
Mechanism Design with Correlated Types

Until now, types θi have been assumed

1. Independent across i,

2. Private values:

ui(a, θ) = ui(a, θi)

for all i, θi, θ.

In the next two lectures, we shall relax these assumptions.

The reasons for considering these extensions include:

• Increased scope of applications:

1. Many markets should be though of being of common values type: Financial markets,

labor markets.

2. Correlation is often key in auction markets: en-primeur aucitons of Bordeaux wines

etc.

3. Mineral rights model combines common values and correlation: Conditionally i.i.d.

valuations. Common parameter to be thought of as the true value, conditional on

this value, types are i.i.d.

• Theoretical reasons:

1. Independence and private values are both strong assumptions. How sensitive are

main results obtained thus far to this assumption? Does revelation principle survive

with correlation and/or common values? What about revenue equivalence?

2. How should we think about more general types? Bayesian games with correlated

types? How sensitive is this model to the introduction of more general incomplete

information information structures?

3. How do the solution concepts introduced thus far perform with more general type

structures?

• Practical reasons:

1. Do we learn new principles for actual mechanism design?

2. Useful generalization for further steps when we move towards dynamic settings etc.
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First example

Single unit auction.

Two bidders.

Three types for each bidder.

Private values.

Joint distribution of types:

1 2 3

1 1
6

1
12

1
12

2 1
12

1
6

1
12

3 1
12

1
12

1
6

The types are thus correlated, but not perfectly correlated.

Consider first a second price auction with no reserve price.

Total welfare in the model: 14
6

.

Expected revenue to the seller: 10
6

.

Setting reserve price of 2 increases revenue to 11
6

.

Can the auctioneer do better than this?

A direct mechanism where winner always pays her valuation is clearly not incentive

compatible.

Consider the following transfer rule:

t1(1, 1) = −3

2
, t1(1, 2) = t1(1, 3) = 2,

t1(2, 1) = 3, t1(2, 2) = −2, t1(2, 3) = 5,

t1(3, 1) = 3, t1(3, 2) = 3, t1(3, 3) =
3

2
.

together with the efficient allocation rule with equal randomizations for ties.

It is easy to check that these transfers together with the allocation rule are incentive

compatible.
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Furthermore, the allocation rule is efficient, and the interim expected payment of each

bidder extracts all her valuation.

Hence we have found an incentive compatible mechanism that has the same allocation

rule as the second price auction and completely different payoffs.

This shows that revenue equivalence does not hold for the correlated values case.

Notice the structure that there is a reward for the case where types are equal.

This example first appears in the classic Myerson paper on optimal auctions.

It is more systematically studied further by Cremer and McLean and McAfee and reny

in the papers noted on the reading list.

Why the difference to independent case?

• Is this a peculiar example?

• Why the difference?

• Is the correlated setting itself robust to further generalizations?

Cremer-McLean result

We will analyze the case where all players’ types are drawn from finite sets. Let Ni be

the number of types for player i. Let π(θ) denote the prior distribution on the vectors of

types.

The following restriction on the conditional beliefs of the players on each others’ types

turns out to be important.

Denote by π(θ−i | θi) the posterior probability that type θi of player i assigns to the

types of the other players. These probability vectors satisfy the Cremer-McLean condition

if there is no λ(·) ≥ 0 such that :

∑
θ′i 6=θi

λ(θ′i)π(θ−i | θ′i) = π(θ−i | θi)

for some i and some θi.

What is the content of this assumption? Recall individual full rank condition from

repeated games with imperfect public monitoring. This condition is similar. It rules out

the possibility that player i of type θi could generate the same conditionals on the types of
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other players through an untruthful reporting strategy where the λ give the probabilities

of announcing type θ′i when the true type is θi.

In fact, the insight contained in the example is very general and takes the form of the

following Theorem.

Theorem 1. Consider an incentive compatible mechanism where the allocation function

is q(θ) and the transfer function is given by t(θ), and suppose that the Cremer-McLean

condition above is satisfied. Then there is another incentive compatible mechanism given

by q(θ) and τ(θ) where the interim expected payment for each type θi of each player i is

the same under the two mechanisms.

How to prove this? Recall Separating hyperplane theorem:

Theorem 2. Let A and B be two closed and convex subsets of Rn such that A ∩ B = ∅.
Then there is a vector b and a constant c such that for all

x ∈ A, b · x > c,

and for all

y ∈ B, b · y ≤ c.

To apply this theorem, consider

A = {λ(θ′i) · π(θ−i | θ′i) | λ(θ′i) ∈ RNi−1
+ }

In other words, A is the positive cone generated in R
∏

j 6=iNj

+ by the vectors π(θ−i | θ′i)
Let

B = π(θ−i | θi).

The Cremer-McLean condition states that A ∩ B = ∅. Therefore, we can apply the

separating hyperplane theorem to conclude the existence of b(θi) ∈ R
∏

j 6=iNj

+ and c(θi) ∈ R
such that .

b(θi) · π(θ−i | θ′i) > c(θi)

for all π(θ−i | θ′i), and

b(θi) · π(θ−i | θi) = c(θi).
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Interpret b(θi) − c(θi) as the vector of transfers (one for each type vector of other

bidders) that player i has to pay. Consider the game where players are only asked to report

their types and then the transfers above are enacted. The above construction shows that

for all i and all θi, the players have strict incentives to report their true types. Multiplying

the transfers by a large enough positive constant overwhelms any other incentives that

might arise from the original incentive incompatible mechanism. Since this reporting

game involves no interim expected transfers under truthful reporting, we conclude the

proof of the theorem.

• A very general result.

• Extends to infinite type spaces.

• Shows for example that in auctions (of essentially any type) there is no conflict

between efficiency and rent extraction.

• McAfee and Reny show how to construct mechanisms of this type for mineral rights

models etc.

Balanced Budget and Connections

The next task is to see the effect of a balanced budget requirement on mechanism design

with correlated values. Recall that without correlation, balanced budget and individual

rationality were not consistent with efficient allocation.

In the example that we calculated and in the proof of the Cremer-McLean result,

a key was that the players are taking side-bets whose payoffs depend on their reported

types. The bets are rigged so as to induce truthful revelation. The mechanism designer

is the counterpart to all these bets so that budget is rarely balanced.

Is it possible to get similar results under balanced budget?

If one could always identify a player that did not deviate, this player could be desig-

nated as the recipient of transfers.

Kosemok and Severinov propose a condition called identifiability to guarantee this.

Consider arbitrary distributions on the report profiles that differ from the prior dis-

tribution of reports in the game when all players report truthfully.

p(θ) is identifiable if for all

q(θ) 6= p(θ),

there is some i, θi such that
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q(θ−i | θi) 6=
∑
θ′i

λ(θ′i)π(θ−i | θ′i).

If this holds for all q(θ), then it holds for all distributions that could have resulted

from unilateral deviations by some player j. Hence any such deviation lets us identify

some player types that cannot have induced the probability distribution q. Hence one

needs to design the transfers in such a manner that under q, the identified non-deviators

get a large surplus and others make a loss.

Kosenok and Severinov, JET 2008, prove that Cremer-McLean condition and Iden-

tifiability are necessary and sufficient for the implementability of all (socially rational)

decision rules.

Connections

• Recall repeated games under imperfect monitoring.

• Continuation payoffs play the role of transfers.

• Since outcomes that must be punished happen with positive probability, balanced

budget is needed to make sure that continuation does not waste payoffs.

• Hence there is a need to identify statistically players that have behaved honestly.

• These conditions such as pairwise identifiability in the sense of Fudenberg, Maskin

and Levine play the role of the Kosenok and Severinov condition here.

• David Miller (UCSD), David Rahman (Minnesota), Ichiro Obara (Minnesota) and

others work currently on the topic.
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Mechanism Design with Common Values

In this lecture, we cover the case where the players’ care about each others’ types.

• Market for lemons.

• Hiring a worker.

• Financial markets.

• Auctions of oil tracts.

• Etc.

Simplest example: Wallet game. An indivisible object is auctioned to one of two

potential bidders. Bidder i has type θi. The bidders have pure common values:

vi = θ1 + θ2

Assume for simplicity that the θi are i.i.d. random variables with a continuous density

on [0, 1].

• How would you bid in a first price auction?

• How would you bid in a second price auction?

• Does the second price auction have dominant strategy equilibria?

• Does the game have other equilibria that are similar to dominant strategy equilibria

in some sense?

Analysis of the first price auction: Find a symmetric equilibrium in strictly increasing

strategies. Implication: Player i wins if θi > θj. Given the continuous distribution, ties

can be ignored. Therefore the expected payoff to player i with type θi from bidding b(θ′i)

is:

U(θi, θ
′
i) = (θi + E[θj | θ′i > θj]− b(θ′i))F (θ′i).

In equilibrium, we must have:

θ′i = θi.

Let

U(θi, θi) ≡ U(θi).

Therefore:
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U ′(θi) = F (θi),

and we conclude that revenue equivalence from the earlier lectures holds.

We have: ∫ θi

0

F (s)ds = (θi + E[θj | θi > θj]− b(θi))F (θi).

Therefore we can solve:

b(θi) = (θi + E[θj | θi > θj])−
∫ θi

0
F (s)ds

F (θi)
.

Consider, for example, a uniform distribution. Then we have:

b(θi) = θi +
1

2
θi −

1

2
θi = θi.

We could perform the same steps for second price auction to get to the stage:∫ θi

0

F (s)ds = (θi + E[θj − b(θj) | θi > θj])F (θi).

Since both sides are equal for all values of θi, the derivatives of the two sides of the

equality must coincide. Therefore:

F (θi) = F (θi) + θif(θi) + θif(θi)− b(θi)f(θi).

Solving for b(θi) gives:

b(θi) = 2θi.

Is there a direct argument for the result?

You want to win if and only if the payoff exceeds your payment. If you bid twice and

win your value, you pay 2 min[θi, θj] whereas your value is

θi + θj > 2 min[θi, θj].

Therefore you win if and only if your value exceeds your payment.

Is this a dominant strategy equilibrium? Not quite. What if the other player bids a

constant amount, say .5 in the uniform distribution case? Then you want to win regardless

of your own type. (Why?) Nevertheless, the equilibrium seems to have nice properties.

First of all, beliefs about the distribution of your opponent’s value do not appear at all
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in the calculation of the optimal strategy. Furthermore, no bidder has an incentive to

change their strategy even if they learn the other bidders’ types. An equilibrium with

this property is called an ex post equilibrium.

Definition 1. A mechanism (q(θ), t(θ) is ex post incentive compatible if for all θi, θ−i

θi ∈ argmax
θ̂i∈Θi

ui(q(θ̂i, θ−i), θi)− t(θ̂i, θ−i).

In an ex post equilibrium, players do not care about each others’ types at all condi-

tional that they report truthfully. It turns out that the property of having a BNE that is

independent of the prior beliefs is closely connected to the equilibrum being an ex post

equilibrium. This is really Dirk’s stuff under the heading: Robust Mechanism Design.

Implementability of Efficient Decision Rules

In the quasi-linear setting with private values, VCG-mechanisms implement the efficient

decision rules in dominant strategies. Is this possible with common values. In the Wallet

Game example, we saw that dominant strategy equilibria will fail to exist in general

for common values settings. What about Bayesian or ex post equilibria? The following

example shows that it is not possible to implement the efficient decision rule in common

values settings. Recall that in the case of independent types, a necessary condition for

implementability is that the allocation rule be monotonic in each player’s type. Efficient

rules are clearly monotonic in this sense in the private values case since an increase in the

type of one agent leaves the values of other agents unchanged.

Failure of monotonicity

Two players. Problem: how to allocate an indivisible object? Only player 1 has private

information θ1 ∈ [0, 2]. Both players’ payoffs depend on this information:

v1 = θ1, v2 = 2θ1 − 1.

Efficient allocation of the object (letting q(θ1) be the probability of assigning the good to

1):

θ1 > 1⇒ q(θ1) = 0, θ1 ≤ 1⇒ q(θ1) = 1.

Is there a transfer function that could make this allocation incentive compatible? At

most two transfers can be used (transfers must be constant conditional on the allocation).
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(Why?)

Let t(0) be the transfer payment when 1 gets the object, and t(1) the payment that

1 makes when 2 gets the object. Then we have from incentive compatibility:

θ1 − t(0) ≥ −t(1) for all θ1 ≤ 1,

and

−t(1) ≥ θ1 − t(0) for all θ1 > 1.

But these inequalities are seen to be incompatible by e.g. summing them up. The

efficient decision rule fails to be implementable in this example because monotonicity of

the decision rule fails. The reason for this failure can be traced to the fact that player

1’s type has a larger effect on the valuation of player 2 than on the valuation of player 1

herself.

Single Crossing

Consider next that case where all players i ∈ 1, ..., N have private information represented

by a single dimensional type θi. Assume for now that the types are independent across

players, and they are distributed on an interval [θ, θ]. Write the payoff functions of the

players as:

ui(q(θ̂), θ)− t(θ̂).

We say that the efficient decision rule x(θ) is monotonic if for all θ−i and all x̂, the set

Si(x̂) = {θi | x(θi, θ−i) = x̂} is connected. Notice that the notion of monotonicity we

have here is quite general.

We say that the model satisfies single crossing if for all i, j, allθi, and all x̂, we have:

∂2ui(x̂, θ)

∂θi∂x
≥ 0

Monotonicity and single crossing are sufficient for ex post implementation of the efficient

decision rule.

Theorem 3. Suppose that the efficient decision rule x(θ) is monotonic and satisfies

single crossing. Then there exists a schedule of transfers t(θ) such that x(θ), q(θ) is an

ex post incentive compatible mechanism. We call such mechanisms generalized VCG-

mechanisms.
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Proof. The proof is a slight modification of proof for the VCG-mechanisms in the private

values case. Let u−i(x, θ) denote the sum of gross utilities to players other than i from

the efficient allocation at θ. For an arbitrary announcement θ−i by other players, let the

transfer be defined as:

ti(θ−i, θi) = −
∫ θi

θ

∂u−i(x, vi, θ−i)
∂x

∂x(vi, θ−i)

∂θi
dvi + h(θ−i).

With this transfer scheme, it is clear that the agent’s first order condition for truthtelling

is satisfied. (Think about the usual envelope type arguments).

Second order condition is satisfied if single crossing holds.

It is a useful exercise to work out exactly how our previous simple example violated

this theorem?

Write the valuation of bidder i as xθi, where x is the probability of getting the object.

Then the order given by the efficient allocation says that x and θi are inversely ordered.

But with this ordering, single crossing of ui fails. (It holds for the ’natural ordering’ on

the real line for x, θ.

What does the modified VCG mechanism look like in simple applications?

• Is this the second price auction? Ascending auction?

• Why different transfers?

• Is it possible to construct pivotal mechanisms where the equilibrium payoff of each

player coincides with her contribution to the societal welfare?

Common Values and Multi-Dimensional Signals

• In general, it is impossible to implement efficient outcomes.

• Simplest example: Allocation of an indivisible object between two players.

• Only player 1 has private information.

• Type is two-dimensional: (θ, s).

• Valuations for the object:

u1 = θ + 2s, u2 = 2θ + s.

• Efficiency: 1 gets object if θ < s.
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• How could this be implemented?

Jehiel and Moldovanu, Econometrica 2001 show that this problem extends to general

allocation problems with multi-dimensional signals.

Finally, Jehiel et al. (Econometrica, 2006) have a very negative result about im-

plementation in ex post equilibria when types are multi-dimensional. The result states

essentially that only constant functions are implementable in ex post equilibria. This is

quite remarkable since it does not even allow for the implementation of ’dictatorial’ rules,

where some agent is given free choice of allocation conditional on her own information.

The failure for this to be an ex post equilibrium comes from the fact that in general,

the best alternative of for the dictator depends on the information of others. In ex post

equilibrium, one cannot simply close one’s eyes and behave based on the prior only (can

this be done in Bayesian implementation?).

To sum: Generalizing to multi-dimensional types leads quickly to negative results (in

particular for ex post equilibrium). Recent work of Dirk and Stephen Morris on robust

mechanism design makes the connection to models with higher order beliefs. Only ex

post equilibria are robust to higher order beliefs, and therefore the difficulty of getting ex

post equilibria can be interpreted as difficulty of doing mechanism design that does not

depend on higher order beliefs.

There are, however, some positive results in the literature. Mezzetti, Econometrica

2004, shows that ex post implementation of efficient alternatives is possible if one may

use transfer schedules that depend on the player’s types and reported utilities from the

allocations. The mechanisms are two stage in the sense that in the first stage, the agents

report their types and this leads to the choice of an (efficient) allocation. In the second

stage, agents report their utilities from the allocation. This second stage gives an extra

chance to check the truthfulness of the first stage reports and thus limits the gains from

misreporting types.
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Supplementary Material

First Steps in Monotone Comparative Statics

Supermodularity

Recall comparative statics of simple optimization problems:

max
x

u(x, y)

First order condition for the problem is

∂u(x, y)

∂x
:= ux(x, y) = 0.

Differentiating w.r.t. x and y and solving for dx
dy

gives:

dx

dy
=
−uxy(x, y)

uxx(x, y)
.

Second order condition gives that uxx(x, y) ≥ 0, and therefore the sign of the compar-

ative statics is given by the cross partial term uxy(x, y). If uxy(x, y) ≥ 0, at all (x, y), then

we say that u is supermodular in (x, y). A more general definition for supermodularity

for functions of real vectors (x1, x2, ..., xn) is given as follows. For any two real numbers

z, y, let z ∧ y denote the minimum and z ∨ y denote the maximum. For vectors x, x′, let

x ∧ x′ = (x1 ∧ x′1, ..., xn ∧ x′n) and x ∨ x′ = (x1 ∨ x′1, ..., xn ∨ x′n).

A lattice in Rn is a set X ⊂ Rn such that for all x, y ∈ X, x ∧ y ∈ X and x ∨ y ∈ X.

A function f on a lattice X is called supermodular if for all x, x′ ∈ X, we have

f(x ∧ x′) + f(x ∨ x′) ≥ f(x) + f(x′).

It is easy to see that if X ⊂ Rn and f is twice differentiable, then supermodularity in

terms of cross partials agrees with this definition.

A positive function f on a lattice X is called logsupermodular if log f is supermodular.

Therefore f is logsupermodular if

f(x ∧ x′)f(x ∨ x′) ≥ f(x)f(x′).

Monotone Likelihood Ratio Property

Consider a logsupermodular joint density function f(x, θ) on R2. Then for x < x′ and

θ < θ′, we have:
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f(x, θ)f(x′, θ′) ≥ f(x′, θ)f(x, θ′).

Let f(x) and g(θ) be the prior marginal distributions on x and θ respectively. Then

since

f(x, θ) = g(θ)f(x | θ),

and since

f(x, θ) = f(x)g(θ | x),

logsupermodularity of f(x, θ) immediately implies that for x < x′ and θ < θ′, we have

f(x′ | θ′)
f(x | θ′)

≥ f(x′ | θ)
f(x | θ)

,

and

g(θ′ | x′)
g(θ | x′)

≥ g(θ′ | x)

g(θ | x)
.

These last two inequalities are known as Monotone Likelihood Ratio Property in the

literature. They assert a positive association between the two random variables x and θ

in the sense that relatively higher values of x increase the likelihood of relatively higher

values of θ. It is an easy exercise to show that for x′ > x, the conditional distribution

G(θ | x′) dominates G(θ | x) in the sense of first order stochastic dominance.

Some observations: ∫
g(θ | x)dθ = 1 for all x.

Therefore ∫
∂g(θ | x)

∂x
dθ :=

∫
gx(θ | x)dθ = 0.

A very useful Lemma for determining comparative statics is the following:

Lemma 1. Suppose H(θ) and J(θ) are both increasing and for some measure µ(θ) on

the real line, we have ∫
H(θ)dµ(θ) = 0.

Then we have ∫
J(θ)H(θ)dµ(θ) ≥ 0.
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Proof. Since H is increasing and
∫
H(θ)dµ(θ) = 0, there must be a point θ0 such that

H(θ) ≤ 0 for θ < θ0, and H(θ) ≥ 0 for θ > θ0. Since J is also increasing, we have that

J(θ)−J(θ0) ≤ 0 for θ < θ0 and J(θ)−J(θ0) ≥ 0 for θ > θ0. Since
∫
J(θ0)H(θ)dµ(θ) = 0,

we have ∫
J(θ)H(θ)dµ(θ) =

∫
(J(θ)− J(θ0)H(θ)dµ(θ)

=

∫ θ0

−∞
(J(θ)− J(θ0))H(θ)dµ(θ) +

∫ ∞
θ0

(J(θ)− J(θ0))H(θ)dµ(θ) ≥ 0.

To conclude this discussion, I define a slightly more general form of positive association

than supermodularity. Consider for simplicity the case of a function f on R2.

We say that f has satisfies the single crossing property (SCP) in x for y if for x′ > x and

y′ > y, we have that f(x′, y) > f(x, y) implies f(x′, y′) > f(x, y′) and f(x′, y) ≥ f(x, y)

implies f(x′, y′) ≥ f(x, y′).

This condition is sometimes called the condition of increasing differences since it says

that the difference f(x′, y) − f(x, y) is increasing as a function of y. Much of what we

have said and will say about supermodular or logsupermodular functions would in fact

go through with the more general class of functions satisfying SCP. It is an easy exercise

to show that supermodular and logsupermodular functions satisfy SCP.

One last definition must be introduced before we can state the main monotone com-

parative statics result. Consider subsets A and B of a lattice X. We say that A is higher

than B in the strong set order if x ∈ A and y ∈ B imply that x ∨ y ∈ A and x ∧ y ∈ B.

We write then A ≤S B.

Denote the set of maximizers in the problem

max
x∈S

f(x, t)

by M(t, S) We state the main theorem for real x and t, but generalizations for higher

dimensions are possible and covered in Milgrom and Shannon (1994).

Theorem 4. (Milgrom and Shannon, 1994) A function f(x, t) satisfies the single crossing

property if and only if M(t, S) ≤M(t′, S ′) for all t ≤ t′ and S ≤S S ′.

Proof. i) ⇒ Let t ≤ t′ and S ≤S S ′ and x ∈ M(t, S) and x′ ∈ M(t′, S ′). If x′ > x,

then there is nothing to prove. Hence assume that x > x′. Then we must show that

x ∈ M(t′, S ′) and x′ ∈ M(t, S). But these follow immediately from the definition of

single crossing. ii) ⇐ Left as an exercise.
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Comparative Statics in Choice Under Uncertainty

Consider a problem where a decision maker must decide an optimal action x before

knowing what the true state of the world θ ∈ Θ is. Her utility is state dependent: u(x, θ),

and prior to deciding, she Observes a signal S that is correlated with Θ according to joint

density f(s, θ). We assume that f satisfies MLRP and thus is logsupermodular. This

assumption is also called affiliation between X and Θ.

The maximization problem is then to

max
x

v(x, s) :=

∫
u(x, θ)f(θ | s)dθ.

If we know that v(x, s) satisfies SCP, then by the Milgrom-Shannon theorem, we

know that the optimal x is increasing in s. A useful Theorem due to Karlin (1968) gives

a sufficient condition for this.

Theorem 5. If f(x, θ) and g(θ, s) are logsupermodular, then h(x, s) =
∫
f(x, θ)g(θ, s)dθ

is also logsupermodular.

Proof. Write for x < x′ and s < s′

∆ = h(x′, s′)h(x, s)−h(x′, s)h(x, , s) =

∫ ∫
f(x, θ1)f(x′, θ2)[g(θ1, s)g(θ2, s

′)−g(θ1, s
′)g(θ2, s)]dθ1dθ2.

Consider next ∆ as the double integral over {θ1 < θ2} plus the double integral over

{θ1 > θ2} and combine to get

∆ =

∫ ∫
θ1<θ2

[f(x, θ1)f(x′, θ2)− f(x, θ2)f(x′, θ1)]×

[g(θ1, s)g(θ2, s
′)− g(θ1, s

′)g(θ2, s)]dθ1dθ2.

Finally use the fact that f and g are logsupermodular.

Since f(θ | s) is logsupermodular by our MLRP assumption, we know that if u(x, θ)

is logsupermodular, then v(x, s) is also logsupermodular and we can use the Milgrom and

Shannon Theorem.

If u and f(θ | s) are differentiable, then we can proceed slightly differently. The first

order condition for our problem is that

vx(x, s) =

∫
ux(x, θ)f(θ | s)dθ = 0.
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Therefore

vxs(x, s) =

∫
ux(x, θ)fs(θ | s)dθ = 0.

Since ∫
fs(θ | s)dθ = 0,

we can use the lemma from the previous subsection to conclude that

vxs(x, s) =

∫
ux(x, θ)fs(θ | s)dθ ≥ 0

if ux(x, θ) is increasing in θ, i.e. if u is supermodular.
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Auctions with Affiliated Values

This section is based on Milgrom and Weber (1982) and the book by Krishna.

A General Model of Affiliation

Consider a set of random variables X = (X1, ..., XN , ) on [0, 1]. Assume that these

variables have a strictly positive joint density function f (x, v) that is symmetric in its

xi components. For any two vectorsz′, z in RN , let z′ ∧ z denote their componentwise

minimum and z′ ∨ z their componentwise maximum. We say that the random variables

are affiliated if for all (x′, v′) and (x, v) we have:

f (x′ ∧ x) f ((x) ∨ x) ≥ f (x′) f (x) .

It is easy to see that if f is twice differentiable, then affiliation is equivalent to

∂2f (x, v)

∂xi∂xj
≥ 0 for all i, j.

Furthermore, it is easy to see that for two non-negative affiliated functions h (x) and

g (x) , the function given by

f (x) = g (x)h (x)

is also affiliated.

Let Yk denote the kth order statistic amongst (X2, ...XN) for k ∈ {1, ..., N − 1}. Then

by the symmetry of f in x, we have

f (x1, y1, ..., yN−1) = (n− 1)!f (x1, y1, ..., yN−1) 1y1≥y2≥...≥yN−1
,

where 1A is the indicator function on A. By the observation on the products of affiliated

functions, we see that (x1, y1, ..., yN−1, v) are affiliated in (x, v) are affiliated.

Finally, for any non-decreasing function u (x) , The conditional expectation

E[u (X) |x1, ..., xN ]

is increasing in xi for all i.

Conditionally I.I.D. Model (Mineral Rights)

The most commonly used variant of the affiliated model is one where the joint density
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of the signals and an underlying true value V is written as

f (x, v) = f (v)
N∏
i=1

f(xi |v ),

where f (v) is the marginal distribution of V, and the conditionals f(xi |v ) across the

players’ signals and satisfy the monotone likelihood ratio property.

Definition 2. f(xi |v ) satisfies the monotone likelihood ratio property if for all x′i ≥ x

and v′ ≥ v,
f(x′i |v′ )
f(xi |v′ )

≥ f(x′i |v )

f(xi |v )
.

It is an easy exercise to verify that the model is then affiliated according to the above

definition. Therefore

E[V |x1, ..., xN ] and E[V |x1, y1, ..., yN−1 ]

are increasing in all arguments.

For the next section, it is useful to define the following function.

v (x, y) = E[V |X1 = x, Y1 = y ].

Make also the following normalization:

v (0, 0) = 0.

By the properties of affiliated random variables, v is increasing in both arguments.

Second-Price Auctions

Proposition 1. Symmetric equilibrium strategies in a second-price auction are given by:

βII (x) = v (x, x) .

Proof. Suppose that players other than 1 bid according to the proposed equilibrium strat-

egy. Bidder 1’s payoff from bidding b with signal x is

Π (b, x) =

∫ β−1(b)

0

(v (x, y)− β (y)) g (y |x) dy

=

∫ β−1(b)

0

(v (x, y)− v (y, y)) g (y |x) dy,
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where g (y |x) is the density of Y1 conditional on X1 = x.

Since v is increasing in its first argument,

v (x, y)− v (y, y) ≥ 0

if and only if

x ≥ y.

Thus Π (b, x) is maximized by choosing b so that β−1 (b) = x or b = β(x).

Notice that the payment is constant in own bid conditional on the allocation (de-

termined by other players’ bids).Therefore own bid only changes the allocation in the

auction. It os clearly optimal to bid in such a manner that there is an expected surplus if

and only if the auction is won. Notice also that this equilibrium is an ex post equilibrium.

First-Price Auction

We give here only a heuristic derivation of the equilibrium bid function. Let βI (x) be

the proposed equilibrium bid function. Clearly, it does not pay to bid more that β (1) or

less than β (0) . Let Π (z, x) denote the expected payoff from bidding β (z) when signal is

x. Then

Π (z, x) = Π (b, x) =

∫ z

0

(v (x, y)− β (z)) g (y |x) dy

=

∫ z

0

v (x, y) g (y |x) dy − β (z)G (z |x) .

The first order condition for optimal choice of z is

(v (x, z)− β (z)) g (z |x)− β′ (z)G (z |x) = 0.

If β (x) is an equilibrium, then it must be optimal to bid β (x) so that z = x and we have:

β′ (x) = (v (x, x)− β (x))
g (x |x)

G (x |x)
.

With boundary condition β (0) = v (0, 0) = 0, the above differential equation characterizes

the optimal bidding function. The explicit solution can be written as:

βI (x) =

∫ x

0

v (y, y) dL (y |x) ,
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where

L (y |x) = exp

(
−
∫ x

y

g (t |t)
G (t |t)

dt

)
.

Revenue in English versus Second-Price Auction

To see that English auction always raises at least as much revenue as second-price

auction, recall the definition of v (x, y) from above. Write also

u (X1, Y1, ..., YN−1) = E[V |X1, Y1, ..., YN−1 ]

We have

v (y, y) = E[u (X1, Y1, ..., YN−1) |X1 = y, Y1 = y ]

= E[u (Y1, Y1, ..., YN−1) |X1 = y, Y1 = y ]

≤ E[u (Y1, Y1, ..., YN−1) |X1 = x, Y1 = y ],

where the last inequality follows from affiliation. Expected revenue in second price auction

is

E[βII (Y1) |X1 > Y1 ]

= E[v (Y1, Y1) |X1 > Y1 ]

≤ E[E[u (Y1, Y1, ..., YN−1) |X1 = x, Y1 = y ] |X1 > Y1 ]

= E[u (Y1, Y1, ..., YN−1) |X1 > Y1 ].

In an English auction, Y2, ..., YN−1 are known to the last remaining two bidders. Therefore

their value for the object is:

E[u (Y1, Y1, ..., YN−1) |X1 > Y1, Y2 = y2, ..., YN−1 = yN−1 ],

and therefore the equilibrium bidding strategy for the last two remaining bidders is given

by

β2 (x; y2, ..., yN−1) = E[u (Y1, Y1, ..., YN−1) |X1 > Y1, Y2 = y2, ..., YN−1 = yN−1 ],

and thus

E[β2 (Y1, ..., YN−1)] = E[u (Y1, Y1, ..., YN−1) |X1 > Y1 ],
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and we have shown that

E[βII (Y1) |X1 > Y1 ] ≤ E[β2 (Y1, ..., YN−1) |X1 > Y1 ]

as claimed.

Linkage Principle

Denote by W I (z, x) the expected payment by the winner in first-price auction if

signal is x and the bid is z. Similarly, let the winning payment in a second-price auction

be W II (z, x) . Let W k
i denote the partial derivative of W k (z, x) with respect to the ith

argument. Then

W I (z, x) = βI (z) and W II (z, x) = E[βII (Y1) |X1 = x, Y1 < z ].

Proposition 2. Consider two auctions A and B in which only the highest bidder pays.

Suppose that each has a symmetric increasing equilibrium such that i) WA
2 (x, x) ≥ WB

2 (x, x)

for all x and ii) WA (0, 0) = 0 = WB (0, 0) . Then the expected revenue in A is at least as

high as the expected revenue in B.

Proof. In auction k ∈ {A,B}, the bidder chooses to bid βk (z) maximizes∫ z

0

v (x, y) g (y |x) dy −W k (z, x)G (z |x) .

FOC and equilibrium require that

W k
1 (x, x) =

(
v (x, x)−W k (x, x)

) g (x |x)

G (x |x)
,

whereW k
j (x, x) denotes the partial derivative with respect to jth argument in the expected

winning price of auction k. Therefore,

WA
1 (x, x)−WA

1 (x, x) = −
(
WA (x, x)−WB (x, x)

) g (x |x)

G (x |x)

Let

∆ (x) = WA (x, x)−WB (x, x) .
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Then

∆′ (x) = WA
1 (x, x)−WA

1 (x, x) +WA
2 (x, x)−WA

2 (x, x)

= −∆ (x)
g (x |x)

G (x |x)
+WA

2 (x, x)−WA
2 (x, x) .

If

∆ (x) ≤ 0, then ∆′ (x) ≥ 0.

Since

∆ (0) = 0

by assumption, we have

∆ (x) ≥ 0 for all x.

Notice that this Proposition immediately implies that second-price auctions collect a

higher expected revenue than first-price auctions (why?).
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