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b sy N, X n e, and o 4 bo he conves bl determized by
e rows o C. Then C s 1 possblodession funcion in (0, 4). Any
oo, ancin in (P, £) § an Ny X matix D, aah o of whioh
. oomve Tieer eibintion f tho rows of C, sad 0 thre s 12
N2 Ny Markov matec M vith D ~ MC. Chocsigg D with P, D),
=40, 4)yi o M ity (1)

() = 5. Lot 4 bo say cased bounded caves st s spce,
a1k C o sy decion uneion .2, 4)1 1., 0 4z Ny X i
coh row of whioh s & point of 4. From (1) thre is s Ny X Vs
Mooy mattc M with P, MO) = 40, C). Sinco 4 i cnvex, MC
Do i fuction i (7, 4), 5 it 50, €)  B(F, 4 nd B, 4)
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ond

“The bmplcatont (2) =» (1) = () ars clewr. () = (2): Consider
tho gamo in which I chocsssany NV X  matrix € with 0 < 6 & 1 for
a1 chooees any Ny X N Mekov mateix M, with payoll 11(C, 3)
= truo of (P — Q)CI, Snco the ut of sestegosar coed bounded
convex subsets of Nap and Ny spac respetively and tho payofl
s bilinar, by corolay 2 of Thoore 25,1 tho gam has a valie v,
and the plsyers have good siaiegie Co, Mo i, 1(Cy M) > 4o >
T(C, M) or ll C, M. From (5) tre issn M, with I(Ch, B % 0,
0 st < 0. Thus TI(C, Mo) < 0 for al G k. th tzace of UC i
<0 for Al € vith 0 < < 1, whero U = Piy - . Then sy < 0
o all 4, for the dhoios e = 1, ¢ = O olhorwise, rakes tho tenco
o1.UC ol g, Sineo P and Q o both n X N Markov matrioee,
g = 0 for overy 4,50 that g = O fo al 4, wad Py = Q.

T = @16t C bo eny Ny xn matix, and ok ols)

o For any Na X Ny Maskov mseix 7,
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thus (2) sserts thet  aan be dupliated from P with the aid o a able
of random sumbers. Equivalenca of (2 with F > Q mplos thet £
4 mors informative haa Q f and only 3 @ can b dupliented from 7,
Condition (3) also b s simple inteprotation,fo fhe trace of GC fs
1 times the expected loss from daiion function € and experiment O
‘where ul alernetives o o cquiprobable and th touse of PAC has &
similer interprotuton. Thus P > Q 3 and caly i for any 4 the Bages
sk whan al alterutives are equiprobable i (7, 4) i s then or o/
qual t the comesponding Bayes rsk in (0, 4).
A ixth oxuivaleat, concitionis that for ovry 4, n th decision prob-
lam in which the statistician mey without oot cherve itee P or G
but nob boh, folowsd by the dhleof A, th oo o desson fun.
tons that iavolves observing 2 is a compiete clss; o,
(6) For every 4, the ot 7 of admissbie peinta of 8, o convex st
deermined by the union of B(P, A) and 5(d, 4) i st of B 1)
For P Q implies S = B, 4),so that () fllows, and (6 implics
@), in view of the nterpetation of () givea sbove.

123, Combinstons of Experiments s

1P und @ aro X Ny sad n X N experiments, both of which sy
be performe, the combined experiment, (7, Q) cormponds €0 sy
X Moy malix R with rgs = Prb (2 = 5, = k] o < ] mhoe 5.
v donsle tho remit of P and Q. I P and @ e independent, 1o, i ¢
andy a0 independent under cach w, o heve g - g

(Conside any m X n matcix 4, o any 1 X s matri B, Wo defne
the rm X o0 “pactiioned” mati (ag2) t0 b

B -

B 0.

whars th ith clemeat B fe ol an X s matix. (Wo remark that
the mair imulipliotion rule of rowa by enlumns holds fo parttind
matices)

11 P and Q areindependent experiments, the e associatd with
the combined expeiment (P, @)y be wrtten as a paritioned rmateix
@uP) vhero Py is & matix consising of the it 1ow of P. This epre.
teion o & combined experiment wil faciltate the procfs o the pont
w0 thoorams,
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Theorem SLL 11 7, §are 5. Ny, 5 X Ny experiments and R i
1.7 By xpoiment which is indepasdant of b, Gen 53 -
plies @n>6n

Procy It P55, there is sn Ny X Ny Markov mateix f with
EM =, Lot M = (bqh), by = 11 < =5 < Noy 8y = 0 ot
wise. M*is 8 NyNy X NoN, Maskov matix. Then

(P RIME = (uPIGM) = (4P M) = (S = (5, B)
Therstors, by conditon 3, Theorom 12:23,
®B>ER
Theoren 1232, 11 PO 5 50 and PO 59, PO gad PO are
independent and S and S aosinepeadent, then
(P, Py 5 (510, 50y

Pruaf. 1 PO 5 5 and P 3 5, than thars e Mackow mat-
oo M aad M such that PO o 800 et e, o
Lt B = (M), then M s 0 Maskow matrix sad
(0, = R ) = (PN
W PSD) = (5, 50

where ), 5, and 5% aro the general slements of M), PO,
a0 5% respctivly, for £ = 1,2 Throfore, by condiion (2, Thoo!
Tom 1233, (50, Py 5 (500 gy

‘The extension of Theorem 1232 to N independent, experiments s
clear. In pesticar, we obain tha,if P 5, ¥ ndspendent observa.
tions from P aro more informative than V indspendent ohservetions
from .

124, Dichotomios

For o given experiments P, Q, noithe the deinition o > nor any
of tho six equivalent. conditons of Theorem 12.0. yields 6 syseraats
mothod for deciding whether P Q. For the case of dichotamies,
i, = 2 there is & ssventh oquivalent. condition which Js wful
dciding whethor P> Q. Tois gven by

T 05,y it =, 0 -
o0 €0~ P, T ) gt

O £on0 £ Lwith Cp(1) = 1. P Qi snd anly i Gl >
Col) for all 40 < 1< 1.
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i sonves funotion can be uniformly spprosimated by . of Ui form,
Gel® > Colt)foral ¢ is quivalent o condition (4) of Thveren 1o
Finally Cp(1) = 30y — X pyy = 1.

For dishokomie, P Q has  simpledecrpin i teras o crormof
the firsl and ssoond kind, as follows: If wo consider the problesy of
ssling e ogainst w & Lt i, dosion funcion, is & function
0. o) <1 for all 7, speifying tho probabilicy with which we ae”
oopt o when = i observed.  For aay y, write

ex(e) = Zpyey
£r06) = 2pu1 - )

Tho et & of possibl pirs ap(s), Ae(s) i cloarly  losed bouadd

e it of the e o) = i e, 0 < 1. Thn
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126, Binomial Dichotomies
For s ssnpl o ise 1, binomial dichotouny has  mate of the form
ne|
o

here g = 1 ~ g and is chasactaised by the pai (5, ). Wo now
construc the fanclon Cp() for this experiment. Wiitng

|

o (00

o _n)
Bipu ) = max( 2, 8
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G0 =0 for t<4
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From s we eaily concluda that for 4 ¢ < &

m-1
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then

Frl) =
P
o fn [ B
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< 5. Comparing F ith CIf, CS yiekds H 3 OI it and only it <
and k<1 — o, and B S f aad only it b < 1~ 5. Thus I is the
most alormatvo o the four experimenta if and oy i i the smallst
of the four numbers, b 4,1 ~ h 1 — s, The computasions for § <
yield the sme conciusion. T s the smallest af the four sumbers i
T casly verifed that.§ > CH, GS > CH, while S and CS ar not com-
parable. ‘The extension of Theorem 12:.1 to amples of e goarun-
e that, f i tho smalet of th four mumbers 5, 1 b 1 5,5
snmple of n 7' s more informative than any other sample o 1 ind
vidual, locted from , 5, CH, and 03 i specfed smouns. Faally,
aeleston st andon from th gesersl populaion can b consdered 4 4
mistaro of experimeats H, CH with probabiities A, 1 - h,  thet
5 CH implen that H is moro informative than random sumpling
from tho genaral population.
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CHAPTER 12

Comparison of Experiments

121, Tntroduction

A fxed ssmplosizs game with faito 8 1 an § game specifd by o
sumpl space £ = (79, ), @ = (uy, -, ), & hosed bounded comvex
suboet 7 of m spaco, and.  loss Function desoribe a9 follove: When
the stato of nature i th setistsian bserves  slcted aosording 1
iy after which he choows 1 = (w, -, 1) & , incuring los .
(See Section 6.1, Honesfrth wo shall deatify the st W with the ac-
tion space A) I, insted of observing , the staistisan observes
merely the vaue of  rndom variabe § defined on 7, ho will genrally
have less nformation sbout  thun had  itslf been oberved.  How
ever,f i sufficient an , we saw in Chepter § that s s nformative
37 (mors precsey, tho patition o Z dotermioed by 1 I s informe-
tive a3 Z) in the oo that any riek function attaiaable with i leo
attainablo with 1.

Any random vasiabl defised o Z will b calld s esperiment asso-
cited with the sumplo spaso 2, a1d in this chapter w sl be con-
cecned with the problem of comparin £ experiments  and. g deined
on the ssme sumple space: I tho statiician may obeerve valaen of
cither f o g bt not bot, an i ad g axeequally coatly, which should
o obverve?Generally, the saiswer 1o this question depends an the
ek A of actions associated with ho probles, and even when A Js
i somme Bayes slutions may nvolye obseving values of f whil thers
may imvolve observing vilues of 5. Wo thal shdy those pai o ex-
perimenta f, g for which £ i prferabl 1. in tho sirong seno Uhat for
any A tho cassof deison functions apesifying that vadues of / be ob-
sorved s  complets ol

As an example of the ¥ind of problems with which we e concernod)
consider a arge population ia which eah individual has o has not ench
of two chasscteistios 7, and in which the proportons h o inivid.
sl with charsceritis A, S uzo known. What is oot known s the
proportion u of individusls haviag both charsctristis; however, e
uppose it knowa that eithr o = A  that the charssterisis v

k4
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depndent o o = 8 b, spesiied lamative proportion. One .
poriment whih o dtatitcian might poiorm 3 the abeervation of
1000 ndividule with sharsotisio , ot i tho obsrvaion of
1000 odividuls with dhmrateristi 5, and o thid i tho chervaion
o 1000 ndividuals from tho gemral populaion. Deste by 2y, 75
o, 2, 2 obrvaion of 1000 vl ro , , CH, G5,
e gonral populsion resputively, wher I, CS denct tho hars-
s o, non, 10 baens o th thre i ove of these xper.
menta which i proorbl o al he cthers, 0 mdtr what e A s
suined with tho provlem. Thie bt cxpriment is blained simply
by comparig o proporions b 4,1~ A, L ¢ of ndividusls wih
shercteisics I, S, O, O aal aesin 1000 indlvidule with that
harastoritio which i st i the geaer populton

“Thiscxamplo may b formally dscibd 4 Follove rsritog our-
stvs o bsseations o, 55, Zo, 7s. T et 4 of tho sumpl space
Z (2,9, ) e st o a s of T and s

o B, s oot Yy Vo

whero the w sorrospond to & sequenco f 1000 inividuals with charac-
teciste H and w = 1 or 0 s individua § doss or doss not posesscher-
actaiti S tho s correspond 1o sequeaco of 1000 indivduala with
Gharactaristo § and o, = 1 or 0 s the éth individual of this soquenco
oo o does mol, posess charactristi H; the o coraspond fo & -
quenco of 1000 individual with chareteristic CH and w = 1.0 0 85
tho th individual o tia soquanse dose o dote not posees chaeoters-
0 5; ho v, correspond 10 a sequenco of 1000 ndividuale with charua-
taitic OS and 3o = 1 or 0 8 the ith ndividual of this sequence doos
or does ot possess charseterstio . Thers ar thus 2% pointe in Z.
9 conett of two elements uy soc u, which ey be desribes s follows:

o =) = pal= 1)
Palts =D =8, palpe=1) =k
ot i = 1) = b, palei=1) = s

Palic= 1) = Palts

1

The rasdom variabl 1y, deined on Z, takes a8 values the sequonscs
(£ = 1, -, 1006; somespoodingly tho random vavisbles f, e,
fos,tako sa values the soquences (], (1], [y respecively.

For siapliity, we shall striot attenton fo experimenta with 5 fiite
‘umber of posible outeomes. I the rundom variablo  whioh consti-
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tutan the expeiment seumen the IV disinet vlus 2, -, 2, sad if
8= Gy, on) then the experiment | is daseibed by the 7 X N
watrix P = || py f, where.

Py

5 16) = 51)
Wo have s 0 and i = 1 Lo cah 0 that P is what s called

Markoy maiiz. T svery expesiment ia which both 2 and the num-
ber of possible outeomes aro it corseaponds o & Markov mais,
i every Mavkov matix can be interprstad ss aa experiment. The
exeriment f of the precading paragruph, for nstance, 1 ropresanted
by tho 2 X 1001 Markov mates with

o= () s

(IO-"
et ERAY

F T —
b ST e e
e S e T
e b e S A
e o U VAT, o
T

122, Some Bquivlent Conditions

A e smplosie doion ecbler wilh e 8 = (o, -, )&
spcio by 4 pai (7, 4) wbars P s s expeiment, 10, 30’3 X N
Mackov matis, 4 i  cossd bounded conves subat of  span:  tr-
‘mialstion s poiat 0 = (o, ) in 4, 4 th s o aniona
et sai of g o s . A dosision fnction s spocfed by
an N X n mateix d = | di |, whoe jih row s a point in 4, specifying
o action to b taken when mapie pin J s oborvs, and overy
5 e D, al o of vhih i b 4, il docs

sionfumoficn. When ths s of retur he sk i 34 i, tho
th dingonal lement o the mateix PD, s that the worth of D i spoci-
d by tho ik vector (P, D) whass  cacrdinats e the iagonal dlo-
meats of PD. Tho ot o possible ik vestors in the problem (P, 4)

ia th s B(P, 4) of all poinls (P, D) s D varies ovr al pssola do-
ison funstons for the problem.
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Theso notions axs ilstzated n the falowing simplo example, Lot
neN-2 L

pe A= (et +i S 1)
u ERr P
-
ale s ™ sreg
T
(§1+§“ ivfl-)
=
bbb ok by
Jepe——

BP, &) = (e fra=fe+du, p=y+d,
sy F4is

Since wo may tako s = s and y = v, it o casly son that B(P, 4) 3 4.
The rlaton botween the w0 sets i hown In Tigure 21

i
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‘Theorem 1221, In say decison problem (P, 4), tha sst B(P, 4)
i cloed bounde convex so contaniog 4.

Praol. Closare,boundednes, aad convosity of B ollow imediniely
from Theorsm 601, Tor any a A, dhoceing D with ol rows cual to o
3ieds (P, D) = o, 0 thst B, D) 4.

Defiiton 12.2:1. Tt P, bo any axperments wih tho same . We
sy that P s moro nformatve than @ written P 5 @, i for svry dosed
bounded conves et A of n spaze

5P, 4) > 5@, 4)

Ths P Q means tha, for any specifiation of the et o terminal
actions and theis lases, any loss vestor atiaimabl with Q s aho ab-
tainable with P. For a given », tho least nformative experiment is
ono with identical rows, so hat the disribution of 2 i independat of
o he most informtive experment i tho n X  identity Taiei, whero
observing  identife o; aad other experimonts o intormadiste, Gen-
erally speaking, two experiments will not be comparabl; i, neither
will b moro iformative than the othr.

Theorem 12.33. Tet P, Q be 1 X Ny, 0 X Ny Markov matrices,
s, any two experimonta with the s . Each of the allowing coa
itons s cqivalent t0 P 5 .

(1) For every N X n mate C thers i an s X Ny Maskov matrix
M such that svery dingonal el of PMC oqusl the corvesponding
@agonal clement, of QC. gl

(@) Thero i an ¥y X Ny Meskoy matsix I with PA = Q.

(@) For every Ny X matix € thero i an Ny X Ny Markov roateix
vy

Traes of PMC < tesss of QO

(Thetruse of a matr s tho sum of it diagonal elments)
) Weiting

o= Lry

oy o)

= C %)

for any continnous convex fancton ¢ dofined for all y = (1,
with 3 2 0, 3y = 1 we have

o) 2 3 o)




