilibrium allocations are constrained
inefficient. The basic idea that underlies their proof is that changes in
portfolio holdings lead to changes in relative prices if agents have different
marginal propensities to consume. In this paper we do not rely on differences
in the propensities to consume (and hence perturbations of the utility
functions) since changes in production alter the supplies of commodities and
thereby induce changes in relative prices. Our resuits thus depend only on
genericity in endowments.

In section 2 we lay out the basic stock market economy. In section 3 n
addition to existence (Theorem 1) we establish two important structural
properties of equilibria: first that the equilibria are generically smooth
functions of the endowment parameters (Theorem 2), and second that the
present value coefficients of consumers (the normalized vectors of marginal
utilities of income) are generically distinct (Proposition 3). These two resuits
are basic to the proofs of the two generic inefficiency results (Theorems 3, 4)
in section 4. In section 5 the nature of the inefficiency is illustrated through
an example. The proofs of the main results are given in section 6 and the
appendix.
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2. The stock market economy

In this section we outline a general equilibrium model of a stock market
economy in which the security markets are incomplete. As indicated above,
our objective is to show that when the markets are incomplete serious
questions are raised about the ability of the stock market to induce an
appropriate allocation of investment. To analyse the problem in a framework
that is at the same time simple but general we consider a two-period (¢=0,1)
economy in which there is uncertainty about the state of nature at date 1.

2.1. Utility functions, technology sets and initial endowments

There are I =1 consumers (i=1,...,I), J=1 firms (j=1,...,J) and S=1
states of nature (s=1,...,5) at date 1. For convenience we include t=0 as a
state and wrnite s=0,1,...,S. In each state s there are L goods (I=1,...,L);
we let N=L(S+1) denote the total number of goods, so that RV is the basic
real commodity space in the model.

Each consumer has an initial endowment of goods w*=(w")5_,eRY, where
wi=(w' )k, eR% is the vector of goods in state s, and chooses a vector of
consumption x'=(x%)3_,e R. It 15 convenient to write x* =(x}, x})e RL x RSL
where x}, is date 0 consumption and x}=(x!)5., is the vector of date 1
consumption across the states. Without loss of generality we assume that
each consumer’s preference ordering over consumption bundles can be
represented by a utility function u:RY -»R. We make the following set of
assumptions on cach agent’s utility function and endowment: the first part 1s
used to establish existence of an equlibrium, the second part is added to
analyse the generic properties of an equilibrium, the third is used to establish
generic inefficiency.

Assumption A (utility functions). (1) Each consumer's utility function

u:RY >R is continuous, quasi-concave and strictly monotone in good 1 n

cach state s=0,...,S and each agent’s initial endowment w' 1s strictly

positive, w'e RY ..

(2) () we¥*(RY,), Du(x)eRY , VxeRY ..

(i) KT D*u'(x)h<OVh#0 such that Du(x)h=0,VxeRY, (strictly positive
Gaussian curvature).

(iti) If U'(&)={xe RY [u'(x) 2u'(£)} then U(§)cRY ,VEeRY ;.

(3) Each utility function #' is separable in date O and date 1 consumption,

that is, there exist utility functions uf:RL - R, u':RSE—»R such that u'(x)=

ub(xo)+ui(x;)VxeRY,i=1,...,L

On the production side of the economy, each firm j is characterised by a
technology set Y/ RY and the directors of the firm choose a production
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plan y’eY’. We use the standard convention for the production vector
¥y =(y)3., where y!=(y})f_, is the vector of goods produced in state s: if
¥4 <0(>0) then good I is used in state s as an input (is produced in state s
as an output). In the subsequent analysis we will often find it convenient to
decompose the production activity of firm j into period O and period 1
components, y’'=(yb, y1)=(¥),(y)3-,). In addition to the standard closure
and convexity assumptions on the technology sets we need two additional
properties to be able to analyse the generic properties of an equilibrium: the
first 1s an appropriate parametrisation of these sets, the second is the
assumption that they have smooth boundaries.

To obtain genericity results we need a natural way of parametrising the
decisions of agents in the economy. The consumption—portfolio decision of
consumers is naturally parametrised by the vector of mitial endowments
w=(w!,...,w)eRY, of the I consumers. To parametrisec the production
activity of each firm we assume that the production of each firm consists of
two components, the endogenously chosen y’e Y’ and an exogenously given
vector of outputs '€ RY, so that the total production of firm j is y’+#5’. We
call #’ the initial endowment vector of firm j and let y=(y,...,n’). To obtain
genericity results we parametrise the decisions of consumers and producers by
witial endowment vectors (w,n) n the open set R¥, x RV, .

In order to obtain a smooth supply function we assume that the boundary
dY? of Y’ is a smooth submanifold of a subspace K’ R". The introduction
of the subspace K’ avoids the otherwise restrictive assumption that all goods
are involved in the production activity of firm j. The two sets of assumptions
on the technology sets of firms that we will use are the following,

Assumption B (technology sets). (1) (i) Each firm’s technology set Y/ R”Y
is closed, convex and O Y.

i) QI W+ YT (Y +9')) A RY is compact.

(2) (1) Let K’ be a k-dimensional subspace of RY with 1<k <N for
j=1,...,J. Y<K’ is a k;-dimensional manifold and its boundary oY’ is
a %> manifold with strictly positive Gaussian curvature at each point.

(i) p’eRY ., j=1,...,J.

If we choose utility functions (u'), production sets (Y') and a vector of
initial endowments (w,#), satisfying Assumptions (A, B), then we obtain an
economy &((u', Y’), w,7n). In the analysis that follows we think of the utility
functions and technology sets as being fixed and allow the parameters (w,#)
to be free to vary in the parameter space R¥4*Y,

2.2. Market structure: Spot and security markets

There are a varicty of market structures that can be added to any such
economy &((u', Y’),w,n) to induce an allocation of resources. The classical
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one is the Arrow—Debreu set of complete contingent markets and with such a
market structure (competitive) equilibrium allocations are Pareto optimal,
Our basic tenet is that such a market structure is essentially not observed in
the real world, certainly not for the important aggregate risks to which the
production activity of firms is exposed. It presupposes much too refined a
system of markets.

A much more realistic market structure can be described generally as
follows. There are two types of markets, spot markets for the trading of real
good and financial markets for trading financial assets. A rich class of market
structures can be analysed depending on the type of financial assets
introduced. In this paper we consider only one type of financial asset, namely
the security or equity issued by a firm. We focus our attention on this case
for several reasons. First and foremost in terms of the sheer magnitude of
trade involved, equity markets are perhaps the most significant risk-sharing
markets that exist in a modern economy and they are of central importance
in influencing the production (investment) decisions of firms. Second, adding
additional asset markets would not alter our main result, provided the
resulting asset structure remains incomplete. Finally, adding additional asset
markets substantially complicates the notation and our interest is in
obtaining the simplest framework for proving the main resut.

Consider therefore a market structure consisting of spot and equity
markets. In each state s=0,...,§ there is a spot market for each of the L
goods; let p=(po, py) =(Po, (Ps)3- 1) denote the associated vector of spot prices.
There are security markets for the shares of each firm j. Implicit in the
ownership share 0<6Y<1 of firm j by agent : is the right to receive the
share 6y’ of the production plan of firm j. However, since the security
market is viewed as a financial market on which income is delivered rather
than as a real market on which goods are delivered, we assume that what
agent 1 receives as a result of purchasing at date 0 the proportion 8 of firm
j's shares is the mcome 6% p oy’ where p 0y’ =(p,yi)S.,. The price (market
value) of firm j is g, so that the cost of purchasing 67 is §7q;. Each agent i
has an initial ownership share 0<6Y <1 ¢f firm j; he thus receives oYq, from
the sale of his initial shares and spends 6"¢, for the purchase of new shares.!
Since we are interested in the idea that ownership also implies some control
over firm j’s production decision, we assume that securities cannot be short-
sold (6% z0). Trading in the shares of the J firms by the I consumers thus
gives rise to an I xJ non-negative matrix 8=(6",i=1,...,1,j=1,...,J) each
of whose columns sum to 1, Y'1., 0¥=1, j=1,...,J. Let g=(qy, ..., q;) denote
the vector of security prices, then given the market prices (p,q) the budget set
of consumer 1 is given by

‘The imtial ownership shares of the agents (6¥) are not parameters that we perturb in the
analysis that follows For brevity we include only the perturbed parameters (w,#) in the budget
set B' and the description of the economy &((u', Y”),w, )
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there exists 8 €[0,1]” such that

B'(p,q,y;0,m)=4 x€R] Xo—Wh) — go* i
PolXo o)l q =Wip,q;y+n)f
P18 (x;—wi)

where y=(y',...,y’) and W is the (S+ 1) x J matrix of security returns

Pol¥6+16) —d1 .. Po(yo+18)—d;
W(p,q,y+n)=[ .
Py O(yi+01)...py OOA +11)

For this budget set to be well-defined we need to assume that each agent
correctly anticipates at date 0, the date 1 spot prices p, and the outputs of
firms,

i+ =[yi+nl...y1+n1).

The reader will object that the assumption of correct point anticipations is
unrealistic: but recall that it adds strength to our inefficiency results, since
biased or dispersed anticipations will not in general improve efficiency.

2.3. Present value coefficients

Consumer i secks a consumption bundle which solves the constrained
maximum problem
max u'(x'), i=1,...,1
x'eB'(p,q.y,@,1)

This is a standard Kuhn-Tucker problem in which the (S+1) spot market
expenditure constraints give rise to a vector of marginal utilities of income
(Lagrange multipliers),

j‘l::(j'l()v llv-‘a/{fs‘)a i=1,...,1,

across the states of nature. A' in turn induces a vector of marginal rates of
substitution.

Definition 1. We call the vector of marginal rates of substitution between
income at date 1 and income at date 0, n'=(n})S_,=(1/15)5_, the present
value coefficrient of consumer i.

If we take ' as fixed at its optimal level then #* may be characterised more
directly as follows.
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Proposition 1 (present value coefficient of agent i). Let Ay, hold and let
(X', p) satisfy

(XY Zu(R+EY)  for all & such that poE <0,
then there exists n'=(1,m},...,ns)e RS} such that
W(XNZu (X' +&) forall &' such thar w'-(p0E)<Z0.

If in addition A, holds then ©' is unique.

Proof. Consider the preferred and affordable sets

P'={&'e RMS* D]y (= 4 &) > (%)},
Bl={élERL(S+1)]ISD él§0}

Since P'nB'=¢f by the standard separation theorem there exists
v'e RESTD pio£0 such that sups pv' &€ Sinfa pv'- & Since 0 P 0 B

sup v'- &=0= nf v*- & (1)

¢teB ErePr
Let p,=(0,...,p,,.-.,0),s=0,...,S. The first haif of (1) is equivalent to
pE' =0, s=0,...,8=>v"- & =<0

Thus there exists A'e RS**, ' #0, such that v=Y5_, A2:p.. By the second half
of (1),

AP EsS0=>C"¢ P,

M e

I

s=0

The monotonicity of u' implies A'e R$*,!. Let n'=(1/45)4". The uniqueness of

n' under A, is immediate. O

In the analysis that follows these present value coefficients summarise the
essentially new aspects of the problem of resource allocation that arise on the
consumer side of the economy when markets are incomplete. We shall now
show how these coefficients can be used on the production side of the
economy to define an objective function for the firm in the presence of
incomplete markets.

2.4. The problem of defining present value of profit

Given the prices of real goods determined on the spot markets and the
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market value of each firm determined on the equity markets, column j of the
matrix W gives the vector of returns across the states s=0, 1,...,S obtained
from the ownership of firm j when its production decision and initial
endowment are y’+n’. To simplify the motivation of the objective function,
in this section we drop the no-short-sales restriction ¥ =0. Then the present
value coefficient of agent i is a vector n'=(1,7})=(1,(n)S_,)eR%*} which
satisfies the no-arbitrage equation

' W(p, q;y+1n)=0< V(py; ¥, +11)=q—Dpo(Vo+1o), (2)

where V(py;y,+n,)=[p, Oy, +97)]]=, is the SxJ submatrix of period 1
returns from the J firms. When J<S then rank ¥ <J and the dimension of
the set of solutions of (2) is at least S—J. If J<S§ then we say that the
security markets are incomplete. If J=S and rank V=S we say the security
markets are complete. When the equity markets are incomplete any two
consumers will typically have different present value coefficients, so that their
induced preference orderings over profit streams will differ. When the equity
markets are complete there is a unique solution 7', =, to eq. (2); the present
value coefficients of all agents coincide, n'=(1,B,)=p, i=1,...,1, and lead to a
well-defined present value for each firm's stream of profit pa(y’+n’) which
coincides with its market value q,=B-(p0(y’+n), j=1,...,J. The objective
of each firm can be unambiguously defined as maximising the present value
of its stream of profit.

The spanning literature has shown that, even if markets are incomplete, if
suitable restrictions are placed on the technology sets Y' of firms then a
well-defined objective function can be assigned to each firm [see Ekern and
Wilson (1974) and Radner (1974)]. The idea of spanning is that firms find
themselves in a market environment in which no single firm can by itself
alter the spanning opportunities available on the market as a whole. To
express this idea let the initial endowment vector of each firm be zero so that
n=(n",...,n")=0 and let (V(p,,7,)> denote the subspace of R’ spanned by
the columns of the matrix V. Then the spanning condition requires that for
any new production plan y’e Y’ of firm j, the profit stream that it generates
at date 1, p, 0y}, can be written as a linear combination of the existing
profit streams (p, O 7%)i -, of all firms so that

POy eV(Py, 1))

With this assumption firm j cannot create any new spanning opportunities
for investors by altering its production plan y’. In this case the market value
of the firm for each alternative production plan can be evaluated in terms of
the market values of all firms at the existing production plan y, and market
value maximisation gives a well-defined objective function for the firm.
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As soon as a firm can create a date 1 profit stream p; Oy} which does not
lie in the subspace {V(p,, 1)), investors will not in general agree on the
value to be assigned to this production plan and the spanning approach
breaks down. Whether the spanning condition is a reasonable approximation
to what we observe on security markets is an empirical question that we shall
not enter into here. Suffice it to note that spanning rules out disagreement
among sharecholders and to that extent is not generally observed. Further-
more, if the number of firms (J) 1s small relative to the number of states of
nature (S) then the spanning assumption is likely to be very restrictive. The
problem is thus to extend the definition of the objective function of a firm to
a market environment in which the spanning condition no longer holds. We
will examine a variety of ways in which this can be done by considering a
class of objective functions which reduce to market value maximisation when
the spanning condition holds.

What needs to be added to determine an objective function for firm j is a
present value coefficient p'=(1, p,...,p%) satisfying the no-arbitrage eq. (2).
Thus one way of arriving at an equilibrium concept is to choose a collection
of such B’ coefficients, one for each firm,

(B*,....87) with pwW=0, j=1,...,J, (3)
and have each firm maximise the present value of its profit,

max f’-(p0y’), j=1,...,J. (4)

yeYs

If we view a firm as an entity that makes decisions in the interests of its
shareholders then if the present value B’ chosen by the directors of firm j does
not reflect some kind of median or average of the prevent value coefficients of
its shareholders then its production decision may be ‘rejected’ by the share-
holders. In short there may be a breakdown of the relation between ownership
and control. To avoid such ‘instability’ two criteria have been proposed.
These criteria reflect the fact that in the two-period economy there are two
groups of shareholders, the new (8%) shareholders and the original (67)
shareholders. Thus Dréze (1974) proposed that ' should be the average
present value coefficient of the firm's new shareholders,

I

p=Y eunt,  j=1,....J, (5)

=1

while Grossman and Hart (1979) proposed that p’ be the average present
value coefficient of the firm’s original shareholders
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I
B":Zéljnl, j=1,‘..,J.
i=1

The distinction between these two criteria is far from trivial and a discussion
of the issues would take us beyond the confines of this paper.? Note,
however, that in a two-period economy the new shareholders criterion has
better normative properties since it takes into account the interests of the
shareholders who will receive its stream of profits. Indeed, in the one-good
case, it is the only criterion which satisfies the first-order conditions for
constrained Pareto optimality. It seems reasonable therefore in extending the
analysis of the normative properties of equilibrium to the multi-good case to
adopt the new as opposed to the original shareholder criterion. It should be
clear more generally that if in the multi-good case the equilibrium allocations
induced by the new sharcholder criterion (5) are generically constrained
suboptimal, then the same should be true for any criterion satisfying (3) and

(4.

2.5. Shareholder constrained efficiency

If each firm adopts the new shareholder criterion outlined above, in what
sense is the resulting collective set of decisions of firms made in the best
interests of shareholders in the economy? Is the production sector induced to
act in the best interests of the group of shareholders?

Defimtion 2. Let (%,0,y;p)=(x%,...,xL08%,...,8°, y,...,7’; p) denote actions
of the agents and a vector of spot prices. The vector of production plans
y=u",...,y"), where yYeY’ j=1,...,J, is preferred at (x,0,p) to y by the
(new) shareholders of all firms if there exist transfers and changes in
consumption

(t,&)=((", &), j=1,...,J,i=1,...,]) e R” x RM

such that

I
Y t¥=0 with V=0 if /=0, j=1,...,J, (6)

1=1

2Grossman and Hart came up with their criterion 1n attempting to resolve the difficulties that
appear when the Dréze criterion 1s applied to an economy with three or more periods. For then
the new shareholders at date 1 may differ from the new shareholders at date O: shareholders
planning 1o sell at date 1 are concerned with the selling price of the shares, while those who will
hang on to their shares are interested in the dividends (profits) that will accrue. The criterion of
Grossman and Hart focuses all attention on the original shareholders at date 0. This, however, is
reasonable only if the mvestment decisions made at date O are not reversible by subsequent
shareholders, an assumption that ultimately becomes untenable.
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J

Polo= Zl (2o 0V (b —yb)+11, i=1,...,1, (7)
J

p10¢&i= 21131‘:'6”()’11_3711), i=1,...,1, 8

WE+E) > (®),  i=1,... I ©)

Definition 3. Let (%,0, 7; p) denote actions of the agents and a vector of spot
prices. The vector of production plans y is shareholder constrained efficient at
(%,0,p) if there does not exist another vector of production plans y=
'...,y’") with y’e Y/, j=1,...,J, which 1s preferred to y at (x,8,p) by the
shareholders of all firms.

Remark. The idea behind this definition is that if y were not optimal for the
shareholders then a meeting of shareholders could be convened in which
those interested in changing production plans could ‘buy’ the votes of others
to obtain unanimity for a change from j to some y. If we restrict the change
in production plans to a single firm, say firm j, holding the production plans
of all other firms fixed and setting t¥'=0, ) # j,i=1,...,1, then with the
above definitions we may say that 3 is firm j shareholder constrained
efficient. In this case the above meeting of shareholders is restricted to the
shareholders of firm j. This type of constrained efficiency holds with A ,,. To
show that the vector of production plans y 1s optimal in the broader sense of
Defimtion 3, so that simultaneous changes in the production decisions of all
firms are permitted, we need to ensure that no two firms j#k choose
different present value coefficients (n)# ;) for any agent i. This is ensured by
A)-

Proposition 2 (optimality of shareholder present value criterion). Let Ay, hold
and let (%,0,; p) denote the actions of the agents and a vecior of spor prices
such that w'(X')2u'(x'+&") whenever pO&'<0. Let 7t,,i=1,...,1, j=1,...,J
denote present value coefficients of Proposiion 1 with p'=Y]., 097 an
average present value coefficient of firm j’s shareholders. If each firm maximises
the present value of its profit,

P-poy)zp (oY) fordly'eY, j=1,..J, (10)

then §’ is firm j shareholder constrained efficient at (X,0,p) for j= Lo, JIf
Ay holds then j=(3',...,§’) is shareholder constrained efficient at (x, 8, p).

Proof. 1t suffices to prove the latter result. Suppose y=(j,...,7’) is not
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shareholder constrained efficient, then there exist a vector of transfers and
changes in consumption

(t, &) =((z¥, &), j=1,...,J,i=1,...,I)e RV x RV

such that (6)9) are satisfied. Proposition 1 implies that there is a unique set
of present value coefficients 7',i=1,...,I such that

- (po')>0, i=1,...,L (11)

If we multiply (7) and (8) by #, substitute into (11), sum over i and use (6)
we obtain

J

I
_Zl T (PO = ; B-(Bo(y -3 >0,

which contradicts (10). O

Remarks. 1If agents’ indifference surfaces are not differentiable, so that the
supporting hyperplanes defined by the present value coefficients of Proposi-
tion 1 are not unique then j need not be shareholder constrained efficient
[see Dreéze (1974, Example 4.4)].

The assumption that each firm uses the profit maximising criterion (10)
implies that each firm behaves competitively in that it takes spot prices as given
and independent of its production decision. When markets are incomplete this
has important consequences as we shall see in section 4.

3. Equilibriam

With the objective function (10) assigned to each firm our model becomes
closed and we are led to the following concept of equilibrium for a stock
market economy.

Definition 4. An equilibrium for the economy & ((v',Y’),w,n) is a pair of
actions and prices ((%,8, y),(p,d, %)) such that

0 &%), i=1,..1j=1,..,J satisfy

fe argmax w(x) [’3°(x°_7 W) 40 ]= W 3:5+ ),
¥ eBH 5.4, 5, 0.1 P1E(X7—wh)

and 7}, j=1,...,J are present value coefficients for consumer i at (X, p);

(i) y'eargmaxf’-(pOy’), j=L....J,

yJeYJ



126 J Geanakoplos et al., Generic inefficiency of stock market equilibrium

with B/=3Y/_,8Y7 an average present value coefficient of firm j’s
shareholders;

I J

(ii) Zl (%~ w)= Zl(?’+r1’);
1= J=
I

(v) ¥ 0v=1, j=1,...,J.
=1

We now establish some properties of this concept of equilibrium which
besides their intrinsic interest are necessary to prove the generic inefficiency
of equilibrium. The proofs of all the theorems that follow are collected in
section 6 and the appendix.

Theorem 1 (existence of equilibrium). Under the assumptions (A, B)) the
economy &((u', Y’),(w,n)) has an equilibrium.

To carry out a qualitative analysis we need equilibria to be smooth
functions of the parameters (w,n). It is at this point that the smoothness
assumptions (4 ,, B(;)) on preferences and technology are introduced. Even
with these assumptions there are three types of degeneracy that can prevent
an equilibrium from being a smooth function of the parameters
(w,n) e RN, Degeneracy occurs if any of the following holds:

(a) the matrix of security returns V=[p, O(y, +1,)] is degenerate in that its
rank is p<J;

(b) equilibrium prices are such that for some agent i the no-short-sales
constraint just begins to be binding and the portfolio choice ¢ is not a
differentiable function of the prices;

(c) the parameter value (w,n) is a critical value of the projection from the
equilibrium manifold onto the parameter space.

Theorem 2 below shows that the parameter values for which such non-
smoothness can occur are exceptional in the sense that they form a closed set
of measure zero in the parameter space RV4*Y),

Definition 5. We say that an equilibrium (x,0,5),(p,q, %) is a rank p
equilibrium if rank W(p,q;y+M)=p,1<p < J.

Theorem 2 (finiteness and full rank). Let (u',Y’) be fixed. Under Assumptions
(A, 2y Bay. @) if I+J =S+ 1, then there exists an open set of full measure of
parameters Q< RYH) such that any economy &((i, YY), w,n) with (w.n)eQ
has a finite number of equilibria, each of full rank. Furthermore for each
(0,7) € there exists a neighborhood N such that each equilibrium is a
smooth function of (w,n) for all (w,n)e N ;.
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Remark. A comment is in order regarding the assumption I+J<S+1. For
general technology sets (Y?) the coefficient /=Y 1., 67z’ of each firm j
depends non-trivially on the portfolios (6)i_, of its shareholders. When rank
W=p<J agents’ portfolio choices (§') are typically indeterminate and this
can lead 10 indeterminacy of the equilibrium. To be sure that this happens
only exceptionally we need to limit the number of agents (I+J) relative to
the number of states (S+ 1). We will show in section 4 that if the technology
sets are restricted to ray technologies then this assumption is not necessary,
since the production decisions of the firms no longer depend on the
distribution of ownership. In this case the matrix W is generically of maximal
rank independent of the number of agents.

The key characteristic of equilibria with incomplete markets is that the
dimension of the set of solutions of the no-arbitrage equation w'W=0 is
S—J>0. This suggests the likelihood that in equilibrium agents’ present
value coefficients will be distinct: the next proposition asserts that this
property is generic. This result is a basic step in establishing the generic
inefficiency theorem of section 4. Note that when I+J<S+1 if we require
that I =2 then J <S must hold.

Proposition 3 (distinct present value coefficients). Let the assumptions of
Theorem 2 hold. If 1=2 then there exists an open set of full .measure
Q cRYU*D sych that for every economy E((u',Y?),w,n) with (w,n)e, in
each shareholder equilibrium the present value coefficients of all consumers

7, ..., 7! are distinct.

4. Inefficiency of equilibrium

In this section we will examine the efficiency properties of the stock market
equilibrium introduced in section 3. It is clear that there are many market
structures that can be adjoined to the basic production economy of section
2.1 to induce an allocation of resources and the efficiency properties of
equilibrium allocations will depend upon the market structure introduced. If
the market structure consists of a system of spot markets and a sufficient
number of asset markets (J=S) then equilibrium allocations are generically
efficient {see Magill and Shafer (1990)]. The situation changes dramatically
when asset-markets are incomplete (J<S) for then equilibrium allocations
are generically not even constrained efficient. This result was established by
Geanakoplos and Polemarchakis (1986) for the case of an exchange economy.
The object of this section is to show how this result can be extended to the
case of a production economy. Note that we do not attempt to answer the
important question of why asset markets are incomplete: we leave the
explanation of this for subsequent research.
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The basic objective behind theorems of this kind is to determine whether
decentralised decision making based on prices leads to an efficient co-
ordination of decisions by the agents in the economy. If a decentralised price
system does not lead to an efficient co-ordination of decisions then presumably
some form of government intervention is called for: this is a basic theme that
underlies our analysis of equilibrium in a production economy with incom-
plete markets. In this paper, however, we will not attempt to explore what
form such government intervention should take.

4.1. The problem of defining efficiency

Government intervention suggests the idea of a planner running the
economy. If we allow the planner access to the standard feasible allocations
then we arrive at the concept of Pareto efficiency. When markets are
incomplete it is clear why equilibrium allocations are generically Pareto
inefficient: a planner allocating resources with access to the standard feasible
allocations is given much more freedom to allocate resources across states
than is provided by the system of spot and financial markets. Thus, when
markets are incomplete the concept of Pareto efficiency is no longer relevant:
it does not allow us to determine whether the existing structure of
incomplete markets is used efficiently.

What is needed is clear. The planner must only be permitted access to a
constrained set of feasible allocations which mimics the opportunities that a
system of spot and financial markets offers for redistributing goods across
the states of nature. In the one-good case (L=1) the concept of constrained
efficiency is immediate and is that introduced by Diamond (1967) and Dréze
(1974). When there are many goods (L=2) the problem of finding the
appropriate concept is more subtle. The concept introduced by Grossman
(1977) and Grossman and Hart (1979) is not the appropriate criterion for
judging whether a system of incomplete markets is being used efficiently.
Under their criterion, which we refer to as weak constrained efficiency, every
equilibrium allocation is efficient, even one which i1s Pareto dominated by
another and such an equilibrium is clearly not making the best use of the
existing structure of markets.

We shall now introduce the appropriate criterion which is a generalisation

3Weak constrained efficiency considers a restricted set of reallocations about an existing
equilibrium ((%, 7, §),(p, ¢, 77)). Reallocations on the financial markets and spot markets are kept
completely separate. Thus when shareholders portfolios are changed (d6') each agent 1s obliged
to ‘consume’ the bundle of commodities Zfﬂdf)” ¥’ to which the new portfolio holdings give
him the right agent 1 1s not allowed to sell this newly acquired bundle of goods on the spot
markets. The reason is clear: if they allowed such newly acquired bundles induced by portfolio
changes to be exchanged on the spot markets then spot prices would in general need to be
changed. This 1s precisely the effect that weak constramned efficiency eliminates but constrained
efficiency (as defined below) introduces Constrained efficiency differs in another important

respect from weak constramned efficiency in that simultaneous changes wn the porifolios and
production plans are permiited
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of the one introduced by Stiglitz (1982) and that studied by Geanakoplos
and Polemarchakis (1986) for the case of a pure exchange asset market
economy.* In a nutshell, a planner can determine portfolios (), production
plans (y) and income transfers (t) at date O; consumption (x) is then
determined through the spot markets at an appropriate market clearing price
(p). More precisely,

Definition 6. A plan ((x,p),(t,0,y)) is consirained feasible (or feasible for a
constrained planner) if

I
(i) t=(,i=1,...,I)eR., Y =0
1=1

I
i) €e[o1], i=1..1 Y 0'=e where e=(1,...,1)
=1

t

Gii) yeY’, j=1,...,J;

(iv) the spot prices pe(4%1)°*! are such that for i=1,...,I
x'=argmax u'(x'),  B(p,m)={xeRY|pox'=m'},
x*eB(p, m*)

m'=po(w+(y+n6)+1'e,, £o=(1,0,...,0)0eR*"1,

and spot markets clear,

M~

J
(x'—w)= ; (Y +#).

1

it

1

A plan ((x, p),(1,8,y)) is constrained efficient if it is constrained feasible and
there does not exist a constrained feasible plan ((x,p),(z,6,y)) such that
u'(x')>u'(x"), i=1,...,1. An allocation which is not constrained efficient is
called constrained inefficient.

4.2. First-order conditions for efficiency

Let spot prices at date 0 be normalised so that py, =1. Then the transfer
payment 7' can be considered as a transfer of good 1. Thus when a planner
chooses a triple (z,0, y) this is equivalent to choosing a virtual endowment in
goods,

*In Geanakoplos and Polemarchakis (1986) the set of constramed feasible allocations was
further limited since transfers at time zero were not allowed, that 1s. it was required that there be
g such that t'=q (6'—0",1=1, I
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w=w+(y+nd+tle,, i=1,...,1, (12)

for each consumer, where e,=(1,0,...,0)eR". Eq.(12) can be viewed as the
initial endowments of an exchange economy &((#), @) where @ =(w",...,w’),
for which consumption is allocated through a system of spot markets.

Definition 7. A spot market equilibrium for the virtual exchange economy
&((v'),w) is a pair (X, p) such that

(1) x'= argmax u'(x'), i=1,...,1 (13)
xteB(p, pOw)

i) 3 (#—w)=0.
=1

Let %‘(p,m') denote agent i’s solution to (i) when income is m'e RS*!, then a

spot market equilibrium price for the economy &((1'), ) satisfies

™=~

(x*(p,pow")—w)=0.

1

13

If the economy &((u'), ) is regular at @ then the price system p(w) is locally
a differentiable function of the parameter .

Consider a constrained feasible plan ((x,p),(z,0,y)) then x'=X'(p, pOw'),
i=1,...,L,p=p(w) with @ =(w",...,w") defined by (12). We want to examine
the effect of a marginal change (dz,df,dy) in the plan i.e., a change satisfying

I .
Y di'=0, dy’eT,0Y’, j=1,...,J,
(14)
I
Y der=0, dgvz0 if 67=0, i=1,...,I, j=1,...,J.

Such a change induces a marginal change in the virtual endowments,

dw'=(y+#)d0'+dyf' +d7'e,, 1=1,...,1,

which in turn leads to a marginal change in consumption and spot prices
(dx,dp). The latter adjust so that

pod¥=podw'—dpo(x' —w')+dr'e,, i=1,...,1.
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The resulting change in utility for agent i is given by

du'=au (Jz)d.;(l, Where au (£)=<6u (JE) au (x.‘))eRN

ox' ox' oxbh, T oxgy

is the gradient of u’ at x’. The first-order conditions for (13) imply that there
exist

I'=(2,...,25)eR5%"! such that au(f)=Z‘Dﬁ, i=1,..., L
X

0

Thus
dut=72"[pO((y+n)de' +dyd)—dpo(x —w") ]+ A5 de’, i=1,...,1
(15)

The following lemma is now evident.

Lemma. Let ((X,P),(1,0,y)) be a constrained feasible plan, then there exists a
marginal change (dt,d6,dy) satisfying (14) such that du'>0,i=1,...,I, if and
only if ' 1_, (du'/15) >0.

Since 1'/7L =7, dividing (15) by 1}, and summing over i gives the marginal
change in social welfare arising from the change (dz,df,dy),

Lodu ¢
1=1 Z—l_ Z

0 =1

i
- (FO(y+n)di+ Y @ (FOdy)d
=1

I
— ¥ @ [dp, O(x —wh)]. (16)
i=1

t

The term Y !, &hdpo(x,—wh) vanishes since zh=1 for all i and
N (x6—wh)=0. The first two terms in (16) represent the direct income
effect of the change (d6,dy), the last term is the indirect price effect.

A shareholder equilibrium ((x, 8, y),(p, ¢, %)) is clearly a constrained feasible
plan corresponding to (z,6,y)=((0 —8)4,0,y). Let us examine the marginal
effect on social welfare (16) arising from a marginal change (dr,df,dy)
around such an equilibrium. Evaluating such a marginal change is legitimate
since we prove in Proposition 5 in the appendix that the virtual endowments
induced by an equilibrium are generically regular. The first-order conditions
for the portfolio choice & of agent i implies that there exist 5¥ =0 such that
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(PO +9))=¢ —pY with p¥=0 if 79>0.

Multiplying by d6¥ and summing over i and j gives
I . I J
Y@ (poO(F+n)do=—Y ¥ pYd6'=—pdo,
=1 1=1y=1

where p denotes the matrix g=(p"). The first-order conditions for profit
maximisation by firm j imply

gui-(pody’)=0 Vdy'eT;dY".

i~

13

Thus at an equilibrium the social welfare change (16) reduces to

1

o

I
L= —pdo— Y & -[dp, 0% —wi)]. (17)
1=1

S~

il

™~
»ni

1=1
The first term —pdf measures the cost of the no-short-sales constraints
67 =0. This term is zero in an equilibrium where ¥ >0Vi, j. The second term
is the effect on welfare of a change in the equilibrium spot prices.

The price function p is a function of @ which is in turn a function of the
planners action (z, 0, y). With a slight abuse of notation we let p also denote
the composite function (7,8, y)—>w—p. If we make the separability assump-
tions A, then the period 1 spot price function j; depends only on ¢, and
hence only on (8, y,). Let 0p,/06” and 0p,/0yl denote the partial derivatives
of the vector valued function p, with respect to #Y and yJ, respectively.
These are both column vectors. Thus dp, /0y, denotes the SL x SL matrix

()
o¥i: Ok
Since the price effect dp; decomposes into the change induced by df and the

change induced by dy, applying the lemma to (17) gives the following
necessary conditions for constrained efficiency.

Proposition 4 (efficiency conditions). If an equilibrium ((x,0,y),(p,q,7)) s
constrained efficient then

L e op, 0P - )
(i zna-[(#—éﬁ)mm—wn]:a j=lL.d,

1=1
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for all k,k' such that 9% >0, §¥1>0,
. - —1 5ﬁ1 =t 3
(i) Y &y Ty"dyjl O(x1—wi) |=0
1=1 1

for all dy'€ T, 8Y7, j=1,...,J.

We refer to (i) as the portfolio efficiency condition and (ii) as the production
efficiency condition. Two important cases where both efficiency conditions
are satisfied are the following:

(a) There is only one good in each state (L=1). (i) and (ii) hold since the
price effects vanish. Thus the first-order conditions are satisfied. Since in
the case of ray technologies, the set of feasible allocations is convex, the
first-order conditions are sufficient. In this special case every equilibrium
allocation is contrained efficient. This is the original result of Diamond
(1967). In the case of general technology sets studied by Dréze (1974) the
set of feasible allocations is non-convex and the first-order conditions are
no longer sufficient. Dréze in fact gives examples of equilibria with one
good which are not constrained efficient.

(b) The present value coefficients are all the same (Ty=mn,,i=1,...,I). This
happens if asset markets are complete (J=S and rank W=S) and the
constraints § =0 are not binding. Proposition 3 asserts that when asset
markets are incomplete this case will not be observed.

In addition there are two special cases where (i) and (ii) will hold.

(¢) There is no exchange at equilibrium (x, —w' =0, i=1,...,I). In the pure
exchange case this occurs if initial endowments are Pareto optimal, a
situation which is not generic.

(d) There is no production and all agents have identical income effects
(additively separable preferences across the states with the same homothetic
utility function within each state). The price effects disappear in (i).

(a) and (b) suggest the possibility that if there are at least two goods in each
state (L=2) and if markets are imcomplete (J <S) then equilibria are generi-
cally constrained inefficient. In the case of an economy without production
(Y’={0}, j=1,...,J) Geanakoplos and Polemarchakis (1986) have shown
that this is indeed true. In order to eliminate case (d) the genericity is with
respect to wutility functions as well as endowments. Our object there is to
extend the result to the case of an economy with production: in particular we
will show that the production efficiency condition (i) is generically not
satisfied, the genericity being with respect to the endowments (w,n). Thus
even if portfolios were efficiently allocated, it is unlikely that production
decisions are efficient.
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The general message that lies behind the inefficiency theorems that we
prove in the next section seems clear. A modern corporation serves three
constituencies, its shareholders, its employees and the consumers. In this
paper we have not taken into account the responsibility of a corporation to
its employees.> The firm thus serves shareholders by distributing profits and
consumers by producing commodities purchasable on the spot markets. By
eq. (16), a change in its production plan (dy’) affects their welfare via two
terms,

S I
09 7Py dyi+ 3, dP, X TR —wy).

1 s=0 1=1

M~

N
)
s=01

When a firm adopts the criterion (10) the welfare of shareholders is correctly
taken into account, so that the first term vanishes. If the system of markets
ensures that the 7 coefficients of agents are equalised (complete markets)
then the second term automatically vanishes and the firm serves its two
constituencies (at least locally) optimally. When markets are incomplete the
interests of the two constituencies are in general in conflict: the theorems below
show that the two terms cannot in general be made to vanish simulianeously. If
a firm is to act according to some social welfare criterion then it must strike
a balance between the interests of shareholders and consumers. This suggests
the need to modify the criterion of the firm to suitably take into account the
interests of consumers (and more generally of employees) — a result perhaps
achievable by some form of government intervention.

From a policy point of view (i.e., should the government intervene or not)
the significance of the inefficiency theorems which follow depends upon the
magnitude of the distortions which they assert are generically present at an
equilibrium. We do not attempt to provide estimates of these magnitudes
even though the analysis makes clear how such estimates can be calculated.

4.3. Inefficiency of equilibrium

We give two polar conditions on the technology sets (YY) which imply that
at an equilibrium the production efficiency condition (i1) is generically
violated. The first requires that for some firm j the dimension of its
production set Y’ be L(S+1). this means that the firm uses as an input or
produces as an output each of the L(S+1) commodities. From a technical
point of view this assumption is similar in spirit to the requirement that an
agent have a possible endowment of each good.

Theorem 3 (inefficiency). If the assumptions (i) (Ayy ) By ) () L=22;
5The model can be extended to include the interests of employees by having consumers and

firms choose labor contracts in addition to their consumption-portfolio and production plans
[see Dreze (1983, 1984)].
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(i) 122; (iv) I+JSS+1; (v) K'=R" for some je{l,...,J}, are satisfied,
then there exists an open set of full measure Q* < RNL* such that for every
(w,n) € Q* each equilibrium is constrained inefficient.

When K/=R" firm j can completely control its date 1 production vector y4
by suitably changing its production decision yJ, at date 0. The polar case is
to assume that K’ is a subspace of R¥ generated by the requirement that the
composition of date 1 production yi is fixed and only its scale can be
influenced by changing the date 0 production decision yj. This leads to the
following concept which reduces to the multiplicative uncertainty of Diamond
(1967) when L=1.

Definition 8. Firm j has a ray technology set if there exists a non-zero
vector of date 1 commodities (the ray) n’eR5" and a function #:RF—-R
such that

Y'={(~yh,y)) e R: x RES|yy =W (ybh)ni}.

In all genericity arguments of the paper we need a parameter of dimension
L(S+1) for each firm to perturb its supply function out of non-generic
situations. Provided parameters are introduced which permit sufficient control-
lability of the supply functions, the particular parametrisation used is not of
importance in our analysis. With a general technology set the simplest way to
perturb Y’ is by introducing an additive parameter (Y’+#). When Y’ has
the additional structure of being a ray technology set it is natural to replace
the additive parameter at date 1 by the ray parameter n{ in Definition 8,
leaving the date 0 parameter nj to enter additively as before. We will follow
this convention in all cases where ray technology sets are introduced.

Theorem 4 (mefficiency). If the assumptions (i) (A 3y By2)); (i) LZ2;
(i) 122; (iv) I+JZS+1: (v) for some je{l,...,J} firm j has a ray techno-
logy set, are satisfied, then there exists an open set of full measure Q**c
RYFD such that for every (w,n)eQ** each equilibrium is constrained
inefficient. Furthermore if all firms have ray technology sets then the result
holds without assumption (iv).

Remark. When all firms have ray technology sets the assumption ] +J <S8+
1 can be dropped because the objective function of each firm does not
depend on the distribution of its ownership among its shareholders; thus
indeterminacy in the portfolios (6°) of the agents does not translate into
indeterminacy of the equilibrium. The second result in Theorem 4 is
important since it shows that the inefficiency result does not depend on the
upper bound on the number of agents.
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5. Example

The simplest class of economies in which the production inefficiencies of
the previous section can be explored are those in which production activity
consists of using a single input (investment) at date 0 and producing outputs
at date 1. In such an economy there are two causes of production
inefficiency: inappropriate use of inputs, i.e., under- or overinvestment at date
0 and inappropriate production of outputs, 1.e., production of outputs in the
wrong proportions across the states at date 1. We shall consider an economy
in which only the former type of inefficiency can arise by assuming that there
is only one input at date 0 and that the production sector consists of a single
firm with a ray technology set.

The basic data of the economy are as follows. There are two consumers
(I=2), one firm (J=1) and two states at date 1 (S=2). There is one good
(the input) at date 0 and the two outputs (L=2) in each state at date 1. The
characteristics of the two consumers (called o and f) are given by separable
utility functions

u'(x’) =up (xo) + psu (x3)
s=1,2

and endowments w',i=ua, f with p;=p, =3,
. 1+b . ,
ug(xo) = <T> logxo, uf(x,)=(xs1%2)%

ug(xo)=(1+z>logxo, i (x)=log x,; +logx,,, a>0, b>0,

w*=(3,(0,2b—a),(0,1)), w¥=(1,(0,a),(0,1)), 2b—a>0.

Since 4§ =2logus, agent B is more risk averse than agent . As we shall see,
this induces agent o to become sole owner of the firm. Thus we can think of
agent o as the entrepreneur and agent f as the worker. We assume that the
firm has a ray technology set with constant returns to scale A(y,)=yo,
1. =((b,0),(1,0)). Equilibrium ((x, 8, y),(p, g, ©)) is given by

i _a, _a\(33 s_(1(2a\ (11
<(s(o-32-G) +(GHE)

f*=1, 0°=0, §=(-2,(2b,0),(2,0)),
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= Yo Yo = - 1 1
= 1 l,' B T , :0, * = 1,4._’— .
(- 3)(5)) o0 (i)

1 a
(1, L)
i <’a+b’a+b>

Note that
e w0 P dp,; _1
Xt == (B —wh , _.Lzz—-, S=1,2,
127 Wi2 =5 (X7, —Wi2) dye 2
o - 1 - -
xzz—w"éz=§= _(xléz‘wgz >

and that 6*=1,0?=0 are also the unconstrained optimal choices of « and f.
Thus the expression for the social welfare change (17) becomes

dua duﬂ byt 2 o —a - s 4 a i 4 =
T Jf‘W:‘dp12(x12”“k"12)(7f1—”f)—dpzz(xzz“k"u)(ﬂz—ﬂg)
0 0

= —dy k(a{a—1)—b(a—1))= —kdy,4(a,b), (17
where

1
k 4(1+b)(a+b)>0’ A(a,b)=(a—b)(a—1).
Thus dy,4(a, b) <0 leads to a marginal gain in social welfare.

The parameter space P={(a,b)eR%.|2b—a>0} is thus partitioned into
four disjoint open sets A(a,b)s0 in which equilibrium is constrained
inefficient, two of overinvestment (a>b,a>1 and a<b,a<1) and two of
underinvestment (a<b,a>1 and a>b,a< 1), and two closed sets of measure
zero A(a,b)=0 in which equilibrium satisfies the first-order conditions for
constrained efficiency (a=b and a=1). When a=1, since #*=7f, the
equilibrium is a Pareto optimum.

How do we explain the welfare improving change in investment dy, that a
planner can undertake for a given economy (a,b)e P? A marginal change in
investment always helps one agent and hurts the other. Thus determining the
sign of dy, which leads to a welfare improvement amounts to determimng
which agent stands to obtain the largest net gain from a change in
investment. Reducing (increasing) investment raises (lowers) the price of good
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1 relative to good 2 in each state and it is good 1 that the entrepreneur a
sells (worker f buys): thus reducing (increasing) investment helps the
entrepreneur (worker). If a#1 the two terms in (17') have the opposite sign.
Thus if the gain to a exceeds the loss to f in state 1 then the converse is true
in state 2. The sign of a—b determines which of these two terms dominates
and hence which agent should be helped. Thus if a>1 then the gain to «
exceeds the loss to f in state 1 and if a>b(a<b) this term dominates (is
dominated by) the net gam to § in state 2. Thus social welfare is improved
by helping the entrepreneur (the worker), namely by reducing (increasing)
investment.

6. Proofs
6.1. Proof of Theorem 1

In view of the short sales constraints the proof can be reduced to an
application of Debreu’s (1952) social equilibrium existence theorem [see the
original working paper (1987) for more details].

6.2. Proof of Theorem 2

This theorem is a technical result which ensures that for all but an
exceptional set of parameter values equilibria are smooth functions of the
parameters. The result is important: the proofs of all the theorems that follow
are based upon it. For brevity we have been asked to omit it. A complete
proof is in the original working paper (1987); here we provide only an
outline. The idea is to employ a Transversality argument to construct an
open set of full measure € in the space of parameters RY,"” such that none
of the three degeneracies (a)-(c) (see p. 126) can occur.

Step 1. We first introduce a procedure for handling the non-smoothness
created by the short sales constraints. Consider an artificial portfolio choice
6!, arising when agent i is not permitted to invest in a subset of firms
indicated by A and is unconstrained in his investment in the remaining firms.
Let o/ denote the set of all subsets of pairs (i, j)e{l,....I} x{l,...,J}
(including the empty set ) such that Aes/ implies that for each
je{l,...,J} there exists 1€ {1,...,I} such that (i, j) ¢ 4 (for each firm j, some
consumer i must be allowed to invest in firm j). The set {j|(i, j)e A} is the
set of firms that consumer i is forbidden to invest in. Let A—0’ denote a
map defined on &/ with values in R’ such that V=0 if (i, j)e A. Let 6,>0
mean 0Y>0 for all (i,j)¢ A. We place no short sales constraints on the
portfolios ', other than those implied by A. Define the A-restricted budget
set for consumer i by
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there exists 6%, such that
Bi«l(paqayawarl): XGRIX. [po(xo_wb)_qé'

P10 (x—wWy)

»

]= W(p,q;y+n)b’

An A-equilibrium for the economy &((«,Y’),w,n), for Aeo/, is a pair of
actions and prices (X 4,04, 7.4),(P, 4, T 4)) such that

(i) (x,04y,7),1=1,...,1, satisfy (i) in Definition 4 with the budget set
B4(p, 4, y;0,7m),

(i) j,=argmax, .y, % (pOY), j=1,...,J, with
_ 1
W= 04my,
=1

J

(iii) ; (Xy—w)= 2, (Vatn),

=1
I
(v) ¥ 0y=1, j=1,...,J.
1=1

An A-equilibrium is a positive (non-negative) A-equilibrium if 6, >0
04,=0),i=1,....1

If £=((%,0,7),(p,g,7)) is an equilibrium then there exists A€ .o/ such that {
is a positive A-equilibrium. It suffices to let A={(i, j)|#¥=0}. An equilibrium
for which the constraints 67=0 begin to be binding for some (i, j) is an
equilibrium for which non-differentiability occurs. For such an equilibrium
there exist sets A and 4 with AgA such that ¢ is a non-negative
A-equilibrium and a positive A-equilibrium.

Step 2. Parameter values (w,#) for which there exist equilibria in which the
rank of the returns matrix W is p<J create difficulties since 6, is not
well-defined. By a technique similar to that introduced by Magill and Shafer
(1989) we write out equations characterizing equilibria of all possible ranks
p<J and show that with the assumption I +J=<S+1 equilibria of rank p<J
are exceptional. In an A-equilibrium for which the rank of W is p <J there is
a permutation ¢ of 1,...,J such that if W, is the matrix obtained from W by
permuting the columns according to ¢ then the first p columns [Wi,...,we]
of W, are linearly independent. Thus there is a p xJ—p matrix E of extra
variables that solve the equations

P
weti=Y E WY j=1,...,0—p.
k=1
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The choice of 0, is equivalent to the choice of a portfolio yY , , 1n the first p
firms of the permutation . While there may be as many as (J—p)
dimensions of #', that generate a given income stream m'e RS*1, there is a
unique y',,, generating m'. Thus y% ,, is well-defined. We write out
equations characterising such rank p<J equilibria and show that with the
assumption /+J<S+1 the number of independent equations exceeds the
number of unknowns. [Note that p(J—p)+I(J—p)<J(J—p)+I(J—p) <
(S+1)(J—p).] Thus by a Transversality argument similar to that in Step 4
below we conclude that the set of parameter values for which rank p<J
equilibria can occur is a closed set 4" of measure zero in RY4*Y, (This
argument is rather long and needs to be done with care.)

Step 3. For each A€ .o/ consider the open set
A,={(p.q,y,0,m) el xR x R x U|rank W=J },

where

r=4y5, Ay ={(vy,...,vp)eRy L|v =1}, U=RYLFIN\AN.

Let (f',0,#):A,»R¥xR/x A5, denote consumer i’s consumption—
portfolio decision maximising utility »' over the budget set B, and define the
supply function of firm j,

§:Tx A% ,->RY by g(p,p)=argmaxp’-(p0y), j=1,..,J.
yeY?

A standard argument (using the positive Gaussian curvature) shows that
these are ¢' functions. Since Walras law holds for each state we can
eliminate the market clearing equation for good 1 in each state. For any
xeRMSHY et %=(xy,122,5=0,1,...,8)e RE-VE*D denote the truncation
of x. If z=(p,q,y,w,n) then for each Ae.o the equations for full-rank A-
equilibria are given by

1 J
(M) ; (fu(z)—Ww) - _Zl (¥ +4)=0,

I
(ii) §’<p,zg‘,{(z)ﬁ',1(z)>—y’=0, j=1,...,J, (18)

1=1

(i) Y, 04(2)—e=0,

where e=(1,...,1)eR’. We may write the system of equations (18) as
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F 4(2)=0, (18)

where F A~ #=RE VD RN« RI. For each Ae.o/ let A’ be a set of
pairs (i,j) such that A/'UAe o, A’ A=¢ and A'+#¢. Since every full-rank
equilibrium is a positive 4-equilibrium for some A4 €.o/ we can find equilibria
at which some agent’s portfolio is not differentiable by solving the system of
equations

H, () =(F 4(2),(04(2), (i, )e 4)) =0, (19)

where H, 4:A—>M xR*#*. We show that H, , 0, and conclude by a
Transversality argument similar to that in Step 4 below that the set of
parameter values for which (19) has a solution is a closed of measure zero
N aa in U Let U=U\AN" where A=) .y 4Ny Then (0,mel’
implies neither of the degeneracies (a) nor (b) (see p. 126) can occur.

Step 4. We eliminate the critical parameter values (c). Let

Ah:{(p,q,y,a),n)el’xRJxRJNx U

rank W=J
g,>0 |

where §,>0 means §%,>0, i=1,...,I. Since F,h0, F;%0) is a manifold of
dimension N(I+J). The natural projection ¢: F;!—U’ is proper. By Sard’s
theorem the set of critical values of ¢ is a set .4, of measure zero in U’
which is closed since ¢ is proper. Letting Q,=U\A", and Q=(),.,Q,
completes the proof. O

6.3. Proof of Proposition 3

The result will be proved if we show that generically A-restricted equilibria
have distinct 7},..., 7 for each Ae.o/. Let 4, be the domain defined by

AA={Z=(p,q,y,w,n)eF><R’><R’”><Q

rank W(z)=J
0,2>0 |

where  is the open set in Theorem 2. It suffices to show that for any pair of
consumers i,ke{l,...,I}, i#k generically #',##% or that generically the

system of equations

H ((2) =(F 4(2), G +(2)) =0 (20)
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has no solution where F A ,—.4 is defined by (18), G : 4 4—R? is given by
G (2)=7%(2)—7%(2) and H ;: A ,—.H x R5.

In (18) for fixed (w,n) the number of independent equations (dim.#)
equals the number of independent unknowns: we want to show that adding
the S equations G,=0 makes the number of independent equations exceed
the number of unknowns. However, we cannot show that rank D H, =
dim .# + 8. Since J<S we can show that rank D,H ,=dim.# +(S—J) and
by the following lemma this will be sufficient. For a proof see Corollary 1,
Magill and Shafer (1990).

Lemma 1. Let X be a manifold and ¢: X —>R" a €* function. If rank D.p=r
for all xed '(0) then there exist submanifolds M,cX,dimM,=dimX —
roo=1,...,m such that ¢~ *(0)= | J7_ M,

Since rank V(z)=J for all ze 4, it follows that
dimV(z2)'=S—J,V(2)*={f,€R%|, V(1) =0}, VzeA,.

Consider any zeH ;'(0) we want to show that rank D, H,(Z)=dim .# +
exists dz=(0,0,0,dw’,0) such that D H ,(z)dz=(0,dn;). Let 1T'eR5*} be
defined by D,.u'(x)=72'0p and let di'=15(0,dn,). We want to show that
there exists dx' € R such that

D, (% +dx") =(T'+dA) O p. 1)

Since by A, the indifference surfaces of u' have strictly positive Gaussian
curvature for all x*eRY ., it follows from a theorem in [Mas-Colell (1985, p.
80)] that we may without loss of generality assume that DZu'(xX") is negative
definite. But then there exists dx' satisfying (21). Let us now note that if we
let dw'=dx', if (W' +dw") is agent i’s endowment then (X' +dx’,0%, ' +d1") is
the solution of his utility maximising problem. This follows at once from the
fact that first (21) holds, second the budget equations are satisfied with 6
since pOdx‘=pOdw' and third (X'+dA)W/(2)=0 for (i,j)¢4, since
dn, e V(2)*. Since the change dw' leaves 7% and F, unchanged and since in
the proof of Theorem 2 we have already shown that rank D, F,=dim.#, it
follows that rank D, H ,(2)=dim.# +(S—J). By Lemma 1 there exist sub-
manifolds M,cA,,a=1,...,m such that H;'(0)=|J7., M,. Consider the
natural projection ¢:M,—»RYU*D ¢ is proper. By Sard’s theorem and the
properness of ¢ the set Q% of regular values of ¢ is an open set of full
measure in RYY*D Since by Lemma 1 dimM,—dimQ%=—(S—J),
¢_1(a),11)=®V(a),11)eQA. Let Q:,k=ﬂAe.ﬂ ﬂ:;lgfl’ then HA(P"]ay,waﬂ)=0
has no solution for all (w.n)e®; ,, for all Aes/. Thus if we let &=
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(V1si<k<1Q., then for every (w,7)€ Q' in each equilibrium the present value
coefficients (7*,..., @) are distinct. O

6.4. Proof of Theorem 3

We show that the equations of equilibrium and the production efficiency
equation (ii) of Proposition 4 are generically not simultancously satisfied,
so that equilibrium and production efficiency are incomparible. Let
((%,0,7),(p,4,7) be an equilibrium and let w=w'+F+n)0,0=(%",..., W)
denote the induced virtual endowment for the economy &((#'),d). By
Proposition 5 (appendix) there exists an open set of full measure Q" < RY4*7
such that if (w,7)eQ” then the equilibria of &((«,Y"),w,n) induce virtual
endowments @ for which the economy &((u'), @) is regular. Thus if p(w) is a
spot market equilibrium for &((«#,®)), namely a solution of Z(p, @)=

I (#(p,pow")—w")=0, then p is differentiable at @. Thus op /0y 15

well-defined.
Step I By Assumption (v) éY’ is an (N —1)-dimensional manifold. Its
tangent space at j’, T, 0¥’ is thus an (N — 1)-dimensional hyperplane in RY
Since firm j is maximizing profit /- (p0 )’) over Y’ at 7, this hyperplane is
orthogonal to the price vector (fo, B pys--.,BsPs)>0. Thus its projection
onto the date 1 commodity space RX is surjective. In view of this the
efficiency condition (ii) can be written as

~ I
<[_6P1] avl, ¥ & m(x'—m> —0 Vdy|eRS, (22)
oV i=1

where <.,.> denotes the inner product. The normalisation of spot prices
pa=1, s=1,...,8, implies dp;; =0, s=1,..., S. Thus if we define

Q=|j%:|:RLS—>R(L_1)S, QTZR(L_DS—)RLS,

oyi
(23)
I ~ ~
u=dy}, o=) 7 O0(xi—w)
=1
Then (22) reduces to
{Qu,vy=<{u,0Tv)=0 VueRY¥<QTv=0. (24)

If we show that rank QT =(L —1)$ then (24) is satisfied only if v=0. The key
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idea is them to use Proposition 3 to show that generically v#0 at
equilibrium.

Step 2. We show rank QT =(L—1)S. In view of the separability assumption
Ap) the equatlon Z(p,w)=0 decomposes into a pair of equations
Zo(Po, ©0) =0, Zl(pl,a)l) 0. Differentiating the latter at @ =@ and using the
fact that p,(w)=p, gives

0Z, |0p, x1~ s=1,...,8,
6v 25
[apl:l@"l 1;1 I=1,...,L, (25)

where e'e R™ 15 the vector whose component (s,/) 1s 1 and whose other
components are Zzero. Smce @ is regular the matrix B= [6Z1/6p1] has
rank(L—1)S, so that B™! is well-defined. Thus (25) can be written as

Q=B"'C,

where the matrix C is given by (recall p;; =1,5=1,...,5)

_ Z 511 x12 Z ouaxu e & ZI: g,,aﬁzﬂ
—P12 z ont, DsL Z —amf;
C= : :
1 ~ 1 ~
_ ~ O0X} O0X%
_ 0'1] XSL . 01] SL 1—5 6‘:] SL
Z P12 ,; om} Pse ,Z‘l omg_|

C is a matrix with SL columns (each component y/;, has an effect on price)
and (L—1)S rows (we consider truncated demand). To prove that rank
Q=(L—1)S it suffices to show that rank C=(L—1)S. Let C; denote column
(s,D of C. If we subtract from each column Cg,!/=2, the multiple p,C; of
column C,,, s=1,...,S then we obtain a new matrix

D:[""CSI’ CSZ—ﬁSZCsl""’CsL_ﬁsLCsl""]

with the same rank as C,
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Lok Lo I ok
_ 2 L et S S g1 o - — /et SR )
1=Zl arnll 1;1 am,Z 1;1 am:?
Lo, 0% Ly OX Ly 0%
-y =2 0 Y vz g -y 22 o
D= 1;1 amll 1;1 6'"'2 1;1 am; 0
I SR P S,
=1 arn'l 1=1 6'"'2 1=1 arn'S 1

where [ is an (L— 1) x (L—1) identity matrix. Clearly rank D =(L—1)S.

Step 3. As usual, to prove a property for equilibria, we prove that it holds
for all positive A-equilibria. For 4 e.o¢ define the domain

AAz{Zz(P’q’y,w,ﬂ)GFXRJXRN’X(Q’ﬂ o)

rank W(z)=J
0,2>0 |

We add the equation v=0, namely

I
Gu(2)= Z 7%f«u(z) o [i; (P1,P1 O Wy (2)) =Wy (2)]=0 (26)

1=1

to the A-equilibrium equations F ,(z)=0. Thus if we define H,:A4,—.4 x
RS by H 4(2)=(F 4(2),G 4(2)) where F , is defined by egs. (18) and G, by
(26), we want to prove that generically for each Ae.s/ the system of
equations H ,4(z) =0 has no solution in 4.

By Lemma 1 1t will suffice to show that rank D_H ,(z)>dim .# + 1, for all
zeH,;'(0). By earlier arguments rank D,F,(z)=dim.# for all zeF;!(0).
Since G,:4,—»RY“" Y5 G, has components (s,1), s=1,...,8, I=2,...,L. Tt
suffices to show that for each zeH ;!(0) there exists some state s and some
good /=2 such that component (s,!) of G, can be locally controlled without
affecting any other component of G, or F .. By the proof of the Proposition
3 for each Aes/ and each zeH_'(0) for any pair of agents i and
I, 7'y(2) #7;y(z), provided (w,n) e Q. Let 7' =(#',,...,#,s). Thus there exists
a state s such that, without loss of generality 7(z) > 7% (2). Pick some good
I22. To obtain an increase in component (s,!) of G, consider the transfer of
good [ from agent i to agent ',

dwy=—dwy,  dw,>0.
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At the same time decrease (increase) the endowment of good 1 of agent i
(agent i') so as to leave his income and hence his demand unchanged,
dw!, = —pydw}, (dw!; = p, dw',). Component (s.]) of G, increases by

(n'4s(2) = W3 (2) Ay > 0.

No other component of G ,(z) is affected and F ,(z) unchanged. Thus rank
D,H (z)=dim .4 +1,Yze H ;*(0).

By Lemma 1 there exist submanifolds M,cA4,, dmM,=N(I+J)—1,
a=1,...,m such that H;'(0)<|Jr_, M,. Now apply Sard’s theorem to the
projection onto ' N Q" as in the proof of Proposition 3 to deduce the
existence of an open set of full measure Q* = Q' ~ Q" such that for all A€ .,
H ,(z2)=0 has no solution for all (w,n)eQ*. Thus no A-equilibrium and
hence no equilibrium is constrained efficient whenever (w, 1) € Q*. O

6.5. Proof of Theorem 4

Let 7 <{1,...,J} denote the subset of firms with ray technology sets and
let 7° denote the remaining firms. Note that for each firm jeZ the supply
function

g/(p, B, n}) =argmax B - (p1 D)W (¥h) + Po Vb, (27

7 L
yosR

where f'=Y7_,0%z', now depends in addition on the ray parameter 1}.
Since for all agents i such that (i, j) ¢ A the no-arbitrage equation

S
q= < Y ﬁhsps%)h’(yb) +poVh (28)
s=1

holds, it follows that 5. | #,,pn! is independent of i.

As in the proof of Theorem 3 we show that equations of equilibrium and
the production efficiency condition (ii) of Proposition 4 are generically not
compatible when 7 # (5. For a firm jeJ with ray technology, condition (ii)
takes the form

Using the notation in (23) this can be written as



J. Geanakoplos et al., Generic inefficiency of stock market equilibrium 147

T QTv=0<0"0n} _o.

As usual we show that this condition is not satisfied at positive 4-equilibria.
Applying Step 3 in the proof of Theorem 3 we obtain a set 2* < RY“*Y) on
which v ,(z) #0 where

1

04(2)= X a1 (2) DX} (b1, 1 O Wt (2) = W1 (2)]:

Let

Ay=<z=(p,q,y,0,m) el x R’ x RN x Q*
4 {Z (p.q,y,0,m) el x R" x X 7,(2)>0

rank W(z) =J}

The function F, in (18) remains unchanged except that ) 7_,#{ in (i) is
replaced by Z,E s<n, and the components in (ii) are replaced by
8(p, Ay (2),n))—y for jeT . Let G, A ,—R be defined by

G4(2)=n1"Q(2) v(2)=0,

and let H,:A,—~.# xR be given by H,(z)=(F 4(2),G(2)). We show that
generically H ,(z)=0 has no solution for each 4e./. The fact that H,hO
will be established if we can show that G, can be perturbed without affecting
the equations F 4(z)=0. Consider a perturbation dn} € RS satisfying

p1 9dni =0, dﬂllTQTU;ﬁéO' (29)

If such a change dy exists then the objective function of firm j in eq. (27)
and the no-arbitrage equation (28) are unchanged. Thus the input decision
74 is unchanged and dy|=dnih (5}) restores equality in (18) (ii), while
dw = —8"dy} compensates for the change in return on firm j’s equity. Thus
G4 is perturbed without affecting the equations F ,(z)=0. Note also that this
sequence of changes leaves Q(z) and v 4(z) unaffected.

Equation (29) has a solution if and only if there does not exist a, e RS, a, #
0 such that Q7v,=a, 0p,. Thus it suffices to show that a, 0p, ¢Im QT for
a, #0. Since =B~ 'C and B is non-singular, ImQ@7"=ImC” and ImCT=
(ker C)*. Note that the vectors of income effects

g 3

ox'
1 2

om;,

I
=y 04 s=1,...,8,
1=1
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satisfy Ct°=0 so that t°eker C, s=1,...,S. Since 7°*(a, O p)=aqa,, 5=1,...,S,
a;0p,¢ImQT for a; #0. Thus H,AO0. The existence of an open set of full
measure Q**c RYY*D is then obtained by applying Sard’s theorem in the
standard way to the natural projection of H;'(0) onto Q* The reader can
check that if all firms have ray technology sets the assumption I+J<S+1 is
not needed to establish Step 2 in the proof of Theorem 2. Since the objective
functions of the firms do not depend on the portfolios (6V), equilibria can be
defined without these variables. O

Appendix

Defimtion 9. weR™ is a regular endowment for the spot market economy
&((w), w) if, for all equilibria of this economy (Definition 7) the matrix of
derivatives of the excess demand function with respect to prices is of rank
(L=1)(S+1).

Proposition 5. If the assumptions (A 3y, By 2)) and I+J<S+1 are satis-
fied then there exists an open set of full measure Q' < R¥*D such that, for
every economy &(u,),(Y'),(w,n)) with (0,n)eQ", in each equilibrium
(%,0, 9),(p, g, @), the induced endowment @=(W)l_,, wW=w+(F+nb, is
regular for the spot market economy & ((u'), @).

Proof. From the separability assumption Ag), a spot market economy
&((u'), w) can be decomposed into independent date 0 and date 1 economies.
Consider the excess demand function

Z(p,w)=) (x'(p,paw)—w)

 is regular for &((u"), ) if and only if (8Z,/0p,) (o> @,) has rank (L—1) and
(6Z,/0p,) (p,, w,) has rank (L—1)S. As usual we will prove that this property
holds generically for all positive A-equilibria.

Let A, be as in the proof of Proposition 3. Consider the systems of
equations H%(z)=0 and H4(z)=0 where H';:A,—~.# xR, i=0,1 is defined
by H'(z)=(F 4(2),G'4(2)), i=0,1, F , is defined by (18) and

~

0z
GY%(z)=det—2(p,,
a(z)=det o (Po> @ 40)s

~

0z
G2 =det$f (P1>® 41),

with Wy =w'+(y+n)8y, 0, =(w') .
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An argument by now familiar proves that a set Q" with the properties
described in Proposition 5 exists if H,,©0, i=0, 1. To show this it suffices to
prove that we can perturb G'),i=0,1 without affecting the equations
F ,(z)=0.

A little vector calculus shows that the Slutsky equation still holds with
multiple budget constraints so that

5Z (p05 @ 40) = l:Z ﬁxol:l

1=1 6 Dok

1 6x“1 )ub = const
[; <6pok 1

i
A~
—_
=

=)
ko
=
N
=]
ko
T
SR
SRRl
S ™
;“._l
U
T
N>
=

[\/]~.

&\ 4} =const I . . 6isl I, k= 2,...,L,
l: = <5Pak) B 1;1 (x”k_w“k)M]’ s,o0=1,...,8.

Any transfer of goods among the agents which does not affect their incomes
leaves the equations of equilibrium F ,(z)=0 unchanged but affects the terms
(X —Wag) Let z'=(x—w",). Such transfers can generate any dz, such that
Y1, d2,=0. Since the matrix of substitutions terms is negative definite, the
result is implied by the following lemma. O

Lemma 2. Let (a), k=1,...,n, (b)), i=1,...,1, k=1,...,n be (I + )n vectors
of R" such that det(a,,...,a,)#0. Let

{zeR”

and let P: E—>R be defined by

i Ovk=1,. }

1
P(z)=det(u,(zy),...,u,(z,) where wiz)=a,+ ) zib.
1=1

If P(2)=0 for some zZe E, then there exists he E such that D_P(z)-h#0.
Proof. By linearity of the determinant with respect to each variable,

I

P(Z_)-_-det(anuz(fz)w--aun(Z Z det buuz(zz) aun(Z—n))‘
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Consider the set of vectors he E such that h,=0, k=2,...,n. Either for
some of these vectors

I
D,P(z)-h=Y H det(b},uy(2,),...,u,(Z,)#0

1=1

or det(by,uy(z,),...,u,(z,)) 1s independent of i and P()=
det(a,,u,(Z,),...,u,(Z,). In this case we repeat the reasoning for the follow-
ing index. Taking successively all indices, either we find a vector h such that
D,P(5h#0 or P(f)=det(a,,...,a,). But by assumption P(z)=0 and
det(ay,...,a,) #0: thus the first alternative must hold and the proof is
complete. |
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