
Problem Set 8 Solutions
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In the graph, the blue and red lines describe the best responses of firm 2
to firm 1 and firm 1 to firm 2, respectively. Any quantity greater than the
monopoly quantity a/2b is strictly dominated by the monopoly quantity a/2b.
This is because the profit function for firm i is πi(qi, qj = qi(a− b(qi + qj), and
the derivative of the profit function with respect to qi is a− 2bqi− bqj , which is
negative for all qi > a/2b regardless of qj . Any quantity less than or equal to the
monopoly quantity is a best response to some strategy by the other firm, and
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thus is undominated. The sets of undominated strategies U1
i for firms i = 1, 2

are marked on the graph.

Question 1b
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The dotted lines show firm 1’s best response to firm 2 if firm 2 chooses the
monopoly quantity a/2b. If firm 2 is restricted to choosing quantities less than
or equal to a/2b, then any quantity less than the best response to a/2b for
firm 1 is strictly dominated by the best response to a/2b. The remaining set of
undominated strategies for firm 1 is shown on the graph. To reduce clutter I do
not draw the set of undominated strategies for firm 2.

Question 1c
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Continuing the iterative deletion process, it can be seen graphically that the
set of iteratively undominated strategies converges to the point where the two
best response functions intersect, which is where both firms choose the Cournot
quantity a/3b.

Question 2a

8 Figure 3.pdf

pAh

pBh pBh(pAh)

pAh(pBh)

Let pAh and pBh be the probabilities that Ann and Bob play heads, respec-
tively. The graph shows Anne’s and Bob’s best response functions in red and
blue, respectively.

Question 2b
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In order for Ann to mix between playing heads and playing tails, she must
be indifferent between playing these two actions. Given that Bob plays heads
with probability pBh, Anne’s utility from playing heads is

pBh ∗ 1 + (1− pBh) ∗ −1

and Anne’s utility from playing tails is

pBh ∗ −1 + (1− pBh) ∗ 1.

Setting these utilities equal to each other yields

pBh ∗ 1 + (1− pBh) ∗ −1 = pBh ∗ −1 + (1− pBh) ∗ 1

pBh = 1/2

A similar calculation for Bob’s utility conditional on Anne’s strategy yields
pAh = 1/2. So the mixed strategy Nash equilibrium is (pAh, pBh) = (1/2, 1/2).

Question 3a

Consider a strategy profile in which Anne plays R with probability 1. Bob’s
best response to Anne’s strategy is to play P with probability 1. But if Bob plays
P with probability 1, then Anne’s best response is to play S with probability 1.
Thus, since in a Nash equilibrium each player’s strategy must be a best response
to the strategy of the other player, there is no Nash equilibrium in which Anne
plays R with probability 1. Repeating the argument for each of Anne’s and
Bob’s actions shows that there is no Nash equilibrium strategy profile in which
either Anne or Bob plays any one action with probability 1.

Consider a strategy profile in which Anne plays R and P each with posi-
tive probability, but does not play S with positive probability. Given Anne’s
strategy profile, P strictly dominates R for Bob, so Bob’s best response must
involve playing R with probability 0, regardless of Anne’s relative probabilities
of playing R and P . But if Bob plays R with probability 0, then S strictly
dominates P for Anne, and so Anne’s best response involves playing P with
probability 0. So there is no Nash equilibrium in which Anne plays R and P
each with positive probability, but does not play S with positive probability.
Repeating the argument for each combination of two actions for either Anne or
Bob shows that there is no Nash equibilirium strategy profile in which either
Anne or Bob chooses either of two actions with positive probability, but chooses
the third action with probability 0.

Question 3b

Let pBR be the probability that Bob plays R, and let pBP be the probability
that Bob plays P . The probability that Bob plays S is then 1 − pBR − pBP .
Given these probabilities, Anne’s utility from playing R is
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pBR ∗ 0 + pBP ∗ −1 + (1− pBR − pBP ) ∗ 1,

Anne’s utility from playing P is

pBR ∗ 1 + pBP ∗ 0 + (1− pBR − pBP ) ∗ −1,

and Anne’s utility from playing S is

pBR ∗ −1 + pBP ∗ 1 + (1− pBR − pBP ) ∗ 0.

Anne must be indifferent between playing all three of these actions, that is,
it must be the case that

pBR∗0+pBP ∗−1+(1−pBR−pBP )∗1 = pBR∗1+pBP ∗0+(1−pBR−pBP )∗−1

and

pBR∗1+pBP ∗0+(1−pBR−pBP )∗−1 = pBR∗−1+pBP ∗1+(1−pBR−pBP )∗0

Solving this system of equations yields pBR = pBP = 1/3, which implies
that pBS = 1 − pBR − pBP = 1/3. A similar calculation using Bob’s utilities
to determine Anne’s probabilities of choosing each action yields pAR = pAP =
pAS = 1/3. So the mixed strategy Nash equilibrium is pBR = pBP = pBS =
pAR = pAP = pAS = 1/3.

Question 4a

Let pRd be the probability that the row player plays defend, and let pCd be
the probability that the column player plays defend. The graph shows the row
and column player’s best response functions in red and blue, respectively.

Question 4b

The two pure strategy Nash equilibria are (Attack,Defend) and (Defend,Attack).
This can be seen from the fact that Attack is a best response to Defend, and vice
versa. To find the mixed strategy Nash equilibrium, first write the row player’s
utility from choosing Defend, conditional on the column player choosing defend
with probability pCd, as

pCd ∗ 3 + (1− pCd) ∗ 0

and write the row player’s utility from choosing Attack as

pCd ∗ 4 + (1− pCd) ∗ 0.

In order for the row player to mix, these two utilities must be equal, that is,
it must be the case that
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pCd ∗ 3 + (1− pCd) ∗ 0 = pCd ∗ 4 + (1− pCd) ∗ 0.

Solving yields pCd = 1/2. A similar calculation for the row player’s strategy
yields pRd = 1/2, so the mixed strategy Nash equilibrium is pCd = pCa = pRd =
pRa = 1/2.

Question 5a

The derivative of the utility function for owner i is 1 − ei. The second
derivative is −1 < 0.

Question 5b
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The first order condition for owner i is 1 − ei = 0. Solving for e1, e2 yields
e?1 = e?2 = e? = 1.

Question 5c

Here I assume that owners can choose any effort level in [0,∞). In this case,
taking the first order conditions of the social welfare function with respect to e1
and e2 yields 2− e1 = 0 and 2− e2 = 0, which implies that e??1 = e??2 = 2. The
socially optimal level of effort is thus greater than the Nash equilibrium level of
effort.

Question 5d

Both owners put effort into the common pool, and the total effort in the
common pool benefits both owners. Since neither owner reaps the full benefit
of his effort, both owners exert a level of effort that is less than socially optimal.
This is one version of the tragedy of the commons.
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