overlapping generations model of general equilibrium

overlapping generations model of general equilibrium. The
consumption loan model that Paul Samuelson introduced in
1958 to analyse the rate of interest, with or without the social
contrivance of money, has developed into what is without
doubt the most important and influential paradigm m
neoclassical general equiibnium theory outside of the

Arrow—-Debreu economy. A vast literature 1n public finance
and macroeconomics is based on the model, including studies
of the national debt, social secunty, the incidence of taxation
and bequests on the accumulation of capital, the Phillips
curve, the business cycle, and the foundations of monetary
theory. In the following pages I give a hint of these myriad
apphcations only in so far as they illuminate the general
theory My main concern 15 with the relationship between the
Samuelson model and the Arrow-Debreu model.

Samuelson’s innovation was in postulating a demographic
structure in which generations overlap, indefinitely into the
future; up until then it had been customary to regard all agents
as contemporaneous In the simplest possible example, in
which each generation lives for two periods, endowed with a
perishable commodity when young and nothing when old,
Samuelson noticed a great surprise. Although each agent could
be made better off if he gave half his youthful birthright to his
predecessor, receiving in turn half from his successor, in the
marketplace there would be no trade at all. A father can
benefit from hus son’s resources, but has nothing to offer in
return.

This failure of the market surred a long and confused
controversy. Samuelson himself attributed the suboptimality
to a lack of double comncidence of wants. He suggested the
social contrivance of money as a solution. Abba Lerner
suggested changing the definition of optimality. Others,
following Samuelson’s hints about the financial intermediation
role of money, sought to explan the consumption loan model
by the incompleteness of markets. It has only gradually
become clear that the ‘Samuelson suboptimality paradox’ has
nothing to do with the absence of markets or financial
intermediation. Exactly the same equilibrium allocation would
be reached if all the agents, dead and unborn, met (1n sprrit)
before the beginning of tune and traded all consumption
goods, dated from all tume penods, sunultaneously under the
usual conditions of perfect intermediation.

Over the years Samuelson’s consumption loan example,
infused with Arrow-Debreu methods, has been developed nto
a full blown general equilibrium model with many agents,
multiple kinds of commodities and production It 1s equally
fauthful to the neoclassical methodological assumptions of
agent optimization, market clearing, and rational expectations
as the Arrow-Debreu model This more comprehensive
version of Samuelson’s onginal idea 1s known as the
overlapping generations (OLG) model of general equilibrium.

Despite the methodological similanties between the OLG
model and the Arrow-Debreu model, there 1s a profound
difference in their equilibria. The OLG equilibria may be
Pareto suboptimal. Money may have positive value There are
robust OLG economies with a continuum of equilibna.
Indeed, the more commodities per period, the higher the
dimension of multiplicity may be. Finally, the core of an OLG
economy may be empty. None of this could happen in any
Arrow-Debreu economy.

The puzzle 1s why? One looks in vain for an externality, or
on¢e of the other conventional pathologies of an
Arrow-Debreu economy. It is evident that the simple fact that
generations overlap cannot be an explanation, smce by
Judicious choice of utility functions one can build that into an
Arrow-Debreu model. It cannot be simply that the time
horizon is infinite, as we shall see, since there are classes of
infinite horizon economies whose equilibria behave very much
ke Arrow-Debreu equilibria. It 1s the combination, that
generations over-lap mdefinitely, which is somehow crucial. In
sections 4 and 5 1 explain how

Note that in the Arrow-Debreu economy the number of
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commodities, and hence of tume periods, 15 fimte One is
tempted to think that if the end of the world 1s put far enough
off mnto the future, that could hardly matter to behaviour
today. But recalling the extreme rationality hypotheses of the
Arrow-Debreu model, it should not be surprising that such a
cataclysmic event, no matter how long delayed, could exercise
a strong influence on behaviour. Indeed the OLG model
proves that it does. One can think of other examples. Social
security, based on the pay-as-you-go principle in the United
States in which the young make payments directly to the old,
depends crucially on people thinking that there might always
be a future generation, otherwise the young will not
contrnibute. Another similar example comes from game theory,
in which cooperation depends on an infinite horizon. On the
whole, it seems at least as realistic to suppose that everyone
believes the world 1s immortal as to suppose that everyone
believes in a definite date by which it will end. (In fact, it is
enough that people believe, for every T, that there is positive
probability the world lasts past T')

In sections 1 and 3 1 describe a simple one commodity
example illustrating the four differences mentioned above
between OLG and Arrow-Debreu equilibria. These are known
to hold equally for economies with many commodities, as
pointed out in sections 4 and 5. Section 2 discusses the
possibtlity of equilibrium cycles in a one commodity,
stationary, OLG economy.

Section 6 takes up the question of comparative statics. If
there is a multiphcity of equilibria, what sense can be made of
comparative statics? Section 6 summanzes the work showing
that for perfectly anticipated changes, there 1s only one
equilibnum in the multiplicity that is ‘near’ an origmal
‘regular’ equilibrium For unanticipated changes, there may be
a multidimensional multiplicity. But it is parameterizable.
Hence by always fixing the same vanables, a unique prediction
can be made for changes in the equilibrium in response to
perturbations. In section 7 we see how this could be used to
understand some of the New Classical-Keynesian disputes
about macroeconomic policy. Different theories hold different
variables fixed in makng predicnons. Section 8 considers a
neoclassicalclassical controversy and section 9 summanzes
some work on sunspots in the OLG model. Uncertainty in
dynamic models seems likely to be very important in the
future. An understanding of the one commodity model 1s
sufficient to read all sections except 4 and 5.

The explanation of the puzzles of OLG equilibria given 1n
section 4 1s lack of market clearing ‘at infinity’. By appealing
to nonstandard analysis. the mathematics of infinite and
mnfinitesimal numbers, it can be shown that there is a
‘finte-ike’ Arrow-Debreu economy whose ‘classical equilib-
na’, those price sequences which need not clear the markets in
the last period, are isomorphic to the OLG equilibria. Lack of
market clearing 1s also used to explan the suboptimality and
the positive valuation of money.

Recall the classical economists’ conception of the economic
process as a never ending cycle of reproduction. The state of
physical commodities is always renewed Samuelson attempted
to give a completely neoclassical explanation of the rate of
nterest in just such a setting. It now appears that the market
forces of supply and demand are not sufficient to determine
the rate of interest in the OLG model. In other infinite horizon
models they do. The difference, we speculate in section 5,
comes from the fact that in the OLG model, no matter how
large ¢ is, there is always someone who values consumption
more at date ¢ than at date 1. In those nfinite horizon models
where equihbrium behaviour 1s like that in Arrow-Debreu, the
economy 1s uniformly impatient.
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1. INDETERMINACY AND SUBOPTIMALITY IN A SIMPLE OLG MODEL.
In this section we analyse the equilibrium set of a one
commodity per period, overlapping generations (OLG)
economy. Although the definition of equilibrium seems firmly
in the Walrasian tradition of agent optimization and market
clearing, we discover three surprises. There are robust
examples of OLG economies that possess an uncountable
multiplicity of equilibria, that are not in the core, or even
Pareto optimal. The lack of optimality (in a slightly different
model, as we shall see) was pomted out by Samuelson in his
seminal (1958) paper. The indeterminacy of equilibrium in the
one commodity case is usually associated first with Gale
(1973). In later sections we shall show that these puzzles are
robust to an extension of the model to multiple commodities
and agents per period, and to a nonstationary environment.
We shall add still another puzzle mn section 3, the positive
valuation of money, which is also due to Samuelson.

A large part of this section is devoted to developing the
notation and price normalization that we shall use throughout.
In any Walrasian model the problem of price normalization
(the ‘numeraire problem’) arises. Here the most convement
solution in the long run 1s not at first glance the most
transparent.

Consider an overlapping generation (OLG) economy
E=E_, , in which discrete ime periods ¢ extend indefinitely
into the past and into the future, ¢ € 2. Corresponding to each
time period there is a single, perishable consumption good x,.
Suppose furthermore that at each date ¢ one agent 1s ‘born’ and
hves for two periods, with utility

w( .., X, X%, -)=a'logx,+(1—a')logx,,,

defined over all vectors
x=(..x_y,XX,...) €L =RZ,

Thus we identify the set of agents A4 with the time periods 2
Let each agent r € A have endowment

e'=(..,0,e,e,,,0,...)eL
which is positive only during the two periods of his hfe. Note
that

YLe=e"'+e
1€A

An equilibrium 1s defined as a price vector

p=( "sp—l’pOa'-‘)EL-p-o-

forall se2.

and allocation
X=[x'=(..,x},xl,,..) ted]

satisfying x 1s feasible, i.e.

Y xi=Ye!, forall seZ (1.1
te A ted
and
Y pel<owo  forall teAd (12)
seZ
and
x'eArgMax{u'(x)u WERD) p,e;} (13)
Xel 1YY 4 sex

The above definition of equilibrium 1s precisely in the Walrasian
tradition, except that it allows for both an infimte number of
traders and commodities. All prices are finite, and consumers
treat them as parametric in calculating their budgets. The fact
that the defimition leads to robust examples with a continuum
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of Pareto-suboptimal equilibria calls for an explanation. We
shall give two of them, one at the end of this section, and one
in section 4 Note that condition (1.2) becomes necessary only
when we consider models in which agents can live for an mfinite
number of time periods.

As usual, the set of equilibrium price sequences displays a
trivial dimension of multiplicity (indeterminacy), since if p is an
equilibrium, so is kp for all scalars k > 0. We can remove this
ambigunty by choosing a price normalization g, = p, , ,/p,, for all
te?. The sequence g =(...,4_,.4y, ...) and allocations
(x% t € Z) form an equilibrium if (1) above holds together with

x'e Arg I\Ldax {u'(x)|x,+q,x.,<e;+qei,}. (L4
Notice that we have taken advantage of the finite lifetime of the
agents to combme (1 2) and (1.3) mto a single condition (1.4)
We could have normalized prices by choosing a numeraire
commodity, and sefting its price equal to one, say p, = 1. The
normalization we have chosen instead has three advantages as
compared with this more obvious system. First, the ¢ system is
time invariant. It does not single out a special period in which
a price must be I; if we relabelled calendar time, then the
corresponding relabelling of the g, would preserve the equi-
librium In the numeraire normalization, after the calendar
shift, prices would have to be renormalized to mamtain p, = 1.
Second, on account of the monotonicity of preferences, we
know that if the preferences and endowments are uniformly
bounded

D<a<a'<a<l, O<e<e;, e,,<€éx1

forall teAd,

then we can specify uniform a prior: bounds k and k such that
any equilibrium price vector ¢ must satisfy k < ¢, < k for all
te Z. Thirdly, it is sometines convement to note that each
generation’s excess demand depends on its own price. We define

[Z214.). Z14 @) = (x;—el, xi —€14))

for x* satisfying (1 4), as the excess demand of generation ¢,
when young and when old We can accordingly rewrite equi-
libnum condition (1 1) as

Z"Yq,- )+ Zig) =0 teZ. (1.5)

Let us now mvestigate the equilibria of the above economy
when preferences and endowments are perfectly stationary To
be concrete, let

for all

a'=a forall teA,

and let
teA,

where e >a >} Agenis are born with a larger endowment
when young than when old, but the aggregate endowment of the
economy is constant at 1 in every time period. Furthermore,
each agent regards consumption when young as at least as
important as consumption when old (2 >1), but on account of
the skewed endowment, the marginal utility of consumption at
the endowment allocation when young is lower than when old:

el=e, and e, =1—e¢, for all

a l—a
-<
e l-—e
If we choose
_ l-—ae
q9,=4= -

for all ¢ € 2, then we see clearly that at these prices each agent

will just consume his endowment; ¢ =(. .,4,4,4,...) 1s an
equilibnum price vector, with x'=e’ for all £ € 4 Note that
if we had used the pnice normalization p, = 1, the equhbrium
prices would be described by

CosPoPisPr--)=0(..,1,4,d,..)
where p,— 00 as t — o0.
But there are other equhibria as well. Take
g=(..,,1,1, .),and
(x, xi,)=(a1—a) forall teA.

This ‘golden rule’ Pareto equilibrium dominates the autarkic
equilibrium previously calculated, thereby raismng the most
important puzzle of overlapping generations economies: why is
it that equilibria can fail to be Pareto optimal? We shall discuss
this question at length, in section 4. For now, let us observe one
more curious fact. We can define the core of our economy mn
a manner exactly analogous to the finite commodity and
consumer case We say that a feasible allocation x = (x', 1 € 4)
is in the core of the economy E if there 1s no subset of traders
A’ < A, and an allocation y =(y’;1€4’) for A such that

Ty=2Ye,

ted ted’
and

u'(y)>u'(x?) forall ted".

A simple argument can be given to show that the core of this
economy 1s empty. For example. the golden rule equilibrium
allocation is Pareto optimal, but not in the core. Since a <e,
every agent is consuming less when young than his 1nitial
endowment. Thus for any feAd, the coalition
A’ ={teAlt >1,} consisting of all agents born at ume ¢, or
later can block the golden rule allocation.

Let us continue to investigate the set of equilibria of our
sitnple, stationary economy. One can show that for any §,, with
1 < g, <§, there is an equilibrium price sequence

q=(...9-1,490:q1>---)

with g, =§,. In other words, there 1s a whole continuum of
equilibria. containing a nontnvial interval of values Inci-
dentally, it can also be shown that for all such equilibria
q,9,—q as t - o0, and g,—1 as t - —oo. Moreover, these
equilibria, together with the two steady state equilibria, consti-
tute the entire equilibrium set.

This raises the second great puzzle of overlapping generations
economies. There can be a nondegenerate continuum infinity of
equilibria, while in finite commodity and agent economies there
are typically only a finite number. Thus if we considered the
finite truncated economy E_ ;. ;. consisting of those agents born
between — T and T, and no others, then it can easily be seen
that there is only a unique equilibrum (g_;,...,4q7)+
@g..... 4). no matter how large T is taken. On the other hand,
in the overlapping generations economy, there are a continuum
of equilibria. Moreover, the differences in these equilibria are
not to be seen only at the tails. In the OLG economy, as ¢,
varies from 1 to §, the consumpuion of the young agent at time
zero varies from @ to e, and his utility from aloge =
(1 —a)log(l — e) (which for e near 1 is close to — o), all the
way to a log a + (1 —a)log(l —a). By pushing the ‘end of the
world’ further into the future, one does not approximate the
world which does not end We shall take up this theme again
in section 4.

It is very important to understand that the multiplicity of
equilibria 18 not due to the stationarity of the economy. If we
choose a’ near a and (e}, e!, ) n¢ar (e, | — e), we would find the
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same multiplicity. One might hold the opinion that 1 a steady
state economy, one should only pay attention to steady state
equilibria, 1.e. only to the autarkic and golden rule equilibria.
In nonsteady state economies, there are not steady state equi-
libria to stand out among the continuum One must face up to
the multiphcity.

Let us reconsider how one might demonstrate the multiplicity
of equilibria, even 1n a nonstationary economy. This will lead
to a first economic explanation of indeterminacy similar to the
one originally proposed by Samuelson Suppose that in our

nonstationary example we find one equilibrium
é = ( AR 4 (K éo, 4[’ . ) satisfymg:
Z:7'G,. )+ ZY4,)=0 forall teZ. (1.6)

Let us look for ‘nearby’ equilibria.

We shall say that generation ¢ is expectations sensitive at g,
if both [0Z1(4.)/0q,1#0 and [0Z;, ,(4,)/09,)#0. If the first
mequality holds, then the young’s behaviour at time ¢ can be
influenced by what they expect to happen at tume ¢+ 1.
Sumnilarly, if the second inequality holds, then the behaviour of
the old agent at time ¢ + 1 depends on the price he faced when
he was young, at ime ¢ Recalling the logarithmic preferences
of our example, it is easy to calculate that the derivatives of
excess demands, for any g, > 0, satisfy

0Z!
a';q’) r+l #0
and
0Zisi(0)  —0= Vel
dq, q;

Hence by applying the imphcit function theorem to (1) we know
that there is a nontrivial interval 77_, containing 4§, _, and a
function F, with domam IT_, such that F,(4,_,) = 4,, and more
generally,

Z:hl(ql—l)+Z:[Fl(ql—l)]=05 q(—KEIf——l'

Sumilarly there 1s a nontnivial interval I? contaming §,, and a
function B, with domain I? such that B,(4,) = §,_,, and more
generally, Z!7'[B,(g,)] + Z'(g,) = 0, for all g, I?. Of course, if
F(4,.1)=4q.¢ I:B: then B,(g,)=4,_,.

These forward and backward functions F, and B, re-
spectively, hold the key 10 one understanding of indeterminacy
Choose any relative price g,€ I§ N IZ between pennods 0 and |
The behaviour of the generation born at 0 1s determined,
including 1ts behaviour when old at penod 1 If g, # §,, and
generation 1 continues to expect relative prices 4, between 1 and
2, then the pertod 1 market will not clear. However, it will clear
if relative prices g, adjust so that g, = F(g,) Of course.
changing relauve prices between pertod 1 and 2 from 4, to g,
will upset market clearing at time 2, if generation 2 continues
to expect 4,. But 1if expectations change to gq,= Fy(q,), then
again the market at time 2 will clear. In general, once we have
chosen g,€ If, we can take q,,,=F,, (q,) to clear the ( + 1)
market. Sumilarly, we can work backwards The change in g,
will cause the penod 0 market not to clear, uniess the previous
relative prices between period — | and 0 were changed from §_,
to q_, = B,(g,) More generally, if we have already chosen
q,€ 1%, we can set q,_, = B(g,) and stll clear the period t
market

Thus we see that it 1s possible that an arbitrary choice of
gy € IFN %) could lead to an equilibrium price sequence 4. What
happens at tune 0 1s undetermined because it depends on
expectations concerning pertod 1, and also the past But what
can rationally be expected to happen at tiume 1 depends on what
in turn 1s expected to happen at time 2 etc

for all
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There 15 one essential element missing 1n the above story.
Even if g, € I,F , there 15 no guarantee that q,,, = F,, ,(g) is an
element of IT, . Slmxlarly, g, € I? does not necessanly imply that
q,_,=B,q,)el? | Inour steady state example, this can easily
be remedied. Since all generations are ahke,

F,=F,B=By,If=1If and I’=I! forall te?

One can show that the interval (1,4)<IiNI4, and that if
g €(1,9), then Fi(g)e(1,4), and By(g,) (1, 3). This estab-
lishes the indeterminacy we claimed.

In the general case, when there are several commodities and
agents per period, and when the economy is nonstationary, a
more elaborate argument is needed Indeed, one wonders, given
one equilibrium 4 for such an economy, whether after a small
perturbation to the agents there is any equilibrium at all of the
perturbed economy near §. We shall take this up in section 6.

2. ENDOGENOUS CYCLES. Let us consider another remarkable
and suggestive property that one commodity, stationary
OLG economies can exhibit We shall call the equilibrium
q=0(-..9_1,90.9,, -.) periodic of period n if gy,9),-..,4,_,
are all distinct, and if for all integers 1 and j, ¢,=¢,,, The
possibihty that a perfectly stationary economy can exhibit
cyclical ups and downs, even without any exogenous shocks or
uncertainty, is reminiscent of 1930s-1950s business cycle the-
ories. In fact, 1t is possible to construct a robust one commodity
per period economy which has equilibrium cycles of every order
n! Let us see how.

As before, let each generation 1 consist of one agent, with
endowmente‘=(....,0,¢e,1 0, .. .) positive only mn period
t and 1 + 1, and utility u'(x) = u,(x,) + u;(x,, ,). Again, sup-
pose that § =uj(l —e)uj(e)> 1. It 18 an mmmediate con-
sequence of the separability of ', that for

q, < q" M <.
oq,
From monotomcity, we know that Z|,,(g)— o as q,—0
Hence 1t follows that for any 0 <g,<4, there 1s a umque
q_, = By(q,) with

Z5'[By(46)1 + Z3(90) = 0.

From the fact that Z3(g,) > —e, for all g, it also follows that
there is some g < | such that if gy€ g, 4], then By(g,) € g, 4]

Now consider the following theorem due to the Russian
mathematician Sarkovsky.

Sarkovsky's theorem. Let B: [g,4]-[q,4] be a continuous
function from a nontrivial closed mterval into itself. Suppose
that there exist a 3-cycle for B, ie. distinct points g4, 4;, 4,, n
lg, 4] with q, = B(g,), 4, = B(q,), 9= B(4;). Then there are
cycles for B of every order n

Grandmont (1985), followmg related work of Benhabib-Day
and Benhabib-Nishiunura, gave a robust example of a one
commodity, stationary economy (u,,u,,e) giving nse to a
3-cycle for the function B, Of course a cycle for By 1s also a
cyclical equilibrium for the economy, hence there are robust
examples of economies with cycles of all orders.

Theorem (Grandmont) There exist robust examples of
stationary, one-commodity OLG economies with cychcal
equlibna of every order n.

This result 15 extremely suggestive. Note first, however, that
all of the cyclical equilibria, except for the autarkic one-cycle
( 4,4, 4, ..)can be shown to be Pareto optimal (see section
4). The theory of macroeconomic bustness cycles 15 concerned
with the welfare losses from cyclical fluctuations (On the other
hand, the fact that cyclical behaviour 1s not mmcompatible with
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optimality 1s perhaps an important observation for
macroeconomics ) More sigmficantly, it must be pomted out
that Sarkovsky's theorem is a bit of a mathematical curiosity.
No comparable general theorem is known for maps of the
square, or any higher dimensional cube, mto itself The best
that could be hoped for in general are robust examples of two
cycles. And of course nonstationary economies, even with one
commodity, will typically not have any periodic cycles. By
contrast, the multiplicity and suboptumality of nonperiodic
equlibria that we saw m section 1 are robust properties that
are mamntained m OLG economies with multiple commodities
and heterogenerty across time. The mam coninbution of the
endogenous business cycle literature 1s that it establishes the
extremely important, suggestive principle, that very sumple
dynamic models can have very complicated (‘chaouc’)
dynamic equilibrium behaviour.

In the next section we turn to another phenomenon that can
generally occur in overlappmng generations economies, but
never in finite horizon models.

3. MONEY. Money very often has value 1n an overlapping
generations model, but it never does in a finite horizon
Arrow-Debreu model The reason for 1ts absence in the latter
model is familiar. in the last period 1ts marginal utility to every
consumer 1s zero, hence so is its price In the second to last
period nobody will pay to end up holding any money, because
m the last period it will be worthless. By induction it will have
no value even m the first penod. Evidently this logic fails mn
the infimte honizon setting, since there is no last period. On the
other hand, there are nfinite horizon models where again
money can have no value The difference between the OLG
model and these other infintte horizon models will be discussed
in section 5

Strictly speaking, the overlapping generations mode] we have
discussed so far has been modelled along the lines of
Arrow-Debreu. each agent faces only one budget constrant
and equilibrrum is defined as if all markets met simultaneously
at the beginning of time (— o0). In such a model money has no
function. However, we can define another model, similar to
that first considered by Samuelson, mn which agents face a
sequence of budget constraints and markets meet sequentially,
where money does have a store of value role. Surprisingly, this
model turns out to have formally the same properties as the
OLG model we have so far considered. To distinguish the two
models we shall refer to this latter monetary model as the
Samuelson model.

Suppose that we imagine a one-good per peniod economy 1n
which the markets meet sequentially, according to their dates,
and not simultaneously at the beginning of time. In such a
settg it 15 easy to see that there could be no trade, since, as
Samuelson put it, there 1s no double comcidence of wants. The
old and the young at any date ¢ both have the same kind of
commodity, so they have no mutually advantageous deal to
strike But as Samuelson pointed out, introducing a durable
good called money, which affects no agent’s utility, mght
allow for much beneficial trade The old at date ¢ could sell
thetr money to the young for commodities, who m turn could
sell their money when old to the next period’s young In this
manner new and more efficient equilibria might be created.
The ‘social contrivance of money’ 1s thus connected to both
the indeterminacy of equilibrium and the Pareto suboptimality
of equilibrium, at least near autarkic equilibria. The puzzle, we
have said, 1s how to explain the positive price of money when
it has no marginal utility.

A closer examination of the equlibrium conditions of
Samuelson’s monetary equilibrium reveals that although it

appears much more complicated, 1t reduces to the OLG model
we have defined above, but with one difference, that the
budget constraint of the generation endowed with money 1s
mncreased by the value of the money The introduction of the
asset money thus ‘completes the markets’, mn the sense of
Arrow (1953), by which we mean that the equilibrium of the
sequential economy can be understood as if it were an
economy 1n which money did not appear and all the markets
cleared at the beginning of time (except, as we said, that the
mcome of several agents 1s increased beyond the value of their
endowments) The puzzle of how money can have positive
value 1 the Samuelson model can thus be renterpreted n the
OLG model as follows How is it possible that we can ncrease
the purchasing power of one agent beyond the value of his
endowment, without decreasing the purchasing power of any
other agent below his, and yet conunue to clear all the
markets? Before giving a more formal treatment of the
foregoing, let me re-emphasize an important point. It has often
been said that the Samuelson consumption loan model can be
understood from the pomnt of view of incomplete markets.
Adding money to the model does indeed complete the
markets, 1n the precise sense of Arrow-Debreu, but the result
is the OLG model 1n which the puzzles remain

Consider now a truncated example E; ,, m which time begins
at date =0, but continues to infinity. Once agaimn there 1s a
new agent ‘born” at each date ¢ >0, whose utility depends only
on the two goods dated during his lifettme, and whose
endowment 1s positive only in those same commodities At
each date 1> 1 there will be two agents alive, a young one and
an old one. At date 0 there 1s only one agent To this
truncation of our earller model we now add one exura
commodity, which we call money. Money 1s a perfectly
durable commodity that affects no agent’s uulity. Agents are
endowed with money (M}, M|, ), in addition to therr com-
modity endowments.

A price system is defined as a sequence

(75 p) = ("o, ™y, My - .. 3 Pos Pi> Pas - )

of money prices #n, and commodity prices p, for each ¢ = 0. The
budget set for any agent ¢ 1s defined by

'
{(m,, My X0 X, 41) Z0lm,m, + p,x, S, M|+ pe;
and
1 '
Ty P X ST M 4 pyel + oy m)

The budger constraint expresses the principle that in the
Samuelson model agents cannot borrow at all, and cannot save,
i.e. purchase more when old than the value of their old
endowment, except by holding over money m, from when they
were young Let mi(n, p) and m;_,(n, p) be the utility max-
imizing choices of money holdings by generation ¢ when young
and when old. As before the excess commodity demand is
defined by Zi(n, p) and Z;_ ,(n, p).

To keep things simple, we suppose that agent 0 1s endowed
with M= M units of money when he 1s young, but all other
endowments M! are zero. Since money is perfectly durable,
total money supply n every period is equal to M. Equlibrium
is defined by a price sequence (n, p) such that m3(x, p) = M and
ZY(r,p) =0, and for all

tz1, mi"¥n,p)
+mim,p)=M and Z{"'(z,p)+Zi(n.p)=0

At first glance this seems a much more complicated system than
before.

But elementary arguments show that i equilibrrum either
n,=0 for all ¢, and there 1s no mtergenerational trade of
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commodities, or #, > 0 for all 7. In the latter case m{ ,(z, p) =0
for all ¢, hence money market clearing 1s reduced to

mim,p)=M  forall 120

And for the period by period Walras’s Law, if the goods market
clears at date £, so must the money market. So we never have
to mention money market clearing. Moreover, by taking
q,=(@p.,)(n,,,p) we can wrnte the commodity excess
demands for agents ¢ =1 just as in section I, by

A CARAIRICA)
and they are the same as

[Zi=, p), Z; .\ (7, P))

The only agent who behaves differently is agent 0, whose budget
set must now be written

D%y, go) = {x1x+ go X, S € + goel + uM},

where
Ty

Po
We can then wnite agent 0’s excess demand for goods as

(231, 90)Z5, (1, 4))-

A monetary equilibrium in the OLG economy E,, is any
(., q), 1 20, satisfymng

Z3( 90) =0, Z((n. 40} + Zi(91) =0,

and

Z*'4q- )+ 2Zig)=0 forall t>2Z

4. UNDERSTANDING OLG ECONOMIES AS LACK OF MARKET
CLEARING AT INFINITY. In this section we point out that the
suboptimality of competitive equilibria, the indeterminacy of
nonstationary equilibria, the non-existence of the core, and the
positive valuation of money can all occur robustly in possibly
nonstationary OLG economies with multiple consumers and
L > 1 commodities per period. We also note the mmportant
principle that the potential dimension of indeterminacy 1s
related to L. In the two-way infimity model, it is 2L — 1. In the
one-way mfinity model without money it is L —1; mn the
one-way infinity model with money the potential dimension of
indeterminacy 1s L.

None of these properties can occur (robustly) in a finite
consumer, finte horizon, Arrow-Debreu model. In what
follows we shall suggest that a proper understanding of these
phenomena lies in the fact that the OLG model is isomorphic,
in a precise sense. to a ‘*-fimte’ model in which not all the
markets are required to clear.

One of the first explanations offered to account for the
differences between the Arrow-Debreu model and the
Samuelson mode! with money centred on the finite ifetimes of
the agents and the multiple budget constrants each faced.
These unpediments to intergenerational trade (e.g. the fact that
an agent who 1s ‘old’ at time ¢ logically cannot trade with an
agent who will not be ‘born’ until time 74-s) were held
responsible. Indeed in a finite horizon model under uncertainty
(with incomplete asset markets), if agents are confronted with
a series of budget constramts, it is possible to generate
robustly many dimensions of Pareto-suboptimal equihbria.
But there 1s no uncertainty in the Samuelson model. And as we
saw in the last section, without uncertainty, the presence of a
single asset like money 1s enough to connect all the markets.
Formally, as we saw, the model is identical to what we called
the OLG model in which we could unagme all trade taking
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place simultaneously at the beginning of time, with each agent
facing a single budget constramnt involving all the commodi-
ties. What prevents trade between the old and the unbomn is
not any defect m the market, but a lack of compatible desires
and resources

Another common explanation for the surprising properties
of the OLG model centres on the ‘paradoxes’ of infinity. In
finite models, one proves the generic local uniqueness of
equilibium by counting the number of unknown prices, less
one for homogeneity, and the number of market cleanng
conditions, less one for Walras's Law, and notes that they are
equal. In the OLG model there are an infinity of prices and
markets, and who 1s to say that one infinity is greater than
another? We already saw that the backward induction
argument against money fails in an infinite horizon setting,
where there is no last period. Finally, it was pointed out that
in many of the OLG equilibria (with unnormalized prices p)
the value Z,p(e;' + e) =X,p e’ of the social endowment is
infinite. No consumer 15 able to afford any fraction of the social
endowment, no matter how small. This suggested to some a
radically different kind of budget constraint from that in the
Arrow-Debreu model Surely it is rnght that infinity is at the
heart of the problem. But this explanation does not go far
enough. In the model considered by Bewley (1972) there are an
infinite number of time periods (but a finite number of con-
sumers). In that model all equilibria are Pareto optimal, and
money never has value, even though there is no last time period.
And by considering a sophisticated extension of the real
numbers to infinite and mfinitesimal magnitudes, it 1s possible
for consumers to imagine purchasing a posttive fraction (albeit
infinitesimal) of the social endowment. The problem of infinity
shows that there may be a difference between the
Arrow-Debreu model and the OLG model. In itself, however,
it does not predict the qualitative features (like the potential
dimension of indeterminacy) that characterize OLG equihibria.

Consider now a general OLG model with many consumers
and commodities per period. We index utilities u** by the time
of birth 1, and the household h e H, a finite set Household (¢, &)
owns initial resources e’* when young, an L-dimensional
vector, and resources e/, when old, also an L-dimensional
vector, and nothing else. As before utihity u'* depends only on
commodities dated either at time ¢ or ¢ + 1. Given prices

4= qp) € R2+L+v
consisting of all the 2L prices at date ¢ and ¢ + 1, each
household in generation ¢ has enough information to calculate
the relevant part of its budget set. Hence we can write house-
hold excess demand [Z!4(q,), Z!* ,(g,)] and the aggregate excess
demand of generation ¢ as [Z!(q,), Z], ,(a,)), where

Z;-H-(qr) = Z Z:‘::(qt), s =0’ i

heH
Suppose that time goes from —oo to o0. We can write the
market clearing condition for equilibrium exactly as we did in
the one commodity, one consumer case, as

(A) Zy'@g, )+ Zg)=0 teZ.

Of course we need to put restrictions on the g, to ensure their
compatibility, since g,, and g, , , refer 10 the same period ¢ + 1
prices. But this 1s easily done.

Similarly we can define the one way infimty economy E ,,
m which time begms in period 0. We retain the same market
clearing conditions for ¢ 2 1, changing only the ¢ = 0 condition

(A ZP(g)=0 and Z;"Yg,_,)+Zi(g,)=0,

Finally, let us define equilibrium m a one-way nfinity model
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with money, EJ, when agents (0, ) are endowed with money
M*,1n addition to their commodities, by (1, 9), u =0, satisfying

AY) Y Z¥go uM") =0 and
heH

z Z?(qo,#Mh) + Z:(‘h) =0,
heH
and

Zi7'9-)+ Zig) =0, for t32.

With these preliminary definitions out of the way, we are ready
10 proceed with ‘lack of market cleanng at infinity’. For
concreteness we shall concentrate first on E, .. Consider the
truncated economy E, r consisting of all the agents born
between periods 0 and T. Market clearing in E, 1 is identical to
that m E;, for t =0to ¢t =T. But at t =T + 1, we require
Z7,,(a,) =01 E, ;. We have already seen in section 1 what
a great deal of difference this can make: the economies E, r and
E, ., may be very different, for all fimte T. The interesting point
1 that by appealing to nonstandard analysis, which makes
rigorous the mathematics of infinite and infinitesimal numbers,
one can easily show that the behaviour of E; r, for T an infinite
number is very similar to the behaviour of E, ; for T finite.
Thus the properties of the economy E, , do not stem from
infinity alone. We shall need to modify E, ; before it corre-
sponds to E; . Nevertheless, the economies E, r do provide
some information about E, .

Theorem: (Cass—Balasko—Shell and Wilson): Under mild condi-
tions, at least one equilibrium for E,, always exists.

To see why this so, note that E, ;s well-defined for any finite
T. From nonstandard analysis we know that the sequence E; r,
for Te# and the original economy E, ., has a unique
extension to the mfinite integers. Now fix T at an infinite
integer. We know that E; ; has at least one equilibrium, since
E, , does for all fintte 5. But if T is infinite, E, - includes all the
finite markets ¢ =1, 2,..., 50 all those must clear at an equi-
librium g* of E; . Taking the standard parts of the prices g;*
for the finite ¢ (and ignoring the infinite 1) gives an equilibrium
q for Ej .

To properly appreciate the force of this proof, we shall
consider it again, when it might fail, i section 5, where we deal
with mfinite lived consumers.

In terms of the existence of equilibnum, E, ., (and similarly
EY and E) behaves no differently from an Arrow-Debreu
economy But the indeterminacy is a different story.

Defintion. A classical equilibrium for the economy E, ; is a
price sequence g4* = (4, 4y, - - . , 47) that clears the markets for
05t KT, but at t =T + |, market clearing is replaced by

ZT.@n)S Y efith
heH

Thus in a classical equilibrium there is lack of market clearing
at the last period The aggregate excess demand 1n that period,
however, must be less than the endowment the young of period
T + 1 would have had, were they part of the economy. Econo-
mies in Which market clearing 1s not required in every market
are well understood in economic theory. Note that in a classical
equilibrium the agents born at time T are not rationed at T + 1,
their full Walrasian (notional) demands are met, out of the
dispossessed endowment of the young But we do not worry
about how this gift from the T + | young is obtained The
significance of our classical equilibrium for the OLG models
can be summarized:

Theorem (Geanakoplos-Brown) Fix T at an infinite integer.
The equilibria g for E, ., correspond exactly to the standard
parts of classical equilibria g* of E, ;.

The Walrasian equilibria of the economy E, ., which appar-
ently is built on the usual foundations of agent optimization
and market clearing, correspond to the ‘classical equilibnia’ of
another finite-like economy E; ; in which the markets at T + 1
(‘at nfinity’) need not clear. The existence of equilibrium 1n
E, ., 18 not a problem, because marked clearing is a special case
of possible non-market clearing, and E, ;, beng finite-like,
always has market clearing equilibria Thus even though the
number of prices and the number of markets 1n E, ,, are both
infinite, we see that it is possible to say which is bigger, and by
how much. From Walras Law we know that if all the markets
but one clear, that must clear as well. Hence having L markets
that do not clear provides for L — 1 potential dimensions of
indeterminacy.

Corollary (Geanakoplos—Brown): For a generic economy E .,
there are at most L — I dimensions of indeterminacy in the
equilibnum set.

It 15 by no means true that there must be L — I dimensions
of indeterminacy in a generic economy. If we consider a
classical equilibrium g* for E; r, then generically we will be able
to arbitrarily fix L — 1 prices anywhere near their g* values,
and then choose the rest of the prices to clear all the markets
up through time 7. But which L — I prices there are depends
on which square submatrix N (of derivatives of excess demands
with respect to prices) 1s invertible. For example, call the
economy E, . intertemporally separable if each generation ¢
consists of a single agent whose utility for consumption at date
t is separable from his utility for consumption at date ¢ + 1.
Then the L — 1 free parameters must all be chosen at date T + 1
(as part of g ,), i.e. way off at infinity.

Corollary (Geanakoplos—Brown—Polemarchakis): Intertempor-
ally separable economies E, ., genencally have locally unique
(in the product topology) equilibria

Even when the L — 1 degrees of freedom may be chosen at

time ¢ = 0, there still may be no indeterminacy, if the matrix N
has an inverse (in the nonstandard sense) with infimte norm.
But when the free L — 1 parameters may be chosen at t =0 and
also the matrix N has an inverse with finite norm, then all
nearby economies must also display L —1 dimensions of
indeterminacy.
Theorem (Kehoe—Levine and Geanakoplos-Brown). In the E, ,
OLG model there are robust examples of economies with L — 1
dimensions of indeterminacy. In the monetary economy, EXY.,
there are robust examples of economies with L dimensions of
indetermnacy.

In the monetary case, one can imagine L parallel and
independent one good monetary economies of the kind studied
in section 1. This 15 a knife-edge example of an L-commodity
OLG monetary economy with L dimensions of indeterminacy,
parameterized at t =0. A rather simple modification of this
example yields another in which the N matrix has an inverse
with a finite norm. This latter example is therefore robust,
which implies that there are other nearby economies with L
dimensions of indeterminacy in which no utihties are separable
between commodities. A similar approach works i E, ,, but
with a dimension less Let us now turn our attention to the
question of Pareto optimality

Definition: An allocation % =(x"*, 0Kt T) s classically
feasible for the economy E, ; if I, ,x4*§ Zineaet? for
055 § T+ 1. Theclassically feasible allocation x for E, ris a
classic Pareto optimum if there is no other classically feasible
allocation y for E,  with u'(y"-") > u'(x"*) for all (1, h) e A with
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01T, with at least one nequality
noninfimtesunal difference.

representing a

Theorem (Geanakoplos—-Brown): The Pareto-optimal allo-
cations x for the OLG economy E,, ., are precisely the standard
parts of classical Pareto-optimal allocations x* for E, r, if T1s
fixed at an infinite integer.

The upshot of this theorem is that the effective social
endowment includes the commodities e} } of the generation
born at time s = T + 1, even though they are not part of the
economy E, ;, Since the socially available resources exceed the
aggregate of private endowments, it 1s no longer a surpnse that
a Walrasian equilibnum, in which the value of aggregate
spending every period must equal the value of aggregate private
endowments, is not Pareto optimal.

On the other hand, this does not mean that all equilibrium
are Pareto suboptimal. If the equihibrium prices p,~ 0 as t =
(equivalently, if pr, | is infinitestmal) then the value of the extra
social endowment is nfinttesimal, and there are no possible
noninfinitestmal improvements Let (p, X) be an equilibrium for
the OLG economy E, ,,. Consider the concave-convex pro-
gramming problem of maximizing the utiity of agent (0, £),
holding all other utilities of agents (f, /) with 0 <¢ ST at the
levels «'*(x") they get with X, over all possible classically
feasible allocations in E r that do not use more resources, even
at time T + I, than %. Clearly ¥ itself 1s a solution to this
problem. But now let us imagine raising the constraints at tine
T +1 from

Lh
X xRl to
hel

2 Fi+eriv?)
heH

What 15 the rate of change of the utlity »®*? For the first
infinitesimal additions to pertod T + 1 resources, the rate of
change of u®% 1s on the order of p,,, But as the increases get
larger, this rate of change could drop quickly, as higher
denvatives come into play (assuming that agents have strictly
concave utihties). One can easily calculate that the second
derivative 8%u%%/de2 , |, and all higher derivatives, depend on
ZT_,|1/p,|. Arguing this way, or even more directly, one can

show:

Theorem (Cass, 1972; Benvenste—Gale, 1975; Balasko-Shell,
1980; Okuno—Zilcha, 1981): If agents have unformly stnctly
concave utilittes, then the equilibrium (p,X) for an OLG
economy F; ,, is Pareto optimal if and only if £2 | 1/p,| = co.

Note that in this theorem 1t is the unnormalized prices that
play the crucial role It follows immediately from this theorem
that the golden rule equilibrium g=(. .1, 1,1,...) for the
simple one good, stationary economy of section 1 is Pareto
optimal. since the corresponding unnormalized price sequence
s also (.. ,1,1,1,. ) In fact, 2 moment’s reflection shows
that any penodic, nonautarkic equiltbrium must also be peri-
odic mn the unnormahized prices p. Hence, as we have said, the
cychlical equilibria of section 2 are all Pareto optimal.

Having explained the indeterminacy and Pareto sub-
optimality of equhbria for E; ., mn terms of lack of market
clearing at infinity, let us reexamine the monetary equilibria of
OLG economes EY,, where M = (M* h e H) 1s the stock of
aggregate money holdings by the agents (0, h) at time 0.

Defimnion Let ze R be a vector of commodities for time
T + L. Suppose that — X, ye B4 S I, Mz S I, el bh Let
the augmented economy E¥.(z) be identical to the economy
E, ;, except that the endowment of each agent (0. h) 1s aug-
mented by M” z units of commodities at time T + 1.

Theorem (Geanakoplos-Brown) The equlibria g of the mon-
etary economy EJ are precisely obtained by taking standard
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parts of full market clearing equilibria 4* of the augment;d
economies EY ;(z) for which g%,z 20,1f T'is fixed at an infinite
mteger

The above theorem gives another view of why there are
potentially L dimensions of monetary equilibria. It also explains
how money can have positive value: it corresponds to the
holding of extra physical commodities. In fact, this explams
how the ‘social contrivance of money’ can lead to Pareto-
improving equilibna, even in OLG economies where there 1s
already perfect financial intermediation. The holding of money
can effectively bring more commodities into the aggregate
private endowment. The manifestation of the ‘real money
balances’ is the physical commodity bundle z at date T + 1.
Money plays more than just an intermediation role.

Before concluding this section let us consider a simple
generalization. Suppose that agents live for three periods. What
plays the analogous role to E, ;? The answer is that prices need
to be specified through time T +2, but markets are only
required to clear through time T. There are therefore 2L — |
potential dimensions of indeterminacy, even in the one-sided
economy In general, we must specify the price vector up unti
some time s, and then require market clearing only in those
commodities whose excess demands are fully determined by
those prices

This reasonmng has an important generalization to produc-
tion. Suppose that capual invested at time ¢ can combine with
labour at time r+1 to produce output at time 741, and
suppose that all agents live two penods Is there any difference
between the case where labour 1s melastically supphed, and the
case where leisure enters the utility? In both cases the number
of commodities is the same, but in the latter case the potenual
dimenston of mdeterminacy 1s one higher, since the supply of
labour at any tune might depend on further prices

S5 IMPATIENCE AND UNIFORM IMPATIENCE. We have already
suggested that 1t 1s useful in understanding the OLG model to
consider variations, for example in which consumers live
forever. By domg so we shall also gain an mmportant
perspective on what view of consumers is needed to restore the
usual properties of neoclassical equilibrium to an infinite
horizon setuing, a subject to which we return 1n section 8

Let us now allow for consumers ¢ € A who have endowments
e’ that may be positive 1n all tume periods, and also for arbitrary
utilitzes »’ defined on uniformly bounded vectors x € L. For
ease of notatton we assume one consumer per period A
minimal assumption we need about utilities u’ is continuity on
fimite segments ie fixing x, for all s >n,u'(x) should be
continuous 1 (x;, ,Xx,). We also assume X,_, e’ 1s untformly
bounded. In short, consumers may live forever. We shall find
thart 1n order 1o have Walrasian equiltbria, the consumers must
be umpatient. In order for the equilibria to resemble
Arrow-Debreu equilibria, the consumers need to be uniformly
unpatient

Suppose we try to form the truncated economy E, r as before,
say for T fimte. Since utiity potentially depends on every
commodity, we could not define excess demands in E, r unless
we knew all the prices To make 1t into a finite economy, let us
call Eg r the version of Ey r 1n which every agent 0s¢ < T1s
obliged to consumer his initial endowment during pertods
t > T. Clearly E; has an equilibrium For this to give informa-
tion about the original economy E, ., we need that consumers
do not care very much about what happens to them after T, as
T gets very far away. This 1s the notion of impatience

For any vector x, let % be the vector which s zero for t >n,
and equal to x up until n. Thus % 1s the mitial n-segment of
x. To say that agent 1 € 4 1s impatient means that for any two
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uniformly bounded consumption streams x and y, if
u'(x) > u'(y), then for all big enough n, u'(,X) > u'(y) Let us
suppose that all consumers are 1mpatient.

Note that the OLG agents are all impatient, since none of
them cares about consumption after he dies.

The truncation argument, applied at an nfinite T, still does
not guarantee the existence of an equilibrium For once we
take standard parts, ignoring the infimtely dated commodities,
1l may turn out that the mncome from the sale of an agent’s
endowed commodities at nfinte ¢, which he used to finance
his purchase of commodities at fimte ¢, 1s lost to the agent. It
must also be guaranteed that the equilibria of E,, give
infimtesimal total value to the mfinitely dated commodities.
Wilson (1981) has given an example of an economy, composed
entirely of impatient agents, that does not have an equilibrium
precisely for this reason.

On the other hand, if there are only finitely many agents, even
if they are infinitely lived, then we have:

Theorem (Bewley, 1972): Let the economy E be composed
of fimtely many, impatient consumers Then there exists an
equilibrium, and all equilibria are Pareto optimal.

Thus in the Bewley model there 1s no end to time, and no
diminution 1n the physical size (endowment) of the economy
over time Yet unlke OLG models, equilibna are always
Pareto optimal What is the essential difference between the
models?

Notice that in both the OLG model and Bewley’s model, all
consumers are impatient. The crucial difference 1s that 1n the
OLG model, the economy 1s not impatient, for any date t=n,
there 1s somebody who cares more about consumption at date
n than at date t=0. In order to discuss the notion of uniform
unpatience, let us introduce one more notation Let | be the
bundle at goods which consists of one umt of every
commodity, at all dates. If a consumer has monotonic
preferences, then there 1s some k such that strictly more of all
goods up untd date k makes him better off. Thus we can
re-express 1mpatience for agent ¢ by saymng that for all
uniformly bounded x, and all €>0, there exists n such that

u'(e 1+ %) > u'(x).
Defimition: The agents ¢ € A are said to be uniformly impatient

if there 1s a fixed fimite 1nteger k with the following property. Let
(x, t € A) be an allocation such that

x= Z x!
teA
is uniformly bounded. Let ¢ > 0 be fixed. Then there are ¢ > 0

and n satisfying
Ye=¢

ted
and

w'e' 4+ x)>u'(x) forall ted.

Of course any fimite set of mmpattent consumers 1s umformly
impatient.

Theorem (Geanakoplos-Brown, 1982, 1985, 1986) Let the
economy E be composed of agents teA4 that are uniformly
unpatient Then an equilibrium exists, all equilibna are Pareto
optimal and in the core, the core equivalence holds for
replications of the economy, and money never has positive
value

This theorem establishes a cnterion for an economy,
composed possibly of infinitely many goods and consumers. to
behave like an Arrow-Debreu economy The story would be

complete if one could show, analogously to section 4, that
there 1s an economy E, r for some infinite T whose equilibria
(as opposed to classical equilibria) corresponded, by taking
standard parts, precisely to the equilibria of £ One could then
denive information about the number of equlbnia m E.
Unfortunately this remains an open question

Consider, however, the special case when there are finitely
many agents, h = 1, ..., H, with separable, discounted utilities
of the form u*(x) = 2 ,640%(x,), with §, < 1 This 1s clearly an
economy with uniformly unpatient consumers And here there
1s a result’

Theorem (Kehoe-Levine, 1985). In finite agent, separable,
discounted utility economies, there are generically a finite
number of equilibria.

It is extremely interesting to mvestigate the change in
behaviour of an economy that evolves from ndividually
impatient to umformly impatient Muller and Woodford
(1983) consider an example with one infinitely lived agent, and
infinitely many, overlapping, finite-lived agents Wilson (1981)
guarantees the existence of at least one equilibrium They show
that when the single agent’s proportion of the aggregate
endowment 1s low enough, there are a continuum of equilibria,
but 1f 1t 15 high enough, there 1s no local indeterminacy.

6. COMPARATIVE STATICS FOR OLG ECONOMIES A celebrated
theorem of Debreu asserts that almost any Arrow-Debreu
economy 1s regular, in the sense that it has a fimte number of
equilibna, each of which 1s locally umque. Small changes to
the underlying structure of the economy (tastes, endowments,
etc.) produce small, unique changes 1n each of the equilibria

We have already seen that there are robust OLG economies
with a continuum of equilibna If attention is focused on one
of them, how can one predict to which of the continuum of
new equilibna the economy will move if there ts a small
change 1n the underlying structure of the economy, perhaps
caused by deliberate government ntervention? In what sense 1s
any one of the new equilibria near the onginal one? In short,
1s comparative statics possible?

It 1s helpful at this pownt to recall that the OLG model is, in
spirit, meant to represent a dynamic economy Trade may
occur as if all the markets cleared simultaneously at the
beginning of time, but the economy is equally well described as
if trade took place sequentially, under perfect foresight or
rational expectations. Indeed this is surely what Samuelson
envisaged when he mtroduced money as an asset into his
model Accordmngly, when a change occurs in the underlying
structure of the economy, we can interpret 1t as if it came
announced at the beginming of time, or as if 1t appeared at the
date in which 1t actually affects the economy.

We distinguish two kinds of changes to the underlying
structure of an economy E _,, , starting from an equilibrium 4.
Perfectly anticipated changes, after which we would look for a
new equilibrium that cleared all the markets from the beginning
of tume, represent one polar case, directly analogous to the
comparative statics experiments of the Arrow—Debreu econ-
omy. At the other exireme we consider perfectly unanticipated
changes, say at date : ~ 1. Beginning at the ongmal economy
and equiibrium § =(.. ,4_y, 4y, 4, - - ), We would look, after
the change from E__ , to E__ ., at ume t =1 (say to the
endowment or preferences of the generation born at time 1), for
a price sequence 4 =(.. ,4_,,4¢,4:» - ) in which g,=g, for
t<£0,and Z{"'(g,_,)+ Z(g,)=0for ¢t 22 Butatdatet =1
we would require g, to satisfy Z%(q,,14,) + Zi(g,) =0, where
Z%4,,14,) represents the excess demand of the old at time 1,
given that when they were young they purchased commodities
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on the strength of the conviction that they could surely
anticipate prices 4, , when they got old, only to discover prices
q,, instead.

To study these two kinds of comparative statics, we must
describe what we mean by saying that two price sequences are
nearby. Our definition 1s based on the view that a change at time
t = | ought to have a progressively smaller impact the further
away in time from ¢ = | we move. We say that g is near § if the
difference | g, — 4,| declines geometrically to zero, bothas f — o
and as ¢ = —oo0.

We have already noted in secuon 1 that the multiplicity of
OLG equilibria is due to the fact that at any time ¢ the aggregate
behaviour of the young generation is influenced by their
expectations of future prices, which (under the rational ex-
pectations hypothesis) depend on the next generation’s ex-
pectations etc. Accordingly we restnict our attention to gener-
ations whose aggregate behaviour Z' satisfies the expectations
sensitivity hypothesis:
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For economies composed of such generations we can apply the
implicit function theorem, exactly as in section 1, around any
equlbrium g to deduce the existence of the forward and
backward functions F, and B,. We write their derivatives at §
as D, and D[, respectively.

For fimite Arrow-Debreu economies, Debreu gave a
definition of regular equilibrium based on the derivative of
excess demand at the equilibrium. He showed that comparative
statics is sensible at a regular equilibrium, and then he showed
that a ‘generic’ economy has regular equilibria. We follow the
same programme.

We say that the equilibnum 4 for the expectations sensitive
OLG economy E is Lyapunov regular if the long-run geometric
mean of the products D?!D,D} D, ,...D}D, and
DZ!*Dz!. .DZ{*DZ! converge and if to these products we
can associate at most 2L — | numbers, called Lyapunov ex-
ponents. The equilibrium 1s also nondegenerate if in addition
none of these Lyapunov exponents is equal to one.

Theorem (Geanakoplos—Brown, 1985): Let E =E__ , be an
expectations-sensitive economy with a regular, nondegenerate
equihibrium 4. Then for all sufficiently small perturbations E of
E (including E itself), E has a unique equilibrium g near §

Thus the comparative statics of perfectly anticipated changes
in the structure of E, around regular, nondegenerate equilibria,
is directly analogous to the Arrow-Debreu model. Note inci-
dentally that one implication of the above theorem is that
neutral policy changes, i e. those for which 4 itself remains an
equilibrium cannot have any effect if they are perfectly antici-
pated. (A structural change is always taken to mean with
respect to real magnitudes, e g. if the government buys a certain
number of capital goods.) The situation is quite different for
unanticipated changes.

ank L.

Theorem (Geanakoplos-Brown, 1985): Let E be an
expectations-sensitive economy with a regular equilibrium 4.
Then for all sufficiently small perfectly unanticipated per-
turbations E of E (including E itself), the set of unanticipated
equilibna g of E near § 1s either empty, or a manifold of
dimension r, 0K r SL(L — 1 if there 1s no money in the
economy), independent of the perturbation.

The above theorem allows for the possibility that an
unanticipated change may force the economy onto a path that
diverges from the original equilibrium; the disturbance could
be propagated and magnified through time. And if there are
nearby equilibria, then there may be many of them. (Indeed
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that is basically what was shown in section 4 ) In particular, an
unanticipated neutral policy change could be compatible with
a continuum of different equilibrium continuations. The
content of the theorem is that if there is a multiplicity of
equilibrium continuations, it 1S parameterizable. In other
words, the same r vanables can be held fixed, and for any
sufficiently smalil perturbation, there is exactly one nearby
equilibrium which also leaves these r variables fixed We shall
discuss the significance of this 1n the next section

This Jast theorem was proved first, 1n the special case of
steady-state economies, by Kechoe-Levine, in the same
excellent paper to which we have referred already several
times. The theorem quoted here, together with the previous
theorem on the comparative statics of perfectly anticipated
policy changes, refers to economies in which the generations
may be heterogeneous across time.

Let us suppose that A4 is a compact collection of generational
characteristics, all of which obey the expectations-sensitive
hypothesis. Let us suppose that each generation’s characteris-
tics are drawn at random from A, according to some Borel
probability measure If the choices are made independently
across time, then the product measure describes the selection
of economies. Almost any such collection will have a complex
demographic structure, changing over time The equilibrium
set is then endogenously determined, and will be correspond-
ingly complicated. It can be shown, however, that

Theorem (Geanakoplos—Brown, 1985): If the economy E is
randomly selected, as described above, then with probability
one, E has at least one Lyapunov regular equilibrium.

Note that the regulanty theory for infinite economies stops
short of Arrow-Debreu regularity. In the fimte economies,
with probability one all the equilibria are regular.

7. KEYNESIAN MACROECONOMicS. Keynesian macroeconomics
is based in part on the fundamental idea that changes in
expectations, or ammal spirits, can affect equilibrium
economic activity, including the level of output and
employment. It asserts, moreover, that publicly announced
government policy also has predictable and significant
consequences for economic activity, and that therefore the
government should intervene actively in the marketplace if
investor optimism is not sufficient to maintain full employ-
ment.

The Keynesian view of the indeterminacy of equilibrium and
the efficacy of public policy has met a long and steady
resistance, culminating in the sharpest attack of all, from the
so-called new classicals, who have argued that the time-
honoured microeconomic methodological premises of agent
optunization and market clearing, considered together with
rational expectations, are logically inconsistent with animal
spirits and the non-neutrality of public monetary and bond
financed fiscal policy

The foundation of the new classical paradigm 1s the
Walrasian equilibrium model of Arrow-Debreu, in which it 1s
typically possible 1o prove that all equilibria are Pareto
optimal and that the equilibrium set is finite: at least locally,
the hypothesis of market clearing fixes the expectations of
rational investors In that model, however, economic activity
has a definite beginning and end. Our point of view is that for
some purposes economic activity is better descnibed as a
process without end. In a world without a definite end, there 1s
the possibility that what happens today i1s underdetermined,
because it depends on what people tomorrow expect to happen
the day after tomorrow, etc.



overlapping generations meodel of general equilibrium

Consider the simple one good per period overlapping gener-
ations economy with money EY, which we discussed in section
1 Generation 0 is endowed with money when young, and
equilibrium can be described either with the unnormalized
prices p = (fy, pp,-..), or with the normalized prices
()7’ q-) = ()7» q_o’ qlv . ) wherc q-l =p_l+ I/ﬁn and ‘7 = M/ﬁo It is
helpful to reinterpret the model as a simple production econ-
omy Imagine that the endowment e} in the first period of hfe
1s actually labour, which can be transformed 1nto output, y,,
according to the production function, y,=e¢,. We would then
think of any purchases of goods by the old generation as
demand for real output to be produced by the young. The
young in turn now derive utility from leisure 1n their youth and
consumption in their old age Notice that the quantity equation
P.y,= M, holds for this economy. (Velocity equals one.)

The 1ndeterminacy of rational expectations equilibrium has
the direct implication that optimistic expectations by them-
selves can cause the economy’s output to expand or contract
In short the economy has an inherent volatility. The
Keynesian story of animal spirits causing economic growth or
decline can be told without invoking irrationality or
non-market-clearing.

In fact, the indeterminacy of equilibrium expectations is
especially striking when seen as a response to public (but
unanticipated) policy changes Suppose the economy is 1n a
long-term rational expectations equilibrium j, when at time 1
the government undertakes some expenditures, financed either
by lump sum taxation on the young or by printing money.
How should rational agents respond? The environment has
been changed, and there is no reason for them to anticipate
that (p,, j3, . . ) will still occur 1n the future. Indeed, 1n models
with more than one commodity (such as we will shortly
consider) there may be no equilibrium (p,, p,, ps,...) n the
new environment with p, = p,, p; = p,, etc There is an ambigu-
ity in what can be rationally anticipated.

We argue that it 1s possible to explain the differences between
Keynesian and monetarist policy predictions by the assump-
tions each makes about expectational responses to policy, and
not by the one’s supposed adherence to optimization, market
clearing, and rational expectations, and the other’s supposed
demal of all three.

Consider now the government policy of printing a small
amount of money, AM, to be spent on its own consumption of
real output—or equivalently to be given to generation ¢ =0
(when old) to spend on its consumption. Imagine that agents
are convinced that this policy is not inflationary, 1.e that g, will
remain the equilibrium price level during the nitial period of
the new equilibrium. This will give generation ¢ =0 con-
sumption level (M + AM)/p, As long as AM 1s sufficiently
small and the initial equilibrium was one of the Pareto-
suboptimal equilibria described in section |, there 1s indeed a
new equilibrium price path p beginning with p, = p,. Output has
risen by AM/p,, and in fact this policy is Pareto improving. On
the other hand, imagine that agents are convinced that the path
of real interest rates

@' -1g'—1,. y=(2_1, ‘ﬁ—l,..)
2 p;

will remain unchanged. In this economy, price expectations are
a function of p;. Recalling the imtial pertod marked-clearing
equation, it is clear that prices rise proportionally to the growth
in the money stock. The result is ‘forced savings’, output 1s
unchanged and generation ¢ = 1 must pay for the government’s
consumption. If the government’s consumption gives no agent
utility, the policy is Pareto worsening.

This model 1s only a crude approximation of the differences
between Keynestan and monetarist assumptions about
expectations and policy It 1s quite possible to argue, for
example, that holding ¢, =5,/p, (the inflauon rate) fixed 1s the
natural Keynesian assumption to make. This ambiguity is
unavoidable when there is only one asset into which the young
can place their savings. We are thereby prevented from
distinguishing between the inflation rate and the interest rate.
Our model must be enriched before we can perform
satisfactory policy analysis Nevertheless the model conveys
the general principle that expected price paths are not locally
unique. There is consequently no natural assumption to make
about how expectations are affected by policy. A sensible
analysis is therefore impossible without externally given
hypotheses about expectations. These can be Keynesian,
monetarist, or perhaps some combination of the two

Geanakoplos—Polemarchakis (1986) builds just such a richer
model of macroeconomic equilibrium by adding commodities,
including a capital good, and a neoclassical production
function. With elastically supplied labour, there are two
dimensions of indeterminacy. It is therefore possible to fix
both the nominal wage, and the firm’s expectations (‘animal
sprrits’), and still solve for equilibrium as a function of policy
perturbations to the economy. These institutional rigidities are
more convincingly Keynesian, and they lead to Keynesian
policy predictions. Moreover, taking advantage of the
simplicity of the two-period lived agents, the analysis can be
conducted entirely through the standard Keynesian (Hicksian)
IS-LM diagram.

Keynesians themselves often postulate that the labour
market does not clear In Keynesian models that has at least a
threefold significance, which it is perhaps important to sort
out Since labour is usually taken to be inelastically supplied, it
makes it possible to concetve of (Keynesian) equlibria with
different levels of output and employment It makes the system
of demand and supply underdetermined, so that endogenous
variables Itkke animal spirits (1. expectations) which are
normally fixed by the equilibrium conditions can be volatile. It
creates unemployment that is involuntary. By replacing lack of
labour market clearing at time 1 with elastic labour supply and
lack of market clearing ‘at infinity’ one no longer needs to rely
on what has seemed to many an ad hoc assumption in order to
get at least the first two desiderata of Keynesian analysis.

8. NEOCLASSICAL EQUILIBRIUM VS CLASSICAL EQUILIBRIUM. The
Arrow-Debreu model of general equilibrium, based on agent
optimization, rational expectations, and market clearing, 1s
umversally regarded as the central paradigm of the
neoclassical approach to economic theory. In the
Arrow-Debreu model, consumers and producers, acting on
the basis of individual self-interest, combine, through the
aggregate market forces of demand and supply, to determine
(at least locally) the equilibrium distribution of income,
relative prices, and the rate of growth of capital stocks (when
there are durable goods). The resulting allocations are always
Pareto optimal

Classical economists at one time or another have rejected all
of the methodological principles of the Arrow—Debreu model.
They replace individual interest with class interest, ignore
(marginal) utility, especially for waiting, doubt the existence of
marginal product, and question whether the labour market
clears But by far the most important difference between the
two schools of thought 1s the classical emphasis on the
long-run reproduction of the means of production, in a
never-ending cycle.
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overlapping generations model of general equilibrium

Thus the celebrated classical economust Sraffa writes in
Appendix D 10 hus book.

It 1s of course in Quesnay’s Tableau Economique that 1s
found the onginal picture of the system of production and
consumption as a circular process, and it stands in striking
contrast to the view presented by modern theory, of a
one-way avenue that leads from ‘Factors of Production’ to
‘Consumption Goods’.

The title of his book, Production of Commodities by Means of
Commodities, itself suggests a world that has no definte
beginning, and what s circular can have no end.

In the Arrow-Debreu model time has a definite end. As we
have seen, that has strong implications. With universal
agreement about when the world will end, there can be no
reproduction of the capital stock. In equilibrium it will be run
down to zero. Money, for example, can never have positive
value. Rational expectations will fix, at each moment, and for
each kind of investment, the expected rate of profit.

In the classical system, by contrast, the market does not
determine the distribution of income Sraffa writes

The rate of profits, as a ratio, has a significance which is
independent of any prices, and can well be ‘given’ before
the prices are fixed. It is accordingly susceptible of being
determined from outside the system of production, in
particular by the money rates of interest. In the following
sections the rate of profits will therefore be treated as the
independent variable (Sraffa (1960, p. 33)).

Other classical writers concentrate instead on the real wage as
determined outside the market forces of supply and demand,
for example by the level of subsistence, or the struggle between
capital and labour. Indeterminacy of equilibrium seems at
least as central to classical economusts as 1t 1s to Keynesians.

Like Keynesians, classicals often achieve indeterminacy in
their formal models by allowing certain markets not to clear in
the Walrasian sense. (Again like Keynesians, the labour
market 1s usually among them.) Thus we have called the
equilibrium in section 4 in which some of the markets were
allowed not to clear a ‘classical equilibrium’.

What the OLG model shows is that by incorporating the
classical view of the world without definite beginning or end, it
1s possible to maintain all the neoclassical methodological
premises and yet still leave room for the indeterminacy which
1s the hallmark of both classical and Keynesian economics In
particular this can be achieved while maintaining labour
market clearing The explanation for this surprising conclusion
1s that the OLG model 1s isomorphic to a finite-like model in
which indeed not all the markets need to clear. But far from
being the labour markets, under pressure to move toward
equilibrium from the unemployed clamouring for jobs,
these markets are off ‘at infinity’, under no pressure toward
equilibrating.

We have speculated that once one has agreed to the
postulate that the resources of the economy are potentially as
great at any future date as they are today, then uniform
impatience of consumers is the decisive factor, according to
Walrasian principles, which may influence whether the market
forces of supply and demand determine a locally unique,
Pareto-optimal equilibrium, or leave room for extra-market
forces to choose among a continuum of 1nefficient equilibria
In these terms, the Arrow-Debreu model supposes a short-run
impatient economy, and OLG a long-run patient economy

9. sunspoTs. So far we have not allowed uncertainty into the
OLG model. As a result we found no difference 1n interpreting
trade sequentially, with each agent facing two budget
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constraints, or ‘as 1f” the markets all cleared simultaneously at
the beginning of time, with each agent facing one budget
constraint. Once uncertainty is introduced these interpreta-
tions become radically different In either case, however, there
is a vast increase in the number of commodities, and hence in
the potential for indeterminacy.

If we do not permit agents to make trades conditional on
moves of nature that occur before they are born, then agents
will have different access to asset markets. Even in finite
horizon economies, differing access to asset markets has been
shown by Cass and Shell to lead to ‘sunspot effects’.

A ‘sunspot’ is a visible move of nature which has no real
effect on consumers, either on account of preferences, or
endowments, or through production. In the Arrow-Debreu
model it also could have no effect on equilibrium trade; this is
no longer true when access to asset markets differs.

The sunspot effect is intensified when combined with the
indeterminacy that. can already arise in an OLG economy.
Consider the simple one good, steady state OLG economy of
sections | and 2. Suppose that there i1s an equilibrium two cycle
9=(.-9_1,90 G, --) with g, =¢* and ¢, ,,=q*, for all
t € Z Now suppose that the sun is known to shine on even
periods, and hide behind rain on odd periods The above
equilibrium 1s perfectly correlated with the sun, even though no
agent’s preferences or endowments are. As usual, the same
prices for ¢ 2 0 support an equlibrium, given the right amount
of money, in EY .

More generally, suppose that the probability of rain or shine,
given the previous period’s weather, 1s given by the Markov
matrix 7 = (gg, Mg, Mpss Mgr)- A steady state equilibrium for
E{,, gven 7, is an assignment of a money price for the
commodity, depending only on that period’s weather, such that
if all agents maximize their expected utility with respect to =,
then 1n each period the commodity market and money market
clears. Azariadis (1981) essentially showed that if there is a
2-cycle of the certainty economy, then there 1s a continuum of
steady state sunspot equihbria.

The sunspot equhibria, unlike the cyclical equilibria of
section 2, are Pareto suboptimal whenever the matrix n s
nondegenerate.

The combination of the dynamuc effects of the infinite
horizon OLG model with the burgeoning theory of incomplete
markets under real uncertainty, is already on the agenda for
next generation’s research.

JOHN GEANAKOPLOS

See also ARROW-DEBREU MODEL. INTERGENERATIONAL MODELS
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