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(1) Your favorite ice cream shop offers 20 toppings which can be added to your order. You decide to buy 4
total scoops of added toppings. How many different topping combinations can you buy if...

(a) ... you refuse to use any of the toppings more than once, and you do care about the order the
toppings are added? [without replacement, order matters]

(b) ... you refuse to use any of the toppings more than once, but you don’t care about the order of
the toppings added? [without replacement, order doesn’t matters]

(c) ... you allow yourself multiple scoops of the same toppings, and you do care about the order the
flavors are added? [with replacement, order matters]

(d) ... you allow yourself multiple scoops of the same toppings, but you don’t care about the order
of the toppings added? [with replacement, order doesn’t matter]

(2) Write down the first nine rows of Pascal’s triangle.

(3) Let’s show that each row of Pascal’s triangle is “symmetric” and “unimodal.” (i.e., the entries in each
row get bigger until the middle, then back down in the same way they went up like /\)

(a) Show that each row of Pascal’s triangle is symmetric (e.g., the sixth row is 1, 6, 15, 20, 15, 6, 1,
which is the same backwards as forwards).

(b) Prove the following
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(c) Argue that the entries in each row of Pascal’s triangle increase until they reach the middle, and then
they decrease until the reach the end. (Pro-tip: how can you use other parts of this problem?)

(4) Here are some cool ideas about Singmaster’s conjecture (i.e., asking “how many times does each number
show up in Pascal’s triangle?”). Pro-tip: consider using results from previous problems! (You can do so
without proving them.)

(a) Let L be an integer greater than 1. If L shows up in the nth row of Pascal’s triangle, prove n ≤ L.

(b) How many times does the number 9 appear in Pascal’s triangle? How about the number 10?

(c) If L is an integer greater than 1, show that L appears at most 2L times in Pascal’s triangle.

(d) Try to improve or extend any of these results

(5) I wonder... Which numbers in Pascal’s triangle are odd...

– Try to make a version of Pascal’s triangle that’s as big as possible, and highlight all the odd numbers.

∗ Pro-tip: the actual numbers in Pascal’s triangle get big fast, but for this problem, we really
only care about whether the numbers are even or odd. So instead of writing down the actual
numbers, you could just write 0 for even numbers and 1 for odds. Then think “if we add and
even/odd number to an even/odd, the result would be...”

– Do you see any patterns? Try to explain any patterns you might see. (The bigger the triangle, the
more intense the patterns get!)

(6) Yet more fun with Pascal’s triangle!

(a) Pick one of the first five rows of Pascal’s triangle. Start with the first number in the row and subtract
the second. Then add the next number. Then subtract the next number. Keep doing this until you
reach the end of the row and write down what answer you got. Do this for each of the first five rows
of Pascal’s triangle.1

(b) What pattern(s) do you see in your answers. Try to prove this pattern.

(7) Prove that
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. How can we see this in Pascal’s triangle?
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