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This problem set is due on Tuesday, 4/1/14.

1. Consider the battle of the sexes game:

Opera Baseball
Opera 2,1 0,0
Baseball 0,0 1,2

(a) Compute the pure and mixed strategy equilibria of this complete
information game.

(b) Consider now a perturbed version of the game where

Opera Baseball
Opera 2 + δε1, 1 + δε2 0 + δε1, 0
Baseball 0, 0 + δε2 1, 2

where εi ∼ U [−1, 1] and 0 < δ < 1 and εi is private information to
agent i. Show that as δ → 0, all equilibria of the complete informa-
tion game can be obtained as pure strategy limits of the Bayesian
game with private information. (Hint: The pure strategy equilibria
can be obtained immediately for δ small enough, the mixed strategy
equilibrium requires the computation.)

[Solution]

(a) The equilibria of this game are given by:

i. (O,O)

ii. (B,B)

iii. (2/3O+1/3B,1/3O+2/3B)

(b) Clearly if δ < 1, then 1+δεi > 0 for all εi ∈ [−1, 1]. Thus, it is direct
that (O,O) and (B,B) are Bayes Nash equilibria of this game. It
is important to highlight that in this case a strategy for a player is
given by a function from [−1, 1] to the simplex of {O,B}. That is,

si : [−1, 1]→ ∆{O,B}.
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Thus, strategy profile (O,O) corresponds to the equilibrium in which
the strategy of players is given by,

si(εi) = O for all εi ∈ −[1, 1].

Same goes for (B,B).

We now look for a equilibrium in which players take both actions. In
particular, we will look for a cut-off strategy in which player i takes
action O if and only if εi ≤ ε̂i (since ε̂i has probability 0 of occurring
we do not care about the specific action taken for this realization).
The strategy of player 1 and 2 will be described as follows:

si(εi) =

{
0 εi ≥ ε̂i
B otherwise

Before we calculate the expected utilities of each action we introduce
some notation and make some preliminary comments. ui is the util-
ity of player i in the original unperturbed game. uεii is the utility of
player i in the perturbed game, when player i knows that the real-
ization of his type is εi (because the payoff of player i only depends
on εi and NOT on ε−i, this completely describes the utility function
of i). Finally, since ε1 and ε2 are independently distributed, i only
uses εi to update his beliefs on his utility function, but not to get
information on the action that player −i will take.

The expected utility of player 1, of playing O when his type is ε1 is
given by,

E[uε1u1(O, s2)] = E[u1(O, s2) + δε1] = P{ε2 ≥ ε̂2}u1(O,O) + P{ε2 < ε̂2}u1(O,B) + δε1

=
1− ε̂2

2
u1(O,O) +

ε̂2 + 1

2
u1(O,B) + δε1

=
1− ε̂2

2
2 + δε1.

We repeat the same analysis for when player 1 takes action B

E[uε1u1(B, s2)] = E[u1(O, s2) = P{ε2 ≥ ε̂2}u1(B,O) + P{ε2 < ε̂2}u1(B,B)

=
1− ε̂2

2
u1(B,O) +

ε̂2 + 1

2
u1(B,B)

=
ε̂2 + 1

2
.

Repeating the same algebra, it is easy to note that:

E[uε2u2(s1, O)] =
1− ε̂1

2
+ δε2.
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E[uε2u2(s1, B)] =
ε̂2 + 2

2
2.

We conjecture an equilibrium in which players are indifferent between
both actions at their threshold types. By continuity, it is easy to
see that this will actually have to be true. Thus, we impose an
equilibrium in which:

E[uε̂1u1(O, s2)] = E[uε̂1u1(B, s2)] ⇐⇒ 1− ε̂2
2

2 + δε̂1 =
ε̂2 + 1

2
.

E[uε̂2u2(s1, O)] = E[uε̂2u2(s1, B)] ⇐⇒ ε̂1 + 1

2
2 =

1− ε̂1
2

+ δε̂2

Since we have two equations and two unknowns it is easy to solve.
We get: {{

ε̂1 = − 1

2δ + 3
, ε̂2 =

1

2δ + 3

}}
Note that by construction,

E[uε̂1u1(O, s2)] = E[uε̂1u1(B, s2)],

E[uε̂2u2(s1, O)] = E[uε̂2u2(s1, B)].

On the other hand E[uε̂1u1(O, s2)] and E[uε̂2u2(s1, O)] are strictly in-
creasing in ε1 and ε2 respectively, while E[uε̂1u1(B, s2)] and E[uε̂2u2(s1, B)]
are constant in ε1 and ε2.

Thus, we have a BNE where the strategies of players are given by:

s1(ε1) =

{
O ε1 ≥ − 1

2δ+3 ,

B ε1 ≤ − 1
2δ+3

s2(ε2) =

{
O ε2 ≥ 1

2δ+3 ,

B ε2 ≤ 1
2δ+3

Note that the BNE is a pure strategy equilibria. Moreover, note that

lim
δ→0

P{ε1 ≥ ε̂1} = 2/3

lim
δ→0

P{ε2 ≥ ε̂2} = 1/3.

Thus, the mixed strategy equilibria can be approached by a pure
strategy Bayes Nash equilibria, as δ → 0.
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2. We now consider a variation of the coordination game we discussed in
class. A large, that is a continuum, population with unit mass (so you can
index player i ∈ [0, 1]), must choose an action, ”invest” or ”not invest”.
There is a cost y to investing and assume 0 < y < 1. There is a benefit
1 of investing (investment ”succeeds”) if at least proportion 1 − θ of the
population invests (i.e., at most θ do not invest), and as before state θ ∈ R
represents ”fundamentals” of the economy.

(a) Describe the complete information Nash equilibria as a function of
the state θ which is assumed to be common knowledge among the
agents.

(b) Suppose now that the players only have private and noisy informa-
tion, that is we assume that

θ ∼ U [−M,M ]

for large M > 0, but each player only observe a signal xi

xi = θ +
1

z
εi, εi ∼ U

[
−1

2
,

1

2

]
and so z represent the accuracy of the signal xi. Suppose again that
the agents pursue a threshold strategy of the form:

si (xi) =

{
I if xi > x̂
N if xi < x̂

.

i. Describe the proportion of agent that invest in the true state θ
if the threshold is x̂ and the accuracy is z.

ii. Find the critical state θ̂ where investment will succeed if the
threshold is x̂ and the accuracy is z.

iii. Identify the best response condition where the marginal investor
is indifferent between investing and not investing (and hence un-
der the assumption of symmetry across the players) identify the
Bayes Nash equilibrium strategy.

[Solutions]

(a) If θ ≥ 1, then the investment will succeed with probability 1, and
thus everyone has a dominant strategy to invest. If θ ≤ 1, then the
investment will not succeed with probability 1, and thus everyone
has a dominant strategy not to invest. Finally, if 0 < θ < 1, then
there are multiple Nash equilibria, as there always exists the Nash
equilibria in which everyone invest and there always exists a Nash
equilibria in which nobody invests.

(b) We will denote the proportion of agents that invest by mx̂,z(θ) when
the threshold is x̂, the accuracy is z and θ is the true state.
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(i) For each player x is drawn from a uniform distribution [θ− 1
2z , θ+

1
2z ], and we just need to calculate the measure of agents that get a
signal above x̂. Thus, if x̂ is outside the support we get a trivial
solution. If x̂ ∈ [θ − 1

2z , θ + 1
2z ], then the proportion of agents that

get a signal above x̂ is given by,

mx̂,z(θ) =
θ + 1

2z − x̂
θ + 1

2z − (θ − 1
2z )

= 1/2 + z(θ − x̂)

Thus, it is not difficult to see that,

mx̂,z(θ) =


0 θ ≤ x̂− 1

2z

1 θ ≥ x̂+ 1
2z

1/2 + z(θ − x̂) otherwise

.

(ii) The investment will succeed, if and only if 1−θ ≥ mx̂,z(θ). Thus,
we can calculate the critical state by just imposing the inequality with
equality. That is, we define θ̂ implicitly by the following equation:

1− θ̂ ≥ mx̂,z(θ̂).

We look for an interior solution, and thus we solve:

1− θ̂ = 1/2 + z(θ̂ − x̂)⇒ θ̂ =
1/2 + zx̂

1 + z
. (1)

Note that the solution must be interior unless x̂ ≥ 1+ 1
2z or x̂ ≤ 1+ 1

2z
These cases correspond to the cases in which the critical θ is 0 or 1,
but these are obviously non-interesting, and irrelevant for the next
part of the problem.

(iii) The marginal investor is the one receiving signal x̂. Thus, the
probability the marginal investor assigns for to the investment suc-
ceeding is given by P{θ ≥ θ̂|x̂}. This probability by definition is given
by,

P{θ ≥ θ̂|x̂} =
θ̂ − (x̂− z)

2z
.

Since the cost of investment is y, the investor receiving signal x̂ will
be indifferent if and only if,

θ̂ − (x̂− 1
2z )

1
z

= y.
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Yet, we know what is θ̂ is in terms of x̂ from (1). Solving for the 2
equations and the two unknowns, we get:{{

θ̂ → y, x̂→ y

z
+ y − 1

2z

}}
Thus, there exists a BNE in which players invest if and only if they
get a signal,

x ≥ x̂ =
y

z
+ y − 1

2z

Note that we have proved that x̂ is indifferent between investment
and not investment. For any agent that gets a signal higher than x̂
assigns a higher probability of the investment succeeding, and thus
has as best response to invest. The same goes for agents receiving
a signal lower than x̂, in this case agents assign a lower probability
and thus have strict incentive not to invest. Thus, this effectively
constitutes a BNE.

3. Local and Global Constraints with Spence Mirrlees Preferences.

(a) Exercise 2.1 in Salanie.

(b) Show that you can extend the argument to all preferences satisfying
Spence-Mirrlees preferences, which are characterized by (supposing
differentiability)

∂u (θ, q)

∂q
> 0 and

∂2u (θ, q)

∂q∂θ
> 0.

It
is sufficient to consider the case with finitely many types.

(c) Consider the finite model for the product case

u (θ, q) = θ · q

and solve the optimal quality provision problem of the seller.

i. As a first intermediate step describe the net utility that each
type gets after you replaced the transfers by appealing to the
appropriate incentive and participation constraint

ii. As a second intermediate step describe the net revenue that the
seller gets from the provision of quality qk to type θk.

[Solution]

(a) For now we disregard the objective function of the seller, and just
consider the general incentive compatibility constraints and partici-
pation constraints for n types. We know that the seller will offer a
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different contract for each buyer (qi, ti) for all i ∈ {1, ..., n}, which
will have to satisfy incentive compatibility constraint and participa-
tion constraints. The restrictions of the maximization problem of the
seller can be written as follows,

(I.C.C.)ij qiθi − ti ≥ θiqj − tj for all i, j ∈ {1, ..., n} (2)

(P.C.)ij qiθi − ti ≥ θiqj − tj for all i, j ∈ {1, ..., n}. (3)

We begin by proving the following proposition.

Proposition 1 (Monotonicity of Allocaton)

If the local incentive compatibility holds, given by,

(I.C.C.)i,i−1 θiqi − ti ≥ θiqi−1 − ti−1 for all i ∈ {2, ..., n} (4)

(I.C.C.)i,i+1 θiqi − ti ≥ θiqi+1 − ti+1 for all i ∈ {1, ..., n− 1} (5)

then the the allocation rule qi must be monotonic in i, that is,

qi ≥ qj for all i > j ∈ {1, ..., n}.

Proof. The local I.C.C. imply that for all i ∈ {2, ..., n}:

θiqi − ti ≥ θiqi−1 − ti−1

θi−1qi−1 − ti−1 ≥ θi−1qi − ti
Rewritting the inequality we get:

θi(qi − qi−1)− (ti − ti−1) ≥ 0

θi−1(qi−1 − qi)− (ti−1 − ti) ≥ 0

adding up both inequalities, we get:

(θi − θi−1)(qi − qi−1) ≥ 0

By assumption θi − θi−1 ≥ 0, thus we must have that qi − qi−1 ≥ 0
for the inequality to hold.

Proposition 2 (Sufficiency of Local Incentive Compatibility Constraints)
If the local incentive compatibility holds, given by,

(I.C.C.)i,i−1 θiqi − ti ≥ θiqi−1 − ti−1 for all i ∈ {2, ..., n} (6)

(I.C.C.)i,i+1 θiqi − ti ≥ θiqi+1 − ti+1 for all i ∈ {1, ..., n− 1} (7)

then the all the global incentive compatibility constraints hold as well,
given by,

(I.C.C.)ij θiqi − ti ≥ θiqj − tj for all i, j ∈ {1, ..., n}.
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Proof. For the proof we consider i+ 1, i, i− 1, assume

θi+1qi+1 − ti+1 ≥ θi+1qi − ti (8)

θiqi − ti ≥ θiqi−1 − ti−1 (9)

and show this implies:

θi+1qi+1 − ti+1 ≥ θi+1qi−1 − ti−1.

Note that:

θi+1qi+1 − ti+1 ≥ θi+1qi−1 − ti−1 ⇐⇒ θi+1(qi+1 − qi−1)− ti+1 + ti−1 ≥ 0

Re-arranging terms we get:

θi+1(qi+1 − qi−1)− ti+1 + ti−1 = θi+1(qi+1 − qi−1 ± qi)− ti+1 + ti−1 ± ti
= θi+1(qi+1 − qi)− (ti+1 − ti)

+θi+1(qi − qi−1)− (ti − ti−1)

= θi+1(qi+1 − qi)− (ti+1 − ti)
+θi(qi − qi−1)− (ti − ti−1)

+(θi+1 − θi)(qi − qi−1)

The first term is positive by 8 the second term is positive by 9 the
third term is positive by Proposition 1. It is clear that by induction
we can prove that the local incentive compatibility constraints imply
that for all j < i we have that:

θiqi − ti ≥ θiqj − tj . (10)

Moreover, using the same argument it is clear that for all j > i we
have that:

θiqi − ti ≥ θiqj − tj . (11)

Finally we prove the following proposition:

Proposition 3 (Participation Constraints)

If the incentive compatibility constraints hold and the the participa-
tion constraint of θ1 holds, then the participation constraint of all θi
hold.

Proof. We assume that

q1θ1 − t1 ≥ 0

qiθi − ti ≥ q1θi − t1
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The first equaton is the participation constraint of 1 while the second
inequality is the incentive compatibility constraint of (i, 1). Yet, since
θi ≥ θ1, we have:

qiθi − ti ≥ q1θi − t1 ≥ q1θ1 − t1 ≥ 0

Thus, the participation constraint of i holds as well.

Note that Propositions 1-6 hold irrespective of the objective function
of the seller, and are implied by the inequalities of incentive com-
patibility constraints and participation constraints. Thus, the local
incentive compatibility constraints and the participation constraint
of θ1 imply 2 and 3.

Finally, we prove that the upward incentive compatibility constraint
never binds. From the proof of Proposition 1, it is clear that:

θiqi − ti = θiqi−1 − ti−1 and θi−1qi−1 − ti−1 = θi−1qi − ti
⇒ qi = qi−1

Thus, if the downward local incentive compatibility constraints bind,
the upward local incentive compatibility constraints must also hold.
But. if all incentive compatibility constraints hold, the participation
constraint of θ1 hold and

θiqi − ti > θiqi−1 − ti−1

then the seller and increase ti and increase its profits without break-
ing any constraint. Thus, in the optimum the downward incentive
compatibility constraint binds, which implies that the local upward
incentive compatibility constraints will hold a well.

(b) Since the proof is completely analogous as before, we skip the steps
that can be inferred from the previous point.

Proposition 4 (Monotonicity of Allocaton)

If the local incentive compatibility holds, given by,

(I.C.C.)i,i−1 u(θi, qi)− ti ≥ u(θi, qi−1)− ti−1 for all i ∈ {2, ..., n}
(12)

(I.C.C.)i,i+1 u(θi, qi)− ti ≥ u(θi, qi+1)− ti+1 for all i ∈ {1, ..., n−1}
(13)

then the the allocation rule qi must be monotonic in i, that is,

qi ≥ qj for all i > j ∈ {1, ..., n}.

Proof. The local I.C.C. imply that for all i ∈ {2, ..., n}:

u(θi, qi)− ti ≥ u(θi, qi−1)− ti−1
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u(θi−1, qi−1)− ti−1 ≥ u(θi−1, qi)− ti
As before, these two inequalities imply:

u(θi, qi)− u(θi, qi−1)− (u(θi−1, qi)− u(θi−1, qi−1)) ≥ 0

Assuming differentiability we can rewrite the inequality as follows:∫ θi

θi−1

∫ qi

qi−1

uqθ(θ, q)dqdθ ≥ 0

Since the integrand is positive and θi > θi−1 the inequality holds if
and only if qi ≥ qi−1

Proposition 5 (Sufficiency of Local Incentive Compatibility Constraints)
If the local incentive compatibility holds, given by,

(I.C.C.)i,i−1 u(θi, qi)− ti ≥ u(θi, qi−1)− ti−1 for all i ∈ {2, ..., n}

(I.C.C.)i,i+1 u(θi, qi)− ti ≥ u(θi, qi+1)− ti+1 for all i ∈ {1, ..., n−1}

then the all the global incentive compatibility constraints hold as well,
given by,

(I.C.C.)ij u(θi, qi)− ti ≥ u(θi, qj)− tj for all i, j ∈ {1, ..., n}.

Proof. As before, for the proof we consider i+ 1, i, i− 1, assume

u(θi+1, qi+1)− ti+1 ≥ u(θi+1, qi)− ti (14)

u(θi, qi)− ti ≥ u(θi, qi−1)− ti−1 (15)

and show this implies:

u(θi+1, qi+1)− ti+1 ≥ u(θi+1, qi−1)− ti−1.

As before, we note that:

u(θi+1, qi+1)− ti+1 ≥ u(θi+1, qi−1)− ti−1 ⇐⇒ u(θi+1, qi+1)− u(θi+1, qi−1)− ti+1 + ti−1 ≥ 0

Following the same steps as before, we can rewrite the term as follows:

u(θi+1, qi+1)− u(θi+1, qi−1)− ti+1 + ti−1 = u(θi+1, qi+1)− u(θi+1, qi)− ti+1 + ti

+u(θi, qi)− u(θi, qi−1)− ti + ti−1

+u(θi+1, qi)− u(θi, qi) + u(θi, qi−1)− u(θi+1, qi−1)

As before, the first two terms are positive by the local I.C.C. The
third term can be written as follows:

u(θi+1, qi)−u(θi, qi)+u(θi, qi−1)−u(θi+1, qi−1) =

∫ θi+1

θi

∫ qi

qi−1

uqθ(θ, q)dqdθ
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since the integrand is positive and by Proposition 4 we have qi >
qi−1, thus we have that the third term is positive as well. Thus, the
inequality holds. We can obviously use the same induction argument
as before and the upward incentive compatibility constraints work
the same way. Finally we prove the following proposition:

Proposition 6 (Participation Constraints)

If the incentive compatibility constraints hold and the the participa-
tion constraint of θ1 holds, then the participation constraint of all θi
hold.

Proof. We assume that

u(q1, θ1)− t1 ≥ 0

u(qi, θi)− ti ≥ u(q1, θi)− t1
The first equaton is the participation constraint of 1 while the second
inequality is the incentive compatibility constraint of (i, 1). Yet, since
θi ≥ θ1, we have:

u(qi, θi)− ti ≥ u(q1, θi)− t1 ≥ u(q1, θ1)− t1 ≥ 0

where we use that,

u(qi, θi)− u(q1, θi) =

∫ θi

θ1

uθ(θ, q1)dθ ≥ 0.

Thus, the participation constraint of i holds as well.

The rest of the argument follows through directly. The incentive
compatibility constraints that binds is the downward incentive com-
patibility constraint by the optimality condition of the seller, and not
from the I.C.C. constraints itself.

(c) Since the participation constraint of agent θ1 will bind in the opti-
mum, we have that:

t1 = θ1q1

Since the downward incentive compatibility constraints will bind in
the optimum, we get:

ti = qiθi − qi−1θi + ti−1.

Writing the sum up, we get,

ti =

i∑
j=2

(qjθj − qj−1θj) + q1θ1

= qiθi −
i−1∑
j=1

(qjθj+1 − qjθj).
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Thus, the net utility of agent i can be written as follows:

V (θi) , u(qi, θi)− ti =

i−1∑
j=1

(qjθj+1 − qjθj) =

i−1∑
j=1

qj(θj+1 − θj)

On the other hand, the profits of the seller can be written as the total
surplus minus the expected net rents of the agent. Thus, the profits
of the seller can be written as follows:

W , max
{qi}ni=1

n∑
i=1

πi(θiqi − C(qi)− V (θi))

Replacing V (θi) we get:

W = max
{qi}ni=1

n∑
i=1

πi(θiqi − C(qi)−
i−1∑
j=1

qj(θj+1 − θj))

W = max
{qi}ni=1

n∑
i=1

πi(θiqi − C(qi))−
n∑
i=1

πi(

i−1∑
j=1

qj(θj+1 − θj)).

Before we take the first order conditions, we can re-arrange terms.
Note,

n∑
i=1

πi(

i−1∑
j=1

qj(θj+1−θj)) =

n−1∑
j=1

n∑
i=j+1

πiqj(θj+1−θj)) =

n−1∑
j=1

qj(θj+1−θj)
n∑

i=j+1

πi,

where we just changed the order of the summations. Thus, we get:

W = max
{qi}ni=1

n−1∑
i=1

{
πi(θiqi−C(qi)−

qi
πi

(θi+1−θi)
n∑

j=i+1

πj)

}
+πn(θnqn−C(qn)).

We can finally take the F.O.C. with respect to qi, we get:

θi − C ′(q∗i )− (θi+1 − θi)
πi

n∑
j=i+1

πj = 0 for all i ∈ {1, ..., n},

where
∑n
j=n+1(·) is interpreted as 0. Obviously the equation can be

inverted to get a solution for q∗i .
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