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Pigeonhole Principle

No combinatorics class would be complete without the pigeonhole principle:

If we have P pigeons, and we want to shove each of them into one of H holes, then at least one
hole must have at least P/H pigeons.

• If we have more pigeons than holes, then at least one hole has two pigeons.

Example 1 Here are some quick applications of the pigeonhole principle. As usual, the hardest part is
deciding what the “pigeons” and “holes” should be!

• This program has 22 students put into 5 groups. So we know one group has at least 5 students.

• Pat has three cats, which are either male or female. So at least two of his cats have the same gender.

Example 2 Prove that if I write down 51 different integers between 1 and 99, you can find two that add
up to exactly 100.
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Example 3 If I put 9 points inside a triangle of area 1, prove that you can find at least three of those
points inside a triangle of area 1/4.

Example 4 Prove that if I write down 50 different integers between 1 and 99, you can find two that add
up to exactly 99.

Example 5 I draw a square with side lengths 1, and I put 9 points inside in. Prove that you can find
three of them forming a triangle of area at most 1/8.
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Example 6 If we write down 10 different integers between 1 and 99, we can find two disjoint sets that
have the same sum.

Example 7 I put 5 points on the surface of a sphere. Prove that no matter where I put my points, you
can find a way to rotate the sphere so that at least four of the points are either on the equator or in the
northern hemisphere.

Question 8 Pat and Nora (his spouse) can do a cool magic trick. You pick any five cards you want from
a deck of 52 cards, and you give them to Pat. Pat looks at them, decides to keep one of them, and then
hands the other four cards to Nora one at a time. Nora sees the four cards Pat gave her (in order) but not
the card Pat decided to keep. Then Nora is magically able to guess which card Pat held on to!

How do they do that...?
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Other Cool Combinatorics Stuff!

There’s lots of great stuff in combinatorics. We don’t have time to talk about it, but let me list a
few cool things to check out!

• Extremal combinatorics

• Extremal graph theory

• Discrete geometry

• Combinatorial designs

• Generating functions

• Combinatorial number theory (counting problems involving primes and stuff!)

• Combinatorial game theory (e.g., who should win in tic-tac-toe)

Here are just a few examples.

Example 9 (Extremal combinatorics) You want to write down a bunch of subsets of {1, 2, . . . , 100},
but you need to make sure that any two sets you write down have at least one element in common. What’s
the most number of sets you can write down?

Example 10 (Extremal graph theory) How many edges can you have in a graph that has no triangles?
(this is called Mantel’s theorem)
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Example 11 (Discrete geometry) If we draw a bunch of points on a piece of paper that aren’t all on
the same line, then we can find a line that contains exactly two of our points. (Sylvester-Gallai theorem)

Example 12 (Combinatorial designs) How big of a Spot It! deck can we make if each card must have
exactly 13 symbols on it?

Example 13 (Generating functions) Can we find two non-standard six-sided dice such that when we
roll them, their sums happen exactly as often as is the case of 2 standard dice?
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