
Week 1: It’s Stuff!∗

Putnam Seminar

Tuesday 15-Sept-2020

• The Putnam exam may or may not be happening this year (hard to say). If
so, it would be on February 20, 2021. (See maa site for details)

• In any case! Let’s do some cool math and have fun. :-)

Math is awesome. Here are some neat problems!

Example: (Sylvester-Galai theorem) Given any finite set of points in the plane, if
they are not all collinear, then there is a line passing through exactly two of them.

1. Find (with proof) all primes that are one less than a perfect square.

2. Alice and Bob start with an 8× 8 checkerboard. Alice takes the board and
uses a high-tech laser to destroy two of the squares. Bob then tries to tile
the 62 remaining squares with non-overlapping 2× 1 dominoes (so that the
dominoes don’t hang over the edge). Classify which pairs of squares Alice
can remove so that Bob can still tile it. [And generalize for funzies]

3. Given any five points on a sphere, show that some four of them must lie on
a closed hemisphere. (Putnam 2002)

4. Which positive integers can be written as the sum of more than one consec-
utive positive integer? (e.g., 9 = 2 + 3 + 4 and 6 = 1 + 2 + 3 can. But it
turns out 4 cannot be written in this way.)

5. A rectangle R is divided up into (a finite number of) non-overlapping rectan-
gles whose sides are parallel to the sides of R. Each of the smaller rectangles
has the property that at least one of its side lengths is an integer. Prove that
at least one of the side lengths of R is an integer.

6. Let S be a set of real numbers which is closed under multiplication (i.e., if
a and b are in S, then ab is in S). Let T and U be disjoint subsets of S
whose union is S. Suppose that the product of any three (not necessarily
distinct) elements of T is in T , and suppose that the product of any three
(not necessarily distinct) elements of U is in U . Show that at least one of
the sets U or T is closed under multiplication. (Putnam 1995)

∗Some problems taken from Putnam and Beyond by Gelca and Andreescu
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7. Let L1 and L2 be distinct lines in the plane. Prove that L1 and L2 intersect
if and only if, for every real number λ 6= 0 and every point P not on L1

or L2, there exist points A1 on L1 and A2 on L2 such that
−−→
PA2 = λ

−−→
PA1.

(Putnam 2017)

8. Let S be the smallest set of positive integers such that

(a) 2 is in S,

(b) n is in S whenever n2 is in S, and

(c) (n+ 5)2 is in S whenever n is in S.

Which positive integers are not in S?

(S is “smallest” in the sense that S is contained in any other such set.)
(Putnam 2017)

9. Let n be a fixed positive integer. How many ways are there to write n as a
sum of positive integers,

n = a1 + a2 + · · ·+ ak,

with k an arbitrary positive integer and a1 ≤ a2 ≤ · · · ≤ ak ≤ a1 + 1?
For example, with n = 4 there are four ways: 4, 2+2, 1+1+2, 1+1+1+1.
(Putnam 2003)

10. Shanille O’Keal shoots free throws on a basketball court. She hits the first
and misses the second, and thereafter the probability that she hits the next
shot is equal to the proportion of shots she has hit so far. What is the
probability she hits exactly 50 of her first 100 shots? (Putnam 2002)

11. Basketball star Shanille O’Keal’s team statistician keeps track of the number,
S(N), of successful free throws she has made in her first N attempts of the
season. Early in the season, S(N) was less than 80% of N , but by the end of
the season, S(N) was more than 80% of N . Was there necessarily a moment
in between when S(N) was exactly 80% of N? (Putnam 2004)

12. Let’s start writing numbers using factorials. For each integer n, let’s greedily
write n as the sum of factorials, where we always try to use the biggest
factorial possible. For instance, 10 = 3! + 2! + 2! and 181 = 5! + 4! + 4! + 3! +
3! + 1!. Let f(n) be the number of terms we need to add together in order
to write n as the sum of factorials in this way. For instance, f(10) = 3 and
f(181) = 6. Find f(1) + f(2) + · · ·+ f(119).

13. You find a rectangular table with 100 pennies sitting on it. You notice that
the coins happen to be arranged in such a way that no coins overlap and you
can’t put down any more pennies without moving the ones already on the
table. (In fact, there’s not even room enough to place a penny so that part
of it is hanging off the edge of the table [with the center on the table].) Prove
that the entire table could be completely covered up with some arrangement
of 400 (potentially overlapping) pennies.
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14. Suppose E1, E2, . . . , Es are sets, and that each one of them has r elements.
Also suppose that every collection of r+ 1 of these sets has some element in
common. Prove that there is an element that all of the sets have.

15. Determine all functions f : N→ N satisfying

xf(y) + yf(x) = (x+ y)f
(
x2 + y2

)
for all positive integers x and y.

16. Suppose n is a postive integer and n + 3 is a perfect cube. Prove that
n2 + 3n+ 3 is not a perfect cube.

17. Suppose A is an n× n real matrix where each entry of A has absolute value
at most 1, and where the sum along any column is equal to 0. Prove that
we can permute the entries within each column in such a way that each row
will sum to a number whose absolute value is at most 2.

18. Prove that it is impossible to dissect a (geometric) cube into finitely many
cubes, no two of which are the same size.

19. Prove that 55n+1
+ 55n + 1 is never prime for any positive integer n.

20. Let 1 < n ∈ Z be fixed. Determine all polynomials P (x) with real coefficients
such that (P (x))n = P (xn) for all x ∈ R.

21. Suppose A and B are n × n real matrices that do not commute. Further
suppose there are nonzero real numbers p, q, r for which pAB + qBA = In
and A2 = rB2. Prove p = q.

22. Find all functions f : R \ {−1, 1} → R such that

f

(
x− 3

x+ 1

)
+ f

(
3 + x

1− x

)
= x

for all x 6= ±1.
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